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Preface

This book provides a journey through introductory combinatorics that the reader can un-
dertake during one semester, two quarters, or in a independent study or self-study setting. It
is not intended to be encyclopedic. Rather, it surveys a good cross-section of combinatorics
as it has developed within the last century with an eye towards its characteristic brand of
thinking, its interconnections with other mathematical fields, and some of its applications.

Combinatorics can rightly be called the mathematics of counting. More specifically, it
is the mathematics of the enumeration, existence, construction, and optimization questions
concerning finite sets. Here are some brief illustrations.

e Enumeration: How many? How many different 9 x 9 Sudoku boards are there?
This number has been computed exactly and it is astronomical—about 6.6 sextillion.
Determining this number by simply listing every possible board is not a viable ap-
proach. Combinatorics involves mathematical techniques for determining the answer
to a counting question without listing the objects being counted.

o Existence: Is it possible? Take any 25 people living on the earth. Among the members
of this group will you always be able to find four people who all know each other or
else five people who all don’t know each other? Yes: this is guaranteed no matter what
group of 25 you choose. Despite its innocent-sounding nature, this question wasn’t
answered until 1993 and required careful combinatorial analysis as well as thousands
of hours of computer time.

e Construction: Can it be built? The Mariner 9 spacecraft orbited Mars in 1971-72
and sent back photographs that gave a complete picture of the planet’s surface. Your
CD player can play a disc flawlessly despite occasional scratches on the disc’s surface.
Both of these applications involve error-correcting codes that transmit information
with 100% accuracy despite occasional errors in transmission. Construction methods
for many error-correcting codes use combinatorics.

e Optimization: What is the best way? Your car’s GPS navigation system quickly
finds the fastest route from point A to point B. It essentially solves instances of a
combinatorial optimization problem called the shortest path problem, which is but
one of a broad class of network optimization problems that have widespread modern
application.

In this book we consider enumeration, existence, and construction questions.

The examples above rightly suggest that combinatorics has many modern applications.
Counting techniques are indispensable in applied probability when the sample space is
finite and outcomes are equally likely. Combinatorial design theory grew out of a need
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viii Preface

that statisticians had in constructing valid experimental designs. Computer science is re-
plete with applications as combinatorial thinking informs the efficiency of algorithms and
data structures as well as the correctness of recursive procedures. Linear programming and
combinatorial optimization are fields born from the large-scale logistical planning prob-
lems of World War II and now include, among many others, applications to the design of
transportation and telecommunications networks. Operations research, management sci-
ence, and industrial engineering are other fields in which combinatorial analysis is used to
solve important and practical problems.

Beyond specific examples and problems, though, the broader view is that combinato-
rial thinking is beneficial and applicable to many areas of mathematics, statistics, computer
science, and engineering. Two of the largest professional societies in the fields of mathe-
matics and computer science—the Mathematical Association of America (MAA) and the
Association for Computing Machinery (ACM)—recommend that majors and minors in
mathematics and computer science take courses involving a good amount of discrete math-
ematics and combinatorics.

As such, combinatorics is now properly intertwined with modern mathematics. In the
recent past, combinatorics was viewed as a useful set of tools and, at best, a surrogate to
other fields. Now that combinatorics has gelled into a more coherent whole, it is interesting
to see how fields such as calculus, analysis, number theory, abstract and linear algebra, and
differential equations can be used as tools to solve purely combinatorial problems. Some
of those results are true mathematical highlights.

What's on the tour and what’s not

As mentioned earlier, this book provides an introductory survey of enumeration, existence,
and construction questions. The emphasis is on enumeration and the first five chapters pro-
vide the core material on counting techniques and number families. The remaining chapters
take up graphs, combinatorial designs, error-correcting codes, and partially ordered sets.

In Chapter 1 we begin with the classification and analysis of basic counting questions.
We also lay the groundwork for the rest of our journey by introducing five essential combi-
natorial principles: the product and sum principles, the bijection principle, the equivalence
principle, and the pigeonhole principle. The latter is existential, not enumerative, in nature.

In Chapter 2 we undertake the study of distribution problems. Most counting questions
are equivalent to questions of counting the ways to distribute “objects” to “recipients.”
Through these distribution problems we meet several major players: binomial coefficients,
Stirling numbers, and integer partition numbers. We also introduce and emphasize com-
binatorial proofs as well as the technique of recursion: breaking up a large problem into
smaller subproblems of the same type.

In Chapter 3 we introduce inclusion-exclusion, mathematical induction, generating
functions, and recurrence relations. These are algebraic techniques in contrast to the combi-
natorial techniques of the previous chapters. The coverage of generating functions includes
techniques for solving recurrence relations.

In Chapter 4 we use the techniques of the previous chapters to give a more in-depth
study of the binomial and multinomial coefficients, Fibonacci numbers, Stirling numbers
of the first and second kinds, and integer partition numbers. Among other lines of investi-
gation, we derive generating functions for these families of numbers, count triangulations
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of the regular n-gon, give combinatorial proofs of Fibonacci number identities using the
idea of tiling, derive a beautiful formula for the Bell numbers, and explore formulas and an
asymptotic estimate for the integer partition numbers.

In Chapter 5 we cover counting problems involving equivalence and symmetry consid-
erations. The main results are the Cauchy-Frobenius-Burnside theorem and Pélya’s enu-
meration theorem. Though Pélya’s theorem arose from an application to the enumeration
of chemical compounds, it has since proved to be a powerful and versatile tool in all sorts
of other applications. We begin this chapter by introducing those aspects of group theory
necessary to understand the theorems, and then give many illustrations of how to apply
them.

In Chapter 6 we give a short survey of some combinatorial problems in graph theory.
These include the enumeration of labeled trees and binary search trees, coloring and the
chromatic polynomial, and introductory Ramsey theory. Though Ramsey theory can be
introduced without the aid of graphs, the edge-coloring interpretation is convenient and
concrete. The first section of this chapter covers basic graph theory concepts for the reader
who is unfamiliar with graphs.

In Chapter 7 we cover two of the most compelling applications of combinatorics: com-
binatorial designs and error-correcting codes. As a bonus, the mathematical questions sur-
rounding these applications are just as compelling if not more so. In the three sections
on designs we cover existence and construction methods, symmetric designs, and triple
systems. In the two sections on error-correcting codes, we construct the family of binary
Hamming codes and derive their error-correcting properties, study the interplay between
codes and designs, and discuss the truly astonishing results concerning the existence of
perfect codes.

In Chapter 8 we conclude our journey by studying relations that are, in some sense,
lurking behind much of combinatorics: partially ordered sets or “posets.” We study some
classical results (Sperner’s theorem and Dilworth’s theorem) and also the concept of poset
dimension. In the final two sections we introduce the theory of Mobius inversion and do so
with a two-fold purpose: to provide a unifying framework for several combinatorial ideas
and to prepare the reader for further study.

There are several important topics not included on the tour. The coverage of graph
theory in Chapter 6, though it contains an introductory section, is focused fairly narrowly
on the topics mentioned earlier. A major branch of combinatorics, namely combinatorial
optimization, is left out entirely. Also, the coverage of designs and codes is driven by the
particular applications. As such, we do not cover projective planes, combinatorial geome-
tries, or Latin squares.

Features of this book

Reading questions. What makes this book a guided tour are the approximately 350 Ques-
tions spread throughout the eight chapters. These allow the reader to be an active partici-
pant in the discussion and are meant to provide a more honest reflection of the process by
which we all learn mathematics. Reading a math book without pencil and paper in hand is
like staying in your hotel and viewing the interesting sites from your window. You’ll get
more out of the tour if you leave the hotel and go explore on foot.
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Combinatorial proofs. To count the cows in a field you could either (1) count their
heads, or (2) count their legs and divide by 4. In a combinatorial proof one asks a count-
ing question and then answers it correctly using two different approaches. This little idea
leads to some beautiful, memorable, and even fun (!) proofs. Wherever possible, we present
combinatorial proofs because they promote understanding and build combinatorial think-
ing skills.

Classification of counting problems. The hard part about counting is determining the
type of objects being counted. Instead of covering lists, lists without repetition (permu-
tations), subsets (combinations), and multisets (combinations with repetition) in separate
sections, in Section 1.1 we learn how to distinguish among these four types.

Conversational style, some big examples. I've tried to maintain a conversational and
somewhat informal tone throughout the book. This occasionally means that brevity is sac-
rificed for the sake of clarity. Also, small and/or simple examples of difficult new concepts
sometimes frustrate me. In certain situations I’ve included bigger examples when helpful.
For two examples see Figure 3.1 on page 104 and Figure 7.2 on 279.

Links with continuous mathematics. At appropriate places in the text I've highlighted
where calculus, differential equations, linear algebra, etc. are useful in combinatorics.
These help dispel the notion that combinatorics is a “discrete-only” field.

Instructor flexibility. Completion of the reading questions prior to class frees the in-
structor from lecturing on basic material. Class time could then be used to clarify difficul-
ties, lecture on advanced topics, have a problem session, or assign group work. This also
allows class time for reviewing proof techniques, linear algebra, power series, or modular
arithmetic, if necessary. See below for optional prerequisites.

Courses and ways to use this book

This book has two primary uses. The first is as a text for a combinatorics course at the
sophomore/junior/senior level. A one semester or two-quarter course could cover most
of the book. The other use is as a text for an independent study or reading course and
it should work quite well “out of the box” for this purpose. The author has used various
versions of the manuscript for both purposes. The book would also be appropriate for some
introductory graduate courses in applied mathematics or operations research programs. In
that case, the whole book could be covered in a semester and appropriate exercises could be
chosen. In addition, the text would be appropriate for anyone curious about combinatorics
and who wants to learn something about the field at a leisurely pace.
Core topics that every course would most likely include are

e Sections 1.1-1.5: basic counting and existence principles;

e Sections 2.1-2.4: distribution problems and combinatorial proofs;

e Sections 3.1, 3.3-3.5: inclusion-exclusion, generating functions, recurrence relations;
e Sections 5.1-5.4, 5.6: P6lya theory of counting; and

e Sections 7.1-7.5: combinatorial designs and error-correcting codes.

Additional material can be selected from
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Section 3.2: mathematical induction (if needed for review);

e Section 3.6: formulas for the solution of linear first- and second-order recurrence re-
lations;

e Sections 4.1-4.4: further study of binomial and multinomial coefficients, Fibonacci
numbers, Stirling numbers, and integer partition numbers;

e Section 5.5: a proof of Cauchy-Frobenius-Burnside theorem;
e Sections 6.1-6.4: graph theory topics; and

e Sections 8.1-8.6: partially ordered sets and Mobius inversion.

Prerequisites

The reader embarking on this tour should be familiar with single-variable calculus, sets
and set notation, proof techniques, and basic modular arithmetic. In short, they should have
had a year of calculus as well as a “transition” course. Usually this means sophomores or
juniors and includes majors and minors in the mathematical sciences including statistics,
most majors and minors in computer science, and some engineers.

We now discuss some optional prerequisites.

Optional: mathematical induction. Induction is covered in Section 3.2 although most most
readers meeting the prerequisites will have seen induction already. This section could serve
as a first-time introduction even though its primary purpose is to emphasize how induction
is used in combinatorics.

Optional: linear algebra. Linear algebra is not a necessary prerequisite to most of the book
but a basic understanding of linear systems, matrix algebra, and a couple of vector space
concepts will greatly enhance some of the material. First and foremost is Chapter 7 on
combinatorial designs and error-correcting codes which, in the author’s opinion, represents
some of the most interesting material in the book. Most readers meeting the prerequisites
will have taken linear algebra or will take it concurrently. Linear algebra is also used briefly
in Section 4.3 on Stirling numbers, in two sections of Chapter 6 but only for the adjacency
matrix, and at the end of Chapter 8 on Mobius inversion.

Optional: graph theory. In Chapter 6 we investigate some enumeration and existence ques-
tions related to graphs. No prior knowledge of graph theory is assumed and Section 6.1
serves as a self-contained introduction to the ideas necessary for the rest of the chapter.
This introductory material would be familiar to a student whose transition course included
some graph theory, as many such courses do these days.

Optional: abstract algebra. Chapter 5, on Pélya’s theory of counting, represents a pinnacle
of enumeration. No previous experience with abstract algebra is assumed and we introduce
only the group theory required to understand the results and to solve problems. A reader
who has had a course in abstract algebra would naturally get more from this chapter but
such experience is by no means necessary. Finite fields are briefly mentioned in Section
7.5.
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Before you go

The reading questions, from Question 1 on page 2 to Question 356 on page 363, are an
integral part of this book. Have pencil and paper ready to answer each Question as you
encounter it in the text. Some are straightforward, some ask for the solution to a problem
that is similar to an example, and some ask for a natural generalization of a new idea.
Others ask for an explanation, a recall of a concept from another course, or a justification
of a step in a proof. Still others might ask for an entire proof, but only if the main idea is
well-motivated.

Beginning with Section 1.5, most of the sections conclude with Travel Notes. These
add color to the material of the section via interesting anecdotes, open problems, the cur-
rent state-of-the-art, suggestions for further reading, and background information on the
mathematicians responsible for the discoveries.

Also included at the end of the book are hints and answers to selected end-of-section
Exercises. Consult them only if you get stuck. Answers are given to help you check your
work, but keep two things in mind. One, combinatorial problems usually admit multiple
solution approaches so answers that look different may in fact be the same. Two, an answer
alone is usually not sufficient. The approach you took to analyze the problem is the real
key.

I appreciate corrections, comments, and other feedback on the book. Please email them
to dmazur@wnec.edu. You can visit the book’s website by following the link from my
homepage

mars.wnec.edu/~dmazur

for updates, errata, and other resources.
Enjoy your trip!
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CHAPTER 1

Principles of Combinatorics

Our journey begins with counting because combinatorics, in part, is the mathematics of
counting. What does it mean to count? It means to determine the exact number of objects
specified by a “How many?” question. What makes counting questions so appealing is that
they arise in all sorts of settings, answering them builds your problem solving skills, and
the answers are often fascinating in their sheer size.

In this chapter we study the principles of counting that are foundational to combina-
torics and that we will use in every other chapter. In the first two sections we practice
classifying and solving basic counting questions. In the next two sections we study two
principles (the bijection principle and the equivalence principle) that are useful for analyz-
ing more difficult problems. In the last section, we introduce existence questions with the
pigeonhole principle.

Counting vs. enumerating

We first make a note on the difference between counting and enumerating. One possible
method of counting is to make a systematic and complete list of the objects being counted.
This is called a complete enumeration or simply an enumeration. For example, if we
wanted to know how many integers between 1 and 100 (inclusive) are divisible by 5 or 6,
we could list them all:

5 6 10 12 15 18 20 24 25 30 35
36 40 42 45 48 50 54 55 60 65 66
70 72 75 78 80 84 85 90 95 96 100.

There are 33.

Complete enumeration is a viable counting technique for small problems but not for
large ones. If we want to count the number of 9 x 9 filled-in Sudoku boards' then we
should not make a list because there are exactly

6,670,903,752,021,072,936,960

boards, about 6.6 sextillion. Even a computer that could generate 100 billion different
Sudoku boards per second (exceedingly generous to the point of absurdity) would still take

'Visit en.wikipedia.org/wiki/Sudoku if you somehow missed the Sudoku craze.
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over 20,000 years to list every single board. Also, if you were to print each board on a 3-
inch square piece of paper, then it would require 15 trillion square miles of paper—enough
to cover the planet Jupiter 625 times.

What we want is a formula that allows us to find the answer without making a complete
list, and we will find many in this chapter and elsewhere. Yet, complete enumeration is
important for at least two reasons. For one, a complete enumeration of a smaller but similar
problem can give insight into how to solve the larger problem. We shall make good use of
this in this chapter. For another, some large, difficult problems exist whose only known
solution involves a complete enumeration (by computer) of some appropriately reduced
subproblem.

1.1 Typical counting questions and the product principle

Our goal in the first two sections of this chapter is to identify some important types of
counting questions and then to get a lot of practice in answering them. Here are four such
questions.

Q1 How many eight-character passwords are possible if each character is either an up-
percase letter A—Z, a lowercase letter a—z, or a digit 0-9?

Q2 Given nine players, in how many different ways can a manager write out a batting
lineup?

Q3 You play a pick-six lottery by specifying six different numbers from 1-40. How many
different lottery tickets are possible?

Q4 How many different orders for a dozen donuts are possible if a store offers 30 donut
varieties?

The first step is to identify the key features of the objects being counted. Once accom-
plished, standard formulas provide the answer.

Question 1 Take a guess at ordering the questions from smallest answer to largest answer.

Throughout this book, we use [r] to denote the set of the first n positive integers. For
example, [4] = {1,2,3,4} and [1] = {1}. We use Z to denote the set of integers, N
to denote the set of natural numbers (positive integers), Q to denote the set of rational
numbers, and R to denote the set of real numbers.

Question Q1: Counting lists or words

Solving a similar but smaller version of a problem is an important problem-solving tech-
nique. Here is a smaller version of question Q1: How many three-character passwords are
possible if each of the first two characters is either A, B, or g, and the last character is either
5or6?

Some of the passwords we wish to count look like BA5 or AA6 gA6. Let’s think about
choosing the characters one at a time and seeing how the number of choices for each
influences the total number of passwords. The first character must be either A, B, or g, so
any password begins in one of the three ways:

A__ B__ g_-.
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The next character must either be A, B, or g, so this increases the possibilities by a factor
of 3:

AA_ BA_ gA._
AB_ BB_ gB.
Ag- Bg- 99-.

The last character must either be 5 or 6, so this in turn increases the possibilities by a factor
of 2:

AAS5 AA6 BA5 BA6 gA5 gA6

AB5 AB6 BB5 BB6 gB5 gB6

Agb Ag6 Bg5 Bgb6 gg5 ggb6.
From the complete enumeration above we see that there are 18 possible passwords. We
could have obtained this answer by simply multiplying together the number of possibilities
for each of the three characters: 3-3 -2 = 18.
Question 2 How many four-character passwords are possible if each of the first three
characters is either A, B, g, or x, and the last character is an even digit?

There is a nice way to visualize the solution to the smaller Question Q1 using the tree
diagram shown in Figure 1.1. If we write the password in the form /1 /13, then the branches
to the right of each circle labeled /1, I3, or I3 represent the choices for that character once
the previous characters are specified.

The same counting principle applies to the original question Q1, where we wish to
count case-sensitive, eight-character passwords such as rQ8xt 9Pb and V93Vvvd99. Each
of the eight characters may be specified in one of 62 ways (26 uppercase letters plus 26
lowercase letters plus 10 digits). Therefore, there are

62-62-62-62-62-62-62-62 = 62° = 218,340,105,584,896

possible passwords. A complete enumeration of the approximately 218 trillion passwords
is certainly out of the question!

Question 3 Which is larger, the number of four-character passwords where each character
is a letter A—H, or the number of eight-character passwords where each character is a letter
A-D?

How to count lists or words

The passwords we just counted are examples of lists. A list is an ordered sequence of
objects, and a k-list is a list of length k. In a list, the order in which the objects appear
matters. Also, an object can appear more than once on the list unless forbidden by the
constraints of the problem. Lists are also called words.

For clarity, lists are sometimes written by enclosing the sequence in parentheses and
separating the objects by commas. For example, (V, 9, 3, V, v, d, 9, 9) is an equivalent way
to write the password V93vvd99. An ordered pair like (—2, 3) is a 2-list and an ordered
triple like (x, y, z) is a 3-list.

Just as we use k-list as an abbreviation for a list of length k, we use n-set as an abbrevi-
ation for a set of size n. In Question Q1, each password is an 8-list where each list element
belongs to the 62-set

{p,B,C,...,Z,a,b,C,...,2,0,1,2,...,9}.
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5 AAS5
ARG
ABS5
AB6
Agb
Agb6
BAS
BAG6

BB5

BB6

Bg5
Bgb6
gA>bS
gAb
gB5
gBo6
995

6 ggb6

()
@
L)

first character  second character  third character

Figure 1.1. Tree diagram for counting three-character passwords /1/5/3.

In this case we simply say that each password is “an 8-list taken from a 62-set.”
Here is a summary of what we have learned about counting lists.

Counting lists:

e Notation: n* equals the number of k-element lists taken from an n-element set.

Key features: Order matters, repeated elements allowed.

Typical question: How many ways are there to form a k-letter word where there
are n choices for each letter?

Formula:

k factors

We included a “formula” for n¥ because it is important to distinguish between the objects
that n* counts and how to calculate n*. The distinction will become clear by the end of
this section.

Question 4 Create a counting question whose answer is 3™.
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The product principle

The product principle is the general counting method that handles the counting questions
we’ve answered so far. It is quite flexible and perhaps the most widely used basic rule in
combinatorics.

The product principle: In counting k-lists of the form (I1, 2, ..., I), if

e there are ci ways to specify element Iy of the list, and each such specification
ultimately leads to a different k-list; and

o for every other list element l;, there are c; ways to specify that element no matter
the specification of the previous elements Iy, . .., l;_1, and that each such speci-
fication of l; ultimately leads to a different k-list,

then there are c1cy - - - i such lists.

In the context of a tree diagram like that of Figure 1.1, the product principle applies when
the number of branches to the right of each circle labeled /; is the same, for each fixed i.

Counting binary numbers
A binary number is a sequence of digits, each either 0 or 1. How many n-digit binary
numbers are there?

An n-digit binary number is a number of the form d;d, - - - d,, where each d; is 0 or 1.
As such it is an n-list taken from a 2-set, namely {0, 1}, and so there are 2" such numbers.

Question 5 How many n-digit binary numbers do not start with 0?

Counting all possible subsets
How many subsets of an n-set are there?

Besides answering a fundamental counting question, this example’s significance lies in
the way we use lists (in which order matters) to count sets (in which order doesn’t matter).
The idea is to encode each possible subset with an n-digit binary number that indicates
whether each element of the n-set belongs to the subset.

For example, when n = 3 and our 3-set is [3], we associate each subset of [3] with a
3-digit binary number as follows:

@ — 000 {1,2} — 110
{1} — 100 {1,3} — 101
{2} — 010 {2,3} — 011
{3} — 001 {1,2,3} — 111.

That is, each subset is associated with the 3-digit binary number dd,d3 that has d; = 1
if 7 is in the subset and d; = 0. This shows that there are as many subsets of [3] as there
are 3-digit binary numbers, namely 23. In general, there are as many subsets of an n-set as
there are n-digit binary numbers, so there are 2” subsets of an n-set.

The set of all possible subsets of a set A4 is called the power set of A and we denote it
with the special notation 24. The reason for the notation is to make the formula |2A | =2l
memorable. For example, 2[”]| = 2"

Question 6 Let X = [100] and let Y be the set of odd integers. Find |2X0Y |
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Question Q2: Counting lists without repetition

Now we move on to Question Q2: Given nine players, in how many different ways can a
manager write out a batting lineup?

Let’s answer the smaller, four-player version first. If the players are A, B, C, D, then a
lineup corresponds to a 4-list in which each of these letters appears exactly once. The list
can begin in four ways:

A___ B___ C__ D___.

The second player in the lineup can be anyone but the first player, so this increases the
possibilities by a factor of 3:

AB__ BA__ CA__ DA__
AC__ BC__ CB__ DB__
AD__ BD__ CD__ DC__.

The third player can be anyone but the first two players, so this increases the possibilities
by a factor of 2:

ABC_ ABD_ BAC_ BAD_ CAB_ CAD_ DAB_ DAC_
ACB_ ACD_ BCA_ BCD_ CBA_ CBD_ DBA_ DBC_
ADB_ ADC_ BDA_ BDC_ CDA_ CDB_ DCA_ DCB._.

The final player must be the (only) player not yet on the list, and in order to fit the pattern
we will say that this increases the possibilities by a factor of 1:

ABCD ABDC BACD BADC CABD CADB DABC DACB
ACBD ACDB BCAD BCDA CBAD CBDA DBAC DBCA
ADBC ADCB BDAC BDCA CDAB CDBA DCAB DCBA.

There are 24 possible batting lineups. The complete enumeration suggests that we can
calculate thisas 4-3-2-1 = 24. The product 4 - 3 - 2 - 1 is denoted by 4! and read “four
factorial.”

Question 7 You have a pile of six different books. How many ways are there to arrange
three of them on a shelf? The order in which the books appear from left to right matters.

We can apply this same method to the original Question Q2. There are nine choices for
the first player, then eight choices for the second player, then seven choices for the third
player, and so on. In all, there are 9! = 9-8-7-6-5-4-3-2-1 = 362,880 different lineups.

In general, n! stands for the product of the integers between 1 and n, inclusive. We
define 0! to be 1.

Counting passwords again
How many passwords in Question Q1 have no repeated characters?

This means that a password like Gh64Fh47Z is no longer allowed, but ogwei 9VQ
still is. There are still 62 choices for the first character, but then 61 choices for the second
(anything but the first), 60 choices for the third (anything but the first two), and so on. In
total there are

62-61-60-59-58-57-56-55=136,325,893,334,400
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passwords. The notation for the product on the left is (62)g and it means to take the first
eight terms of 62! starting with 62. In this case we are counting 8-lists without repetition
from a 62-set. Another way to write it is

62! 62!

(62)s = (2 —8)1 = sar’

In general, (n)y = n(n — 1)---(n — k + 1) or equivalently (n); = Notice that
(n), =nl.

Question 8 A softball coach has 14 players available but can only bat 10 players in a
lineup. How many lineups are possible?

n!
(n—k)!"

Counting team assignments

A gymnastics team has seven members. The coach must assign one member to compete
in each of the four event finals (floor exercise, balance beam, vault, uneven parallel bars).
How many different assignments are possible if members are allowed to compete in more
than one event? How many if no member can compete in more than one event?

Label the team members A-G and keep track of an assignment with a 4-list like DCGC
where the first element is the member that competes in the floor exercise (here, D), the
second in the beam (C), the third in the vault (G), and the fourth in the uneven bars (also
C). The answer to the first question is 7# since any such assignment is a 4-list taken from
a 7-set. The answer to the second is (7)4 since any such assignment is a 4-list without
repetition taken from a 7-set. The exact values are

7*=2401 and (7)4=7-6-5-4 = 840.

How to count lists without repetition

A list without repetition is sometimes called a permutation. If such a list has length k&
then it is a k-permutation. When we counted the passwords in question Q1 that have no
repeated characters, we counted the 8-permutations taken from a 62-set. An n-permutation
of an n-set is simply called a permutation of the set. This is a “complete permutation” of
the set, like the 4-player batting lineups were permutations of the set {A, B, C, D}. Here is
a summary.

Counting lists without repetition:

e Notation: (n); equals the number of k-element lists without repetition taken from
an n-element set.
o Key features: Order matters, repeated elements not allowed.
o Typical question: How many ways are there to form a k-letter word where there
are n choices for each letter and no letter appears more than once?
e Formulas:
n!

Mk = k! —.k)!

or (Mg =nmn—-1)---(n—k+1).

As a special case, n! equals the number of n-element lists without repetition taken from an
n-element set. That is, it equals the number of permutations of an n-set.
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Question Q3: Counting subsets of a set

Now we answer Question Q3: You play a pick-six lottery by specifying six different num-
bers from 1-40. How many different lottery tickets are possible?

We first examine the case of a pick-three lottery involving the numbers 1-6. As a note
of clarification, the order in which you list your numbers doesn’t matter in this lottery. For
example, to play the numbers 2-4-5 you fill in those ovals on your ticket:

oOoeoee o
T 2 3 4 5 6

Thus, a ticket is really just a size-3 subset of the set {1, 2, 3,4, 5, 6}.

Here is a complete enumeration of all possible tickets. To ensure that we don’t miss
any, we take the systematic approach of first listing all the tickets that have 1 as the lowest
number:

{1,2,3} {1,2,4} {1,2,5} {1,2,6} {1,3,4}
{1,3,5} {1,3,6} {1,4,5} {1,4,6} {1,5,6}.

Then list those that have 2 as the lowest number:
{2,3,4} {2,3,5} {2,3,6} {2,4,5} {2,4,6} {2,5,6}.
Then list those that have 3 as the lowest number:
{3,4,5} {3,4,6} {3,5,6}.

Finally list those that have 4 as the lowest number: {4, 5, 6}. There are 20 tickets in all.
The notation (Z), read “n choose k,” stands for the number of k-subsets of an n-set. The
answer to the small lottery question above is (6) and we calculated (g) = 20 by complete

3
enumeration. The general formula is

ny (g ny\ _ n!
k)~ ke k| = k=

Here is a brief justification. Let’s count the k-permutations of an n-set. We know there are
(n)g of them. An alternate way to count them involves first specifying which k elements
of the n-set are in the permutation (there are (Z) ways to do this) and then lining those
elements up in a particular order (there are k! ways to do that). By the product principle,
there are (7) - k! such permutations. Therefore (n)r = (7) - k!, or (}) = (']?!k . See Section
1.4 for a somewhat different approach.

Now we can finish Question Q3. The answer is (460 ) because any ticket corresponds to

a size-6 subset of [40]. There are about 3.8 million tickets:

= 3,838,380.

40\  (40)s _ 40-39-38-37-36-35
6] 6 6-5-4-3-2-1

Question 9 You are dealt a five-card hand from a standard deck of 52 cards. How many
different hands are there? (The order in which you receive the cards doesn’t matter.)
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Counting binary numbers
How many n-digit binary numbers have exactly k 1s?
Here is a complete enumeration of the 5-digit binary numbers with exactly two 1s:

11000 10100 10010 10001 01100
01010 01001 00110 00101 00011.

To specify such a number, we need only identify the locations of the two 1s because each
remaining digit is then 0. Using a 2-set to keep track of the positions of the 1s gives the
following correspondence:

11000 —> {1,2}
10100 —> {1, 3}
10010 —> {1, 4}
10001 —> {1, 5}

01010 —> {2, 4}
01001 —> {2, 5}
00110 —> {3, 4}
00101 —> {3,5}

01100 —> {2,3} 00011 —> {4,5}.

Therefore there are as many 5-digit binary numbers with exactly two 1s as there are 2-
subsets of a 5-set, so there are (;) = 10. In general, the number of n-digit binary numbers

with exactly k 1s s (7).

Question 10 Explain why the number of 10-digit binary numbers with exactly three ls
equals the number of 10-digit binary numbers with exactly seven Is.

How to count subsets of a set
The numbers (Z) are called binomial coefficients and are so called because of the binomial
theorem (see Theorem 2.2.2 on page 63). The term combination is sometimes used to

indicate a subset or to indicate an unordered collection of distinct objects.

Counting subsets:

n
Notation: (k) equals the number of k-element subsets of an n-element set.

Key features: Order doesn’t matter, repeated elements not allowed.

Typical questions: How many n-digit binary numbers have exactly k 1s? How
many ways are there to form a k-person committee from a group of n people?

ny (g ny\ _ n!
K" % k) T Rm—nr

Question 11 How many ways are there to form a 20-person committee from a group of

Formulas:

435 people?

Question Q4: Counting multisets

Now for Question Q4: How many different orders for a dozen donuts are possible if a store
offers 30 donut varieties?

First we trim the problem to a smaller version involving an order of three from a store
selling four varieties. In ordering donuts all that matters is how many donuts of each variety
we want—the sequence in which we list them doesn’t matter. We also assume that there
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are no differences among donuts of a particular variety. Thus, we have a situation in which
order doesn’t matter (like a set and unlike a list) but repetition is allowed (like a list and
unlike a set).

Let’s say the store has Boston creme (B), chocolate (C), glazed (G), and maple (M)
available. Here are all possible orders:

(B.B.B} {B.C.C} {B.C.M} {C.C.M} {G.G,G}
{B.B.C} {B.G,.G} {B.G.M} {C.G.G} {G,G. M)}
{B.B.G} {B.M,M} {C.C.C} {C.M,M} {G,M.M}
{B.B.M} {B.C.,G} {C.C.,G} {C.,G.M} {M.,M, M}

These are known as multisets which are sets with repetition allowed. We use the same
curly braces { } that indicate a set to indicate a multiset. The presence of a multiset should
be clear from context.”

The notation ((Z)) stands for the number of k-multisets taken from an n-set. The latter
phrase indicates that there are k elements in the multiset and each element belongs to a
certain n-set. The answer to the small donut order question above is ((‘3‘)) and we calculated

((‘3‘)) = 20 by complete enumeration. The general formula is

()

We next explain the formula for the special case n = 4 and k = 3.
Examine the following correspondence between binary numbers and donut orders.

binary number | donut order || binary number | donut order |

000111 (B, B, B} 100011 {C.C.C}
001011 {B,B.C} 100101 {C.C.G}
001101 (B.B.G} 100110 (C.C. M}
001110 (B,B,M} 101001 {C.G.G}
010011 (B.C,C} 101100 (C.M. M}
011001 {B.G.G} 101010 (C.G,M}
011100 (B.M, M} 110001 (G.G.G}
010101 (B.C.G} 110010 (G.G, M}
010110 (B.C,M} 110100 (G.M, M}
011010 (B.G.M} 111000 (M. M, M}

Notice that all of the 3-multisets taken from the 4-set { B, C, G, M } are listed, as are all of
the 6-digit binary numbers with exactly three 0s. In any such binary number, the number
of Os before the first 1 equals the number of B’s in the order, the number of Os between the
first and second 1s equals the number of C’s in the order, and so on. For example, 101100
has no Os before the first 1 (no B’s in the order), one 0 between the first and second 1 (one
(), no 0s between the second and third 1 (no G’s), and two Os after the third 1 (two M’s).
Therefore, it corresponds to {C, M, M }.

Thus, each binary number has k = 3 zeros and n — 1 = 4 — 1 ones. The Os correspond
to the donuts and the Is correspond to “dividers” between donuts of different varieties.

2Some authors use different delimiters such as { ) or [ ] to denote multisets.
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(Notice that we use one fewer divider than the number of varieties available.) There are

(k+]’:_1) = (>*$7") binary numbers having k + n — 1 = 6 digits and exactly k = 3

zeros, and hence that many donut orders. The same idea works in general to show that
n\\ _ (k+n—1

) =5

Question 12 Given the binary number 10001101010011, invent a multiset to which it

would correspond under the type of correspondence just shown.

The answer to Question Q4 is ((ig)) because any order corresponds to a size-12 multiset
of [30]. There are about 7.9 billion orders since

300 _ (12 +30-1) _ (4] = 7.898,654,920.
12 12 12

Question 13 Your friend sends you to the same store for a dozen donuts. He wants three
Boston creme but the rest is up to you. How many different orders are there?

Distributing candy

You have eight red lollipops to distribute among 12 children. In how many ways can you
do this?

Make a record of how we distribute the candy using a multiset. For example, {2,2, 5, 5,
5,5, 10, 12} means we give two lollipops to child 2, four to child 5, and one each to children
10 and 12. In that way any distribution is an 8-multiset taken from a 12-set. There are

12 12 -1 19
= 8+ = = 75,582
8 8 8
ways to distribute the lollipops.

How to count multisets

The notation ((Z)) is helpful because the double parentheses remind us that repetition is
allowed.

Counting multisets:

e Notation: ((Z)) equals the number of k-element multisets taken from an n-

element set.
o Key features: Order doesn’t matter, repeated elements allowed.

e Typical questions: In how many ways can we place an order for k donuts if the
store sells n varieties? In how many ways can we distribute k identical pieces of
candy to n children?

e Formula:
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Putting it all together

Let’s attack more counting questions using what we know so far. The crucial skill is to be
able to determine whether we need to count lists, permutations, subsets, or multisets.

(a) Four candidates vie for the position of town selectman. If 1180 votes are cast, then
how many different final vote totals could be reported on the news?

—> Call the candidates A, B, C, and D. One way to record the final vote is with
a multiset of size 1180 where each element is either A, B, C, or D. In fact, such a
multiset corresponds exactly to the box containing the 1180 ballots cast where each
ballot has an A, B, C, or D on it. Therefore the number of final vote totals equals the
number of 1180-multisets taken from a 4-set, which is

4 11 4—1 11
= 80+ = 83 = 275,233,231.
1180 1180 1180

(b) In the era before cell phones, how many 10-digit U. S. phone numbers were there?
Such a number is a 3-digit area code followed by a 3-digit exchange code followed
by a 4-digit extension. Neither an area nor exchange code can begin with 0 or 1, but
the middle digit of the area code must be either O or 1.

== In a phone number, order matters and repetition of digits is allowed. Write a
phone number as a 10-list ajazazejezezdidadsdy. There are eight choices for a;
(any digit 2 through 9), two choices for a, (0 or 1), 10 for a3, 8 for e;, and 10 for
each of the six remaining digits. There are

8-2-10-8-10% = 1,280,000,000 = 1.28 billion

phone numbers.

Question 14 Springfield, MA is in the 413 area code. How many different exchanges,
at minimum, will ensure that each of the approximately 160,000 citizens of Springfield
can have their own phone number?

(c) Let k and n be integers satisfying 1 < k < n. How many subsets of [1] contain k as
their largest element?

— First look at a special case like n = 6 and k = 4. Here are the subsets of [6]
containing 4 as their largest element:

4 L4 {24 3.4
{1,2,4} {1.3,4} {2,3.,4} {1,2,3.4}

Ignoring element 4, which must be present in each subset, we see that we have simply
listed all of the subsets of [3], of which there are 2° = 8. The answer to the original
question is 271 because any subset of [1] containing k as its largest element consists
of k together with any one subset of [k — 1].

(d) A lock has the numbers 0-29 arranged in a circle around its dial. A combination for
the lock consists of four numbers, but no two numbers that are adjacent or equal on
the dial can be consecutive in the combination (0 and 29 are adjacent). How many
combinations are there?
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— Write the combination as a 4-list (dy, d>, d3, d4). There are 30 choices for d;.
For each such choice there are 27 choices for d» because it cannot equal d; or the two
numbers adjacent to it. Similarly there are 27 choices for each of d3 and d4. There are
30273 = 590,490 combinations.

(e) Fifty runners compete in a road race but the newspaper only publishes the names of the
first, second, and third place finishers. How many different lists could the newspaper
publish?
= If the runners are numbered 1-50, then a 3-list like (34,37, 2) indicates that
runner 34 finishes first, 37 finishes second, and 2 finishes third. The order in which
they finish matters, and repetition is not allowed since no runner can finish, say, both
second and third. Thus we count the 3-lists without repetition taken from a 50-set.
There are (50)3 = 50-49-48 = 117,600 different lists.

Question 15 If instead the paper publishes the order in which all 50 runners finish,
how many are possible?

(f) How many seven-letter palindromes using the letters A-Z are there? A palindrome
reads the same forwards and backwards, like GHHTHHG or RACECAR.

== A seven-letter palindrome is completely determined by its first four letters. There
are 26 choices for each of the first four letters, so there are 26* = 456,976 palin-
dromes.

Question 16 Answer the same question but for eight-letter palindromes. Then, gen-
eralize to n-letter palindromes.

Notation versus numbers

Understanding what 7%, (), (Z), and ((Z)) count is more important than knowing
how to compute them. For example, writing 628 in addition to the final answer of
218,340,105,584,896 reveals what type of basic objects were counted—S8-lists taken from
a 62-set. Thus 628 gives important insight into the solution method. Likewise, writing (460)
in addition to 3,838,380 reveals that the problem amounted to counting the 6-subsets of a
40-set. We follow this practice throughout the book.

Summary

In this section we introduced four canonical counting problems. Each involves the arrange-
ment of k objects where each object is chosen from a particular set of size n. Order may
or may not matter in the arrangement of the objects, and repetition of objects may or may
not be allowed in the arrangement. Using the notation introduced in this section, here are
the answers to each of the four problems.

order matters | order doesn’t matter

repetition allowed nk ((Z))

repetition not allowed (n)k (Z)
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The key to analyzing basic counting problems is to understand which of the four cases can
be applied. It is perfectly acceptable, and even preferable, to leave the answer to a counting
question in terms of the notation shown in the table.

Exercises

1.

How many different tickets are possible in each of the following lotteries? And which
lottery offers the best chance of winning?

(a) You pick six numbers from 1-16, a number can be picked more than once, and
order doesn’t matter.

(b) You pick five different numbers from 1-25 and order doesn’t matter.

(¢) You pick four different numbers from 1-18 and the order in which you specify
them matters.

You flip a coin 20 times and record the ordered sequence of heads and tails.

(a) How many sequences are there in which you get heads on (at least) flip #1, #4,
#7, and #13?

(b) How many sequences have the same number of heads and tails?

. Count the n-digit numbers of the following types.

(a) ternary: each digitis 0, 1, or 2
(b) octal: each digitis 0, 1,2,3,4,5,6,0r7
(¢) hexadecimal: each digitis 0, 1,2,3,4,5,6,7,8,9,A,B,C,D,E, or F

. (see previous exercise) How many 10-digit hexadecimal numbers begin and end with

F? How many 8-digit octal numbers begin and end with an even digit?

. How many ways are there to pick a collection of 15 coins from bags of pennies,

nickels, dimes, and quarters? (Assume coins of the same denomination are indistin-
guishable.)

. In the pick-6 lottery involving the numbers 1-40, you win the Match-4 prize if exactly

four of your six numbers appear on the winning ticket. In a given lottery drawing,
how many different tickets would win the Match-4 prize?

. How many 4-character passwords are possible if each character is taken from an n-

set? What is the smallest n that guarantees at least one billion different passwords?
Answer the same two questions but for 8-character passwords.

. Consider the phone number 289-3447. How many alphabetic phone numbers can be

made from this number using the letters on the phone buttons? For example, BUY-
EGGS is one possibility and ATX-DIGR is another. Answer the same question if
you’re allowed the option of leaving numbers unchanged, like C8Y-F4IP.

. How many subsets of [20] ...

(a) have smallest element 4 and largest element 157
(b) contain no even numbers?

(c) have size 10 and don’t contain any number larger than 17?
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10.

11.

12.

13.
14.

15.

16.

17.

18.

19.

20.

A Maryland automobile license plate consists of three letters followed by three num-
bers. How many are possible? Decorum dictates that some three-letter combinations
be outlawed. For each three-letter combination outlawed, how many possible license
plates does this remove from circulation?

You throw five identical six-sided dice and write down the values showing, in nonde-
creasing order from left to right. For example, 22245 means you rolled three 2s, one
4, and one 5. How many outcomes are possible? How many in which all the values
are different?

How many different regions are in a Venn diagram involving n pairwise intersecting
sets?

How many 6-permutations of [15] have their digits listed in increasing order?

How many arithmetic problems of the following form are possible? You must use
each of the digits 1 through 9, they must appear in numerical order from left to right,
and you can use any combination of the + and x symbols you like, as long as the
resulting expression makes mathematical sense. For example, 1234 +5x 6 x 78 + 9
and 123456 + 789 and 123456789 are three possibilities, but 1xx234567 4- 89is not.
How many ways are there to distribute 16 identical pieces of candy to five children
such that every child receives at least one piece? Generalize to k identical pieces of
candy and n children.

How many permutations of [9] have no adjacent odd digits? For example, a permuta-
tion like 385164927 is not allowed because 5 and 1 are adjacent.

Find the number of 3-lists of the form (x;, x2, x3), where each x; is a nonnegative
integer and x1 + x5 + x3 = 10.

A professor gives an exam on which she asks her students to answer any five of the
eight questions. In how many ways could the students select the questions?

A 4 x 7 checkerboard is shown below at the left. How many different rectangles are
hiding in it? Five examples of rectangles you need to count are shown in the two
boards on the right.

(from Measure Theory by Paul R. Halmos, Springer-Verlag, 1950) Let S be a set.
Suppose that s is an element of S, 7 is a subset of S, and F is a set of subsets of S.
How many statements of the form X R Y are possible, where X and Y are each taken
from {S, s, T, F} and R is taken from {€, C€}? Classify each statement as always true,
possibly true, or always false.

1.2 Counting, overcounting, and the sum principle

In this section we continue our study of basic counting problems by discussing several

examples. We first shed light on two common misapplications of the product principle.

We then identify two important techniques for fixing these problems and examine more

examples.
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More with the product principle

Ternary numbers
A ternary number is a sequence of digits, each either 0, 1, or 2. How many 8-digit ternary
numbers have exactly three 1s?

Examples of 8-digit ternary numbers are 11102000 and 02212101 and 00011100. Think
of building such a number in two stages: (1) specify the location of the three 1s, then (2)
specify the remaining digits. There are (2) ways to specify the location of the 1s. The re-
maining five digits are each 0 or 2, so there are 2° ways to specify them. We may apply the
product principle and the answer is (§) - 25 = 1792.

Question 17 How many n-digit ternary numbers have exactly k 1s?

Exam questions
A multiple choice exam has 20 questions with four possible answers for each question.
How many different exam papers would earn a grade of 70%?

We can keep track of a student’s answers using a 20-list taken from {a, b, ¢, d } where
the latter set represents the possible answers to each question. A grade of 70% means
exactly 14 of 20 questions correct. There are (%2) different ways to specify those 14 ques-
tions. Then, each of the remaining six questions must be answered incorrectly. Since there
are three wrong answers for each question, there are 3 ways to answer the remaining six
incorrectly. By the product principle there are (%2) -3% = 28,256,040 ways to earn 70% on
the exam.

Question 18 Divide the number of ways to earn 70% by the total number of ways to com-
plete the exam. What is the likelihood that you’'d earn 70% just by guessing?

Palindromes
Of the integers from 1 to 999999, how many are palindromes?

A palindrome reads the same forwards and backwards so each of 4 and 555 and 9889 is
a palindrome that we need to count. This means that a palindrome is completely determined
by its first half. For example, there are 9 - 10? five-digit palindromes because the first digit
can be any digit 1-9, the second any digit 0-9, and the third any digit 0-9. Once those are
chosen the fourth and fifth digits are automatically determined.

Among the integers from 1 to 999999 are one-digit numbers up to six-digit numbers.
The number of palindromes depends on the number of digits:

k 1]2 3 4 5 6
# palindromes with k digits [ 9 | 9 | 9-10 | 9-10 | 9-10% | 9-10?

To count all the palindromes asked for, we add these answers to obtain

94+ 94 (9-10) + (9-10) + (9-10%) + (9- 10%) = 1998.

The sum principle

In answering the last question, we divided the palindromes into cases by number of digits,
counted each case, and then added the answers to get the final total. The breaking-into-
cases idea is indispensable in combinatorics and is called the sum principle.
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The sum principle: Suppose the objects in a counting question can be divided into

k disjoint and exhaustive cases. If there are n; objects in the j-th case, for j =

1,2,...,k, then there are n1 + ny + - - - + ny objects in total.
The word “disjoint” means that there is no overlap among the cases, and the word “exhaus-
tive” means that every object falls into some case. Together, they mean that every object
falls into one and only one case.

Exam questions again
A multiple choice exam has 20 questions with four possible answers for each question.
How many different exam papers would earn a grade of at least 70%?

Again we use a 20-list taken from {a, b, ¢, d} to keep track of each exam. A grade
of at least 70% means getting between 14 and 20 questions correct, inclusive. We split
the exams into cases according to the number of questions correct and then use the sum
principle. Earlier we found there are (%2) -3% exams that earn exactly 70%. The other cases
are similar and the answer is

20).6  (20\.s  [20).. 20\., . {20\.0
(14)3 +(15)3 +(16)3 s +(19)3 ~(2)s

20
20
which can also be written Z (k )320_k. This equals 32,448,508.

k=14
Question 19 How many exam papers earn a grade of at least 90%?

Overcounting and other perils

There are two key phrases in the statement of the product principle. For convenience we
repeat it below with the key phrases in boldface.
The product principle: In counting k-lists of the form (I1, 2, ..., I), if
e there are c1 ways to specify element 1y of the list, and each such specification
ultimately leads to a different k-list; and
o for every other list element l;, there are c; ways to specify that element no mat-
ter the specification of the previous elements [, ...,l;_1, and that each such
specification of l; ultimately leads to a different k-list,

then there are c1cy - - - i such lists.
We next illustrate how failure to heed these phrases can lead to incorrect counting.

A misapplication of the product principle

In blackjack, you are dealt a two-card hand. The first is placed face down and the second
face up. How many hands are there in which the face-down card is an ace and the face-up
card is a heart?

Represent a two-card hand as a 2-list (D, U) where D is the face-down card and U is
the face-up card. There are four ways to specify D since there are four aces in the deck.
Then there are 13 ways to specify U since there are 13 hearts in the deck. By the product
principle there are 4 - 13 = 52 hands.

This is an incorrect application of the product principle because the number of ways to
specify U depends on the way D was specified. The problem is the ace of hearts.
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Card chosen for D | Number of choices for U
A® 13
Ad 13
AQ 12
A 13

In other words the product principle doesn’t apply because there are not 13 ways to specify
D for every possible choice of U.

The fix
Since the ace of hearts is the problem, let’s treat that case separately. If D is not the ace of
hearts, there are three ways to specify it. For each such way there are 13 ways to specify
U for a total of 3 - 13 = 39 two-card hands. If D is the ace of hearts, there are 12 ways to
specify U for a total of 12 two-card hands. By the sum principle there are 3- 13 + 12 = 51
hands.

Another way to fix it is simply to observe that the original, incorrect answer of 4 - 13 is
too large, but only by one because it includes the hand (AQ, AQ). So thereare 4-13 -1 =
51 hands.

Question 20 How many hands are there in which the face-down card is an ace and the
face-up card is not a heart?

Another misapplication of the product principle
How many 4-lists taken from [9] have at least one pair of adjacent elements equal?

For example, the 4-lists 1114 and 1229 and 5555 qualify, but 9898 does not. Let’s
specify such a list in three steps:

o Step 1: Specify the location of the adjacent equal elements.
o Step 2: Specify the value of those elements.

o Step 3: Specify the two remaining elements.

There are three ways to specify the location of the adjacent equal elements—the first two,
middle two, or last two. Once accomplished, there are nine ways to specify their value.
Then each of the remaining two elements can be any number 1-9, so there are 9% ways to
specify them. By the product principle there are 3 - 9 - 9> = 2187 numbers. Right?

Wrong! We misapplied the product principle and this led to an overcount. The problem
occurred at the first step: each specification of the location of the adjacent equal digits does
not lead to a different 4-digit number in the end. Here is why.

Among the 4-lists being counted by Steps 1-3 are those of the form 44cd which re-
sult from choosing the first two positions in Step 1 and value 4 in Step 2. Now when we
complete the list in Step 3, we end up with the 9% = 81 lists

4411, 4412, 4413, 4414, 4415, .. ., 4497, 4498, 4499. (1.1

Also among the 4-lists begin counted by Steps 1-3 are those of the form a44d and ab99.
When we complete each such list in Step 3 we end up with

1441, 1442, 1443, 1444, 1445, .. ., 9447, 9448, 9449 (1.2)
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and
1199, 1299, 1399, 1499, 1599, ..., 9799, 9899, 9999 (1.3)

respectively. This is a problem because lists like 4441 and 4444 appear in both (1.1) and
(1.2). A list like 4499 appears in both (1.1) and (1.3). In other words, it is not the case that
the specifications in Steps 1 and 2 lead to different lists in the end.

The fix
Here is how to fix this. Let

x = # of 4-lists taken from [9]
y = # of 4-lists taken from [9] with at least one pair of adjacent elements equal

z = # of 4-lists taken from [9] with no pair of adjacent elements equal.

We want to find y. By the sum principle x = y + z because any 4-list either has at least
one pair of adjacent elements equal or else has no pair of adjacent elements equal. Notice
that both x and z are easy to determine. We know x = 9*. For z, there are nine ways to
specify the first element, then eight ways to specify the second (anything but the first), then
eight ways to specify the third (anything but the second), then eight ways to specify the
fourth (anything but the third). By the product principle there are 9-83 such lists. Therefore
there are
y=x—z=9*-9.8%=1953
4-lists taken from [9] with at least one pair of adjacent elements equal.

Question 21 How many 5-lists taken from {A, B, ..., Z} have no pair of adjacent letters
equal?

Counting the complement

The technique used to fix the last example is known as counting the complement. 1t is
essentially just a particular way to apply the sum principle but it is very powerful.

Counting subsets
How many subsets of [15] have at least two elements?

“At least two elements” could mean any number of elements from 2 to 15. The com-
plement of “at least two” is “at most one” which only means O or 1. There are (105) =1
subsets with zero elements and (115) = 15 with one element. So there are

o[- 2]-

subsets with at least two elements.
Notice that it is not necessary to count the complement, for we could just sum the
number of subsets of size k from k = 2 to 15 to get the answer:

(5 () (5)-2(0)

However, counting the complement makes for a quicker calculation.
Question 22 How many n-digit binary numbers have at least one 0 and one 17
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Counting passwords, again

Passwords often must have a minimum number of characters of a certain type. How many
eight-character passwords are there if each character is either an uppercase letter A-Z, a
lowercase letter a-z, or a digit 0-9, and where at least one letter is used?

The at-least-one-letter requirement eliminates the possibility of an all-number pass-
word. All-number passwords are easy to count so we count the complement. We already
know that there are 628 possible passwords, and of these 108 contain only numbers. There-
fore, 628 — 108 = 218,340,005,584,896 contain at least one letter.

Question 23 Answer the same question, but where at least one letter and at least one
number is used.

Still counting passwords
How many eight-character passwords are there if each character is either an uppercase
letter A-Z, a lowercase letter a-z, or a digit 0-9, and where at least one uppercase and at
least one lowercase letter are used?

The complement of “at least one uppercase and at least one lowercase letter are used”
is “either no uppercase or no lowercase letters are used.” We have to be careful about
counting objects specified by an “or” statement. Define the following sets:

A = {passwords p : p has 8 characters}
B = {passwords p : p has 8 characters and no uppercase letters}
C = {passwords p : p has 8 characters and no lowercase letters}.

The answer to the question is |A| — |B U C| via counting the complement. We know
|A| = 628. For | B U C| we use the familiar formula

IBUC|=|B|+|C|—-|BNC]|

There are |B| = 368 passwords with no uppercase letters, |C| = 36% with no lowercase
letters, and |B N C| = 108 with neither upper nor lowercase letters (i.e., all numbers).
Therefore there are

|A| —|BUC| = 628 — (36% + 36% — 10%) = 212,697,985.769,984

passwords in which at least one uppercase and one lowercase letter are used. This require-
ment removes |B U C| = 5,642,119,814,912 passwords from consideration.

More examples

Best-of-seven series
Two baseball teams, A and B, play each other in a best-of-seven series, so that the first
team to win four games wins the series. The outcome ABAAA means that team A wins
game 1, team B wins game 2, and then team A wins games 3-5 and therefore the series.
The outcome BBBB means that team B wins games 1-4, and BAABABB means that team
B wins in seven games. How many different outcomes are there?

We represent each outcome as a length-4, -5, -6, or -7 list depending on the series’
length. That observation dictates how to break this problem into manageable cases. First,
let’s count the outcomes in which team A wins. There are four cases:

O00000A OO000A  OOO00A  OOOA.
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In each case, the blanks stand for any list of As and Bs containing exactly three As. There

are (6) in the first case, (5

3 3) in the second, and so on. Therefore, there are

(6)+6)+C)+C)

outcomes in which A wins. The number of outcomes in which B wins is exactly the same,

)+ () ()]

From a standard 52-card deck, how many different five-card hands are possible? How likely
is it that you will be dealt three-of-a-kind?
There are as many five-card hands as there are 5-subsets of a 52-set, about 2.6 million:

so in all there are

different outcomes.

= 2,598,960.

52\ (52)s _ 52-51-50-49-48
5) 51 5.4.3.2.1

Counting the three-of-a-kind hands requires some care. One approach encodes each hand
as a 5-list (A4, B, C, D, E) where

e A is the denomination of the three-of-a-kind
— 13 ways to choose A

e B is the 3-set of suits for the three-of-a-kind
- (§) ways to choose B

e ( isa 2-set of denominations for the other two cards

= (122) ways to choose C

e D is the suit of the smaller denomination in C
= 4 ways to choose D

e FE is the suit of the larger denomination in C
= 4 ways to choose E.

For example, the hand {4, 4<, 4Q, 3, K&} corresponds to the 5-list
(47 {Qa <>a O}a {37 K}a <>a ‘)‘

By the product principle there are 13 - (;) . (122) - 4% = 54,912 hands.

Question 24 Explain what is wrong with the following reasoning: There are 52 ways to
select the first card that is a part of the three-of-a-kind. Then there are (;) ways to pick
the other two cards to make up the three-of-a-kind. Finally, there are (428) ways to pick the
other two cards (any cards except those of the denomination of the three-of-a-kind). By the

product principle there are 52 - (;) . (428) ways.
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Since the ratio of three-of-a-kind hands to all possible hands is

54,912

——— = 0.0211284..,
2,598,960 00 8

we can expect to receive three-of-a-kind on the initial deal about 2% of the time—about
once every 50 hands.

Question 25 How likely is it that you will be dealt a hand containing a full house? (A full
house is three cards of one denomination and two of another denomination.)

See Exercise 18 for the full story.

At least two
How many 5-lists taken from {4, B, C, D, E} have at least two As?

Since “at least two As” could mean two or three or four or five As, a direct count would
require several cases and also some care to make sure the cases didn’t overlap. The opposite
of “at least two” is “at most one” which requires fewer cases. We count the complement.
The following question outlines a solution via counting the complement.

Question 26 How many 5-lists taken from {A, B, C, D, E'} are possible? How many have
no As? How many have exactly one A? What now is the answer to the original question?

As a check, your answer should be 821.

Summary

Two indispensable principles in combinatorics are the sum principle and the method of
counting the complement. The sum principle is used when we divide a counting problem
into disjoint and exhaustive cases, count each case, and then add the answers. Counting the
complement is useful when the description of the objects to be counted includes phrases
like ““at least one” or “at least two” or “nonempty.”

Exercises

1. Jeopardy! The following are answers to counting questions. Your job is to write a
question for each.

(@) n* — (n)
(b) n™ —n!
(c) 2" =2
(d) 35—25

2. How many different outcomes are there in a best-of-nine series between two teams A
and B? Generalize to a best-of-n series where n is odd.

3. Given 20 people, how many ways are there to form a committee containing at least
three people?

4. A group consists of 12 men and eight women. How many ways are there to...
(a) form a committee of size 57
(b) form a committee of size 5 containing two men and three women?

(c) form a committee of size 6 containing at least three women?
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10.

11.

12.

13.

14.

15.

16.

17.

(d) form a committee of size 10 containing at least four women?
(e) form an all-male committee of any size?
How many eight-character passwords are there if each character is either an uppercase

letter A-Z, a lowercase letter a-z, or a digit 0-9, and where at least one character of
each of the three types is used?

Nate, Ben, Suzy, and Gracie play bridge. In how many ways can the 52-card deck be
dealt so that each player receives 13 cards?

How many k-multisets taken from [n] are not also (ordinary) subsets of [r]?

Let k and n be positive integers satisfying k < n. How many subsets of [n] are not
also subsets of [k]?

How many nonempty subsets of [10] have the product of their elements even?

How many permutations of [n] are possible in which no even numbers and no odd
numbers are adjacent?

How many five-letter words (uppercase letters only) do not both begin and end with a
vowel?

Consider the 3-lists taken from [3]. How many are there in which each element of [3]
appears at least once? Answer the same question, but for 4-lists and 5-lists taken from

3].
A Shidoku board is a 4 x 4 grid of numbers where each of the numbers 1-4 appears

exactly once in each row, column, and in each of the four 2 x 2 sub-grids. Here are
two different Shidoku boards:

413 (1]2 112413
21134 314112
312 4|1 21134
11423 41321

How many different Shidoku boards are there?

In how many different ways can you arrange the numbers 1-9 in a 3 x 9 grid such
that each number appears exactly once in each row; and each number appears exactly
once in each of the left, middle, and right 3 x 3 sub-grids? Here is the grid along with
one possible arrangement:

21711} 3(5]9]|6]|4]38
413186712159
516[9( 1481237

You write down all of the integers from 1 to 1,000,000. How many times did you write
the digit 4?

How many 4-permutations of [10] have maximum element equal to 6? How many
have maximum element at most 67

Find the number of 4-lists of the form (x;, x2, X3, X4), Where each x; is a nonnegative
integer and x1 + x5 + X3 + 4x4 = 15.
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18. This is an excellent exercise for practicing counting. Find the number of five-card
hands, dealt from a standard 52-card deck, that contain:

(a) aroyal flush (A-K-Q-J-10 all in one suit);

(b) a straight flush (five cards of consecutive denominations all in one suit, but not a
royal flush);

(c) four-of-a-kind (four cards of one denomination and one card of a different de-
nomination);

(d) a full house (three cards of one denomination and two of a different denomina-
tion);

(e) a flush (five cards all in one suit, but not a straight flush or royal flush);

(f) a straight (five cards of consecutive denominations, but not all in one suit);

(g) three-of-a-kind (three cards of one denomination, a fourth card of a different
denomination, and a fifth card of a third different denomination);

(h) two pairs (two cards of one denomination, two cards of a different denomination,
and a fifth card of a third different denomination);

(i) one pair (two cards of one denomination, a third card of a different denomina-
tion, a fourth card of a third different denomination, and a fifth card of a fourth
different denomination); and

(j) none of the above.

Compute the likelihood, or probability, of receiving each type of hand on the initial
deal. (As a check, they are listed in increasing order of likelihood.)

19. How many zeros does n! end with? Prove your answer.

1.3 Functions and the bijection principle

It is now time to delve into some of the mathematical underpinnings of combinatorics. The
concept of relation plays a central role. Functions, equivalence relations, graphs, and partial
orders are the main players that we will encounter in this book, and each is a different kind
of relation. We begin with functions because they are the most familiar and they are closely
related to the counting methods of Sections 1.1 and 1.2.

Counting via a bijection

In Section 1.1, we counted the possible subsets of the set [3] via the correspondence shown
at the left of Figure 1.2. We counted the 5-digit binary numbers with exactly two 1s via the
correspondence shown at the right.

In both cases the objects to count appear to the left of the arrows, and objects that we
know how to count (because they are instances of standard counting problems) appear to
the right. The correspondence on the left shows that there are exactly as many subsets of [3]
as there are 3-digit binary numbers, namely 23. The correspondence on the right shows that
there are exactly as many 5-digit binary numbers with exactly two 1s as there are 2-subsets
of [5], namely (3).

Each of these correspondences is a kind of function called a bijection. They are useful
in combinatorics because, as the two examples suggest, we can count the elements of a set
A that is difficult to count by
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11000 —> {1, 2}

% —> 000 10100 —> {1, 3}

{1} —> 100 10010 —> {1, 4}

{2} —> 010 10001 —> {1, 5}

{3} —> 001 01100 —> {2,3}
(1,2} — 110 01010 —> {2, 4}
{1,3} — 101 01001 —> {2, 5}
(2,3} —> 011 00110 —> {3, 4}
{1,2,3} — 111 00101 —> {3,5}

00011 —> {4, 5}

Figure 1.2. Two correspondences for counting.

e finding another set B which is easier to count, and
e constructing a bijection from A to B.

This allows us to conclude that A and B have the same size. Though the two correspon-
dences shown involve relatively intuitive or straightforward bijections, tougher problems
call for more cleverness. As such, we need to understand the theory of functions pertinent
to counting.

Relations and functions

In order to define a relation we first define the Cartesian product. For sets A and B, the

Cartesian product of A and B is that set A x B given by
AxB={(a,b):a e Aandb € B}.

For example, if A = {1,2} and B = {«, B, y},then A X B contains six ordered pairs:

Ax B ={(1La).(1.B).(1,y), 2.0),2.B). 2. y)}.

Question 27 What is B x A? In general, if X and Y are finite sets, then are the following
statements true or false? (1) X xY =Y x X; (2)|X xY| =1Y x X|.

Next we define relation.

Definition 1.3.1 (relation) Let A and B be sets. A relation from A to B is a subset of
A x B. Arelation on A is a subset of A x A.

A mere relation needn’t have very much structure. By imposing the following structure
we obtain what we wish to study in this section—a function.

Definition 1.3.2 (function) Let A and B be sets. A function from A to B is a relation
f from A to B that satisfies the following property: for each a € A, there is exactly one
b € B such that (a,b) € f. Wewrite f : A —> B to indicate that f is a function from A
to B, and we write f(a) = b to mean (a,b) € f.

You might consider a function to be an input-output rule like f(x) = x2, not a set of
ordered pairs. But this input-output rule means that each input x is associated with the
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output x2. When you graph this function, you plot ordered pairs of the form (x, x2) such
as (0,0), (0.5,0.25), (1, 1), and (1.5, 2.25). So from this point of view a function really is
a set of ordered pairs as described in the definition.

For example, if A = {1,2,3,4,5}and Z is the set of integers, then the function f :
A —> Z defined by the rule f(x) = x? is the set of ordered pairs

F=1{(1.1),(2.4),(3.9), (4.16), (5.25)}. (1.4)

For example, (3,9) € f means f(3) = 9.

Question 28 Define g : 2121 —s Z by the rule g(S) = |S|, where S is any subset of [2].
Write g as a set of ordered pairs.

Domain, codomain, and range

If we have a function f : A —> B, then the set A4 is the domain of f and the set B is the
codomain of f. We write dom(f) = A and co(f) = B to indicate this. The range of f
is that subset of B defined by

mg(f) :=1{b e B: f(a) = b forat least one a € A}.

The range could equal the codomain but not necessarily. For example, if we define f :
R — R by f(x) = x2, then this has dom(f) = co(f) = R while rng(f) is the set
of nonnegative real numbers. The definition of function allows us to be careless with the
codomain.

Examples

(a) If f is the function at the left of Figure 1.2, then the domain is the power set of [3]
and the codomain is the set of 3-digit binary numbers. For any set S in the domain,
the rule is f(S) = did»ds where d; is 1 or O according to whetheri € S ori & S,
respectively.

(b) If g is the function at the right of Figure 1.2, then the domain is the set of 5-digit
binary numbers containing exactly two 1s and the range is the set of 2-subsets of [5].
For any binary number b in the domain, the rule is g(b) = {i, j} where i and j are
the positions in which b has a 1.

(c) Let A be the set of 2-subsets of [5] and let B be the set of 3-subsets of [5]. Then the
function 7 : A —> B defined by the rule £(S) = S¢ is the function that associates
each set in A with its complement, which is in B. For example, h({3, 4}) ={1,2,5}.

See Figure 1.3 for a picture of the function in part (c).

Question 29 Let X = 21'% and let Y be the set of nonnegative integers. Define f : X —>
Y by f(S) = |S|. Find f({3, 5,6,7, 8}) and f(0). Istg(f)=Y?

One-to-one, onto, and bijective functions

We next identify the properties of functions that are useful for counting. For a function
f 1 A — B, itis one-to-one provided that it “uses” every possible output in B at most
once. It is onto provided that every possible outputin B is “used” at least once. A bijection
is a one-to-one and onto function.
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1,2, O 0O {3,4,5}

1,3y O >0 {2,4,5}
1,44 O >0 {2,3,5}
{1,5: O >0 {2,3,4}
2,3} O— >0 {1,4,5}
2,4} O— »O {1,3,5}
25,0 >0 {1,3,4}
3,40 » O {1,2,5}
3,51 O » (O {1,2,4}
4,5, 0 >0 {1,2,3}

Figure 1.3. Function from the 2-subsets of [5] to the 3-subsets of [5].

Definition 1.3.3 (one-to-one, onto, bijection) For a function f : A —> B, wesay f isa
bijection or one-to-one correspondence provided f has both of the following properties.

e One-to-one: Foreach ay,as € A, if f(a1) = f(az), thena; = as.
e Onto: For each b € B, there exists some a € A such that f(a) = b.

A one-to-one function is also called an injective function or an injection. An onto func-
tion is also called a surjective function or a surjection. Another way to define one-to-one
function is with the contrapositive of the statement given in the above definition.

e One-to-one, alternate version: For eachay,as € A, ifay # aa, then f(ay) # f(az).

This may seem more natural—it says that different inputs produce different outputs—but
the original one is sometimes easier to use in proofs.
We have already seen three examples of bijections in Figures 1.2 and 1.3.

Question 30 Is the function f of Question 29 a bijection?

The bijection principle

Figure 1.4 shows a basic but important visual representation of four kinds of functions. It
appears that when a function is a bijection the domain and codomain are equal in size. In
fact, this is the mathematical definition of what it means for two sets to have the same size.

The bijection principle: Two finite sets A and B have the same size if and only if there
exists a bijection from one set to the other.

Bijective proofs

We now have the theory that allows us to count using the method explained at the beginning
of this section. To illustrate, we’ll use the bijection principle to prove the following two
statements. A proof using the bijection principle is called a bijective proof.

e The number of k-subsets of [1n] equals the number of (n — k)-subsets of [n].

e The number of subsets of [r] of odd size equals the number of subsets of [1] of even
size.
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function, neither onto function,
one-to-one nor onto not one-to-one

1 Ol
2 02
3 Q3
4 Q4
one-to-one function, bijection

not onto

Figure 1.4. Four kinds of functions.

The first statement says (Z) = (nfk) This is intuitively clear: to specify a k-subset of
[n] we can choose the k elements to include or equivalently choose the n — k elements to
exclude. We’ll prove it using the bijection principle for the purposes of illustration. The
second statement is perhaps less obvious.

Bijective proof #1

Figure 1.3 illustrates how the set complement function gives a bijection between the 2-
subsets of [5] and the 3-subsets of [5]. We now generalize this.

Let A be the set of k-subsets of [n] and let B be the set of (n — k)-subsets of [1]. Define
h: A—> Bbytherule hi(S) = S¢. Note that S has size k so S¢ has size n — k, which
means that this function is well defined. We prove that 4 is a bijection.

One-to-one: Assume S; and S5 are two k-subsets of [n] satisfying S; # S». It follows
that there is some i satisfyingi € S; andi & S,. Since i € Sy, we know thati & h(S)
because £ is the set complement function. Also, since i & S,, we know that i € h(S>).
But this means /(S1) # h(S2) since the element 7 is in £(S2) but not 4(S1). Therefore
is one-to-one.

Onto: Let T be an (n — k)-subset of [r]. Our job is to find some k-subset S of [1] such
that #(S) = T. Choosing S = T works: T has size n — k so T has size k, meaning that
T¢ € A. Moreover,

h(S) = h(T¢) = (T*)¢ =T.

Therefore, & is onto. This completes the proof that / is a bijection. Therefore (Z) = (nf k)’

because we know (Z) is the number of k-subsets of [1] and (nfk) is the number of (n —k)-

subsets of [n].
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Bijective proof #2

Notice that there are as many even-sized subsets of [3] as there are odd-sized:

even size | @,{1,2}, {1, 3},{2,3}
odd size | {1}, {2}, {3}, {1,2,3}

The same is true for the even- and odd-sized subsets of [4]:

even size | @, {1,2},{1,3},{1,4},{2,3},{2,4},{3,4},{1,2,3,4}
oddsize | {1}, {2}, {3},{4},{1,2,3},{1,2,4},{1,3,4},{2,3,4}

This looks like it should be true in general. The question is whether there is a natural
bijection between the sets. Here is one: if a set contains element 1, remove it; and if a set
doesn’t contain element 1, add it.

Question 31 Draw a picture of the correspondence for the subsets of [3], as described in
the last sentence.

In general, let £ and O be the set of even-sized and odd-sized subsets of [n], respec-
tively. Define f : £ —> O by the rule

fa-q1y ifr1ea

S = AU{1} ifl¢ A

First we observe that f is indeed well-defined because if A4 is any even-sized subset, then
the size of f(A) is either |A| — 1 or |A| + 1 and both of these numbers are odd.
One-to-one: Let A; and A, be even-sized subsets of [r], and assume that f(A;) =
f(A2). Our goal is to show that A; = A,. We use the standard technique of showing that
A1 € Ay and A, C A;.
To show A; C Aj,leti € A;. We need to show i € A;, and we do so by considering
twocases: i = 1 andi > 1. First, if i = 1 then

led;, = 1€ f(41) since f removes element 1
= 1¢ f(42) since f(A1) = f(A2) by assumption
— leA since f removed element 1.

On the other hand, if i > 1 then

iceAd = ic f(41) since f does not remove element i
= i€ f(42) since f(A1) = f(A2) by assumption
— €A, since f did not remove element i.

In either case i € A, and therefore 41 C A,.
To show A, C Ay, the details are similar; see the Question below. Therefore A; = A,
and so f is one-to-one.

Question 32 Provide the details that prove Ay C Aj.
Onto: Let B be an odd-sized subset of [r]. We must construct an even-sized subset A
of [n] such that f(A) = B. The idea is simple: if 1 € B then define A := B — {1}, and if

1 & B then define A := B U {1}. Notice that in either case A is an even-sized subset. Now,
if 1 € B then

S(A) = f(B—{1}) = (B—{1})U {1} = B.
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and if 1 &€ B then

f(A) = f(BU{L}) = (BU{L}) — {1} = B,

In either case, f(A) = B. Therefore f is onto. This completes the proof that f is a
bijection. Therefore the number of even-sized subsets of an n-set equals the number of
odd-sized subsets of an n-set.

Function composition

In the remainder of this section we mention two more ideas involving functions that will
be useful in our later work. The first is function composition. For example, recall that the
function h(x) = (x3 — 1)° is the composition of f(x) = x> — 1 and g(x) = x> because
(g0 X)) =g(f(x) =g(x> 1) = (* = 1)°.

Definition 1.3.4 (composition) For functions f : A — B and g : B — C, the com-
position of | with g is that function g o f : A —> C defined by (g o f)(a) = g(f(a)).
For example, let f : [4] —> [3] and g : [3] —> [7] be defined by

f=1{1.2), 2.1), 3,1), (4,2)}
g =1{(1,2). (2,6). (3.6)}.

This means that g o f = {(1, 6), (2,2), (3,2), (4, 6)} because g(f(l)) =g(2) =6and
g(f(Z)) = g(1) = 2 and so forth.

Question 33 Is the composition f o g defined? Explain.

Inherited properties
The one-to-one and onto properties of functions are preserved under composition.
Theorem 1.3.5 Let f : A —> Band g : B — C. If f and g are both one-to-one, then
soisgo f.If f and g are both onto, then so is g o f. If f and g are both bijective, then
soisgo f.
Proof: Assume f : A—> Bandg: B — C.

Assume that f and g are both one-to-one. To prove that go f is one-to-one, letay, a, €

A and assume that (g o f)(a1) = (go f)(az),ie., g(f(al)) = g(f(az)). Since g is one-
to-one, this implies f(a;) = f(az2). Then since f is one-to-one, this implies a1 = a».
Therefore g o f is one-to-one.

The proof that g o f is onto is left to you in the Question after the proof. It then
immediately follows that g o f is bijective when f and g are bijective. |

Question 34 Prove that if f and g are onto, then g o f is onto.

Function composition is associative

That function composition is an associative operation is an important property. In fact, the
counting method that we study in Chapter 5 relies on this principle.

Theorem 1.3.6 Let f :A—> B,g: B — C,andh :C — D.Thenho(go f) =
(hog)o f.
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Proof:Let f : A— B,g: B — C,and h : C — D. First examine the function
ho (g o f).Definition 1.3.4 shows that go f : A —> C, and then also that h o (g o f) :
A —> D. Also by that definition,ho g : B —> D andso (hog)o f : A —> D. This
means that the two functions in question have equal domains and codomains.

Now let a € A. On one hand, apply Definition 1.3.4 twice to show

(ho(go )@ = h((go )@ = h(g(f@)).
On the other hand,
((heg)o )@ = (hog)(f@) =h(g(f@)).

Since (h o(go f)) (a) = ((h og)o f)) (a) for each a € A, and since these two functions
have the same domain and codomain, they must be equal. |

Inverse relation, inverse function

The last concept we cover in this section is the inverse of a relation. To obtain the inverse
of a relation we simply switch the order of the elements in each 2-list. If R is a relation
from A to B, then the inverse of R is that relation R~! from B to A given by

R™'={(b.a): (a,b) € R}.

Put another way, (a, b) € R if and only if (b, a) € R™!. Since every function is a relation,
then the inverse of a function does not need a separate definition. Yet we must make one
crucial point: the inverse of a function need not be a function.
Question 35 Is the inverse relation of the function f shown in (1.4) on page 26 a function?
If so, give the domain and codomain of =1 as well as its input-output rule.
The best we can say is that if f : A —> B is a function from A4 to B, then f~!isa
relation from B to A. We now give a necessary and sufficient condition for f~! to be a
function.
Theorem 1.3.7 If f is a function, then the inverse relation f ' is a function if and only if
f is one-to-one. In that case, dom(f ~') = rng(f) and rng(f ') = dom(f).
See Exercise 7 for the proof.

This now gives us two slightly different methods for demonstrating that a function
f : A —> B is bijective.

e Prove that f is one-to-one and onto.

e Prove that the inverse relation f ! is a function with domain equal to B.
Mathematical convenience dictates which one to use. You can tell when the second method
is being used because it is often accompanied by the term “reversible.” Exercise 11 asks
you to prove it without using Theorem 1.3.7.

Summary

If A is a set of objects that is difficult to count, and you suspect that there are as many ob-
jects in A as there are in a different, easy-to-count set B, then the bijection principle might
be of use. A bijection is a one-to-one and onto function, and the bijection principle says
that two finite sets have the same size exactly when there is a bijection between them. Be-
sides studying these ideas, we also examined function composition and the inverse relation
of a function.
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Exercises

1.

The less-than relation on [4] is the set

R ={(1,2).(1,3),(1.4),(2,3).(2,4). (3. 4)}.

In other words, (a,b) € R if and only if a < b. It contains six ordered pairs. How
many ordered pairs are in the less-than relation on [#]? How many are in the less-
than-or-equal-to relation on [n]?

Define a relation R on [24] x [24] where (a,b) € R exactly when a is a factor of b.
Write R as a set of ordered pairs.

3. How many different functions from [7] to [10] are there?

10.

11.

12.

13.

Given a set S, a function f : S x S — S is called a binary operation on S.1f S is
a finite set, then how many different binary operations on S are possible?

Give a bijective proof: The number of subsets of [1] equals the number of n-digit
binary numbers. (This proves one fact suggested by Figure 1.2 on page 25.)

Give a bijective proof: The number of n-digit binary numbers with exactly k 1s equals
the number of k-subsets of [r]. (This proves the other fact suggested by Figure 1.2 on
page 25.)

. Prove Theorem 1.3.7.
. Prove: If f : A —> B is a bijection, then f~! is a bijection B —> A.

. In Bijective Proof #1, prove that the set complement function is one-to-one using the

property as stated in Definition 1.3.3 instead. Compare with the proof given in the
text.

Suppose A and B are finite sets with |[A| = |B| and that f : A —> B is a function.
Prove: f is one-to-one if and only if f is onto.

Suppose that A and B are finite sets and that f : A —> B is a function. Prove without
using Theorem 1.3.7: If the inverse relation £~ is a function with domain B, then f
is a bijection. Also, do you need A and B to be finite sets?

Let £ and O be the sets of even- and odd-sized subsets of [n], respectively. If n is odd
then the set complement function maps sets in £ to sets in O. Is this a bijection? Prove
or disprove.

This exercise outlines a bijective proof of the formula ((Z)) = (k+]':_1) from Section

1.1. Let A be the set of k-multisets taken from [n] and let B be the set of k-subsets of
[k + n — 1]. Assume that the k-multiset {a1,az, ..., ax} is written in nondecreasing
order: a; < a < --- < ag.Define f : A —> B by

f({ar.az,...,ak}) =f{ar,aa+ laz +2,....ax + k — 1}

This function, and proof, is originally due to Euler.

(a) Prove that the outputs of f are indeed k-subsets of [k + n — 1]. This requires
proof since it is not immediately clear from the definition of f".

(b) Prove that f is a bijection.
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1.4 Relations and the equivalence principle

The equivalence principle applies to combinatorial problems that exhibit certain symme-
tries. Two canonical problems involve counting the possible ways to seat a group of people
around a circular table and counting the possible ways to pair off a group of people, say
for the first round of a round-robin tournament. Both problems involve subtleties that we
have not yet encountered.

Our purposes in this section are first to lay the groundwork for the equivalence prin-
ciple and second to illustrate how to apply it. In Chapter 5, we study P6lya’s enumeration
theorem which is a very powerful generalization of the equivalence principle.

Equivalence relation

The equivalence principle rests on the idea of equivalence relation which is one of the most
ubiquitous in all of mathematics. Recall that a relation on a set A4 is a subset of A x A.

Definition 1.4.1 (equivalence relation) A relation € on a set A is an equivalence relation
on A provided that £ has the following three properties.

o Reflexive: For each a € A, (a,a) € €.
o Symmetric: For each a,b € A, if (a,b) € € then (b,a) € &.
o Transitive: For each a,b,c € A, if (a,b) € € and (b,c) € &, then (a,c) € E.

The idea of equivalence relation abstracts three properties that ordinary = (equals) enjoys
on any set of numbers. It is reflexive (because a = a for any number a), symmetric (order
doesn’t matter because @« = b and b = a mean the same thing), and transitive (ifa = b
and b = c thena = ¢).

It’s customary to write a€b to mean (a,b) € £. With this notation the symmetric
property, for example, becomes: for each a,b € A, if a€b then b€a. We use the two
notations interchangeably.

Examples
(a) One important equivalence relation is congruence modulo 7 on the set Z of integers.
That is, fix a positive integer n and define, for any integers a and b, the relation

a =b (modn) ifandonlyif n | (a —b). (1.5)

So for example 5 = 54 (mod 7) because 5 — 54 = —49 and 7|(—49). On the other
hand, 5 # —3 (mod 7) because 5 — (—3) = 8 and 7 is not a factor of 8. (See Exercise
4 for the proof that this is an equivalence relation.)

Question 36 Is 45 = 106 (mod2)? Is 47 = 97 (mod 2)? Determine exactly when
a = b (mod 2) is true.

(b) Define a relation ~ on the power set of [3] by S ~ T if and only if |S| = |T|. In
other words, two sets are related when they have the same size. Then for example
{3} ~ {1} because both sets have size 1, and {1,2} ~ {2, 3} because both sets have
size 2. However, @ + {1} because they do not have the same size. This relation ~ is
reflexive because |S| = |S] is true of any set S. It is symmetric because if | S| = |T|
then |T'| = |S]. It is transitive because if |S| = |T'| and |T'| = |U|, then |S| = |U].
It is an equivalence relation.
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(c) For any set A, the identity relation on A is the relation
T4 :={(a,a) :a € A}.

It is an equivalence relation.

Equivalence class
Given an equivalence relation on a set A and any a € A, the equivalence class containing
a is the set of all elements of A that are related to a.

Definition 1.4.2 (equivalence class) Let £ be an equivalence relation on a set A. For any
a € A, the equivalence class containing a is that set

E@:={xeA:(a,x)et}.

Examples
(a) If & is the congruence modulo 3 relation on the integers, then the equivalence class
containing the integer O is the set of all integers whose remainder is 0 when divided
by 3, i.e., the multiples of 3:

£0)={....,-9,-6,-3,0,3,6,9,...}.

The equivalence class containing 1 is the set of all integers whose remainder is 1 when
divided by 3:
EM={..,-8,-5-2,1,4,7,10,...}.

Question 37 Find £(2) and £(40).

(b) If ~ is the has-the-same-size relation on the power set of [3], then the equivalence
class containing the set {1} is {{1}, {2}, {3}}

Question 38 For this same relation, find the equivalence class containing 9 and the
equivalence class containing {2, 3}.

Related elements are in the same equivalence class
This next result says that if two elements are related by an equivalence relation, then their
equivalence classes are equal.

Theorem 1.4.3 [f £ is an equivalence relation on a set A and (a,b) € &, then E(a) =
ED).

Proof: Let £ be an equivalence relation on a set A4, and let (a,b) € £. To prove £(a) =
E(b), we show that each is a subset of the other.
First, let x € £(a). This means (a, x) € £. Since (b, a) € & because £ is symmetric,
this implies (b, x) € & because £ is transitive. But then x € £(b). Therefore £(a) C £(b).
The proof that £(b) € £(a) is similar and left to the Question below. This completes
the proof that £(a) = £(b). |

Question 39 Complete the proof by proving that £(b) C E(a).
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Partition
Definition 1.4.4 (partition) For any set S, a partition of S is a set of nonempty, disjoint
subsets of S whose union is S.

For example, here are three possible partitions of [6]:

Py = {{1,6}, {2}, {3,4,5}}
Py = {{1,2,3,4,5,6}}

The elements of a partition are called the blocks of the partition. Thus P; has three blocks,
P5 has one block, and P5 has five blocks. (We will learn how to count partitions in Sections
2.3 and 3.1.)

Equivalence relations and partitions

The concepts of equivalence relation and partition are intimately related: there is a natural
bijection between the equivalence relations on a given set and the partitions of that same
set. We now prove this. The first step is to understand how an equivalence relation induces
a partition.

Theorem 1.4.5 If £ is an equivalence relation on a set A, then the set
P:={&@):a €A} (1.6)

of equivalence classes of £ is a partition of A.

Proof: Let £ be an equivalence relation on a set A. Following Definition 1.4.4, we first
verify that each block of P is nonempty. Let £(a) be a block of P. Since £ is reflexive, we
know (a,a) € £. This means a € £(a), so £(a) is nonempty. Also, since a € E(a) for all
a € A, we see that the union of the blocks of P equals A.

The last thing to prove is that the blocks of P are disjoint. If P has only one block
(namely A itself) then there is nothing to do. So, assume that £(a) and £ (b) are two differ-
ent blocks of P. We must show that they are disjoint.

Suppose they are not disjoint. Then there is some ¢ € A for which ¢ € £(a) and
¢ € E(b). The first implies that (a, c) € £ and the second that (¢, b) € £. Transitivity then
implies (a,b) € £. But Theorem 1.4.3 then implies that £(a) = £(b), which contradicts
our original assumption that these are different blocks of P. Therefore they are disjoint. ll

Next, we show how a partition induces an equivalence relation.

Theorem 1.4.6 If P is a partition of a set A, then the relation R on A defined by
R = {(a, b) € A x A : a is in the same block of P as is b} 1.7)

is an equivalence relation on A.

Proof: Let P = {P1, ..., Px} be a partition of the set A. We must prove that the relation
‘R defined in (1.7) is an equivalence relation.

Reflexive: Let a € A. Since P is a partition of A4, the element a belongs to exactly one
block P;. Clearly a is in the same block as itself, so (a, a) € R. Therefore R is reflexive.
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Symmetric: Suppose (a,b) € R. This means that a is in the same block of P as b.
But then b is in the same block of P as a, so (b, a) € R. Therefore R is symmetric.

Transitive: Suppose (4, b) € R and (b, ¢) € R. This means that a is in the same block
of P as b, and also that b is in the same block of P as c¢. But, since P is a partition and
hence each element of A belongs to exactly one block, this means that a is in the same
block of P as c, so (a,c) € R. Therefore R is transitive. |

We can now demonstrate the bijection between equivalence relations and partitions.

Theorem 1.4.7 If A is a finite set, then the number of possible equivalence relations on A
equals the number of possible partitions of A.

Proof: Let A be a finite set. We use the bijection principle. Define the sets

E := {£ : £ is an equivalence relation on A}
P:= {P : P isa partition of A}

and the function f : E — P by

f(€) ={E@) :a e A

We must prove that this is a bijection. First note that, by Theorem 1.4.5, that f(£) is indeed
a partition of A.

One-to-one: Let £ and & be two unequal equivalence relations on A. This means,
without loss of generality, that there exists a 2-list (a1, @) in £ but not &,.

Since (a1, az) € &1, we know that a, € £;(ay) and hence that a; and a, are in the
same block of the partition f(£1). Butsince (a1, az) € £2, we know that a, & E;(a;) and
hence that a; and a, are not in the same block of the partition f(£;). Therefore these two
partitions are not the same: f(E1) # f(&2).

Onto: Let P be a partition of A. Construct the set £ shown in (1.7), which Theorem
1.4.6 guarantees is an equivalence relation. Then it quickly follows that f(£) = P, for the
equivalence classes of £ are exactly the blocks of P. |

The equivalence principle

Now we return to counting and show how to exploit equivalence relations for combinatorial
purposes.

Example: counting circular arrangements

In how many ways can we seat a group of four people around a circular table? Consider

two seatings the same provided that each person has the same left- and right-neighbors.
Let [4] be the set of people. Begin with the 4! = 24 permutations of [4], and then

consider two permutations equivalent if, when placed around a table, each person has the

same left- and right-neighbors. Given a permutation such as (3, 4, 2, 1), it is equivalent to

itself and three other permutations, namely

3,4,2,)=4,2,1,3)=(2,1,3,4) = (1,3,4,2)

where we have used = to denote the equivalence relation. These are obtained by rotating
the original seating (3, 4,2, 1) around the table. They are equivalent because any such
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rotation preserves each person’s left- and right-neighbors. Each permutation’s equivalence
class has size 4, so our initial count of 4! must be too large by a factor of 4. The answer is
thus 4!/4 = 6.

It is helpful to arrange all 24 permutations according to their equivalence classes:

class1: (1,2,3,4) (2.3.4,1) (3.4,1,2) (4,1,2,3)
class2: (1,2,4,3) (2.4.3.1) (4,3,1,2) (3.1.2,4)
class3: (1,3.2,4) (3.2.4.1) (2.4,1,3) (4,1,3,2)
class4: (1,3.4,2) (3.4,2.1) (4,2,1,3) (2,1,3,4)
class5: (1,4,2,3) (4,2,3.1) (2.3,1,4) (3.1,4,2)
class6: (1,4,3,2) (4.3.2,1) (3.2.1,4) (2,1,4,3)

Notice that we counted equivalence classes (there are six) and not permutations (24).

Statement of the principle
The previous example typifies the use of the equivalence principle: make an over-count,
introduce an equivalence relation, and then divide the over-count by the size of each equiv-
alence class. The equivalence principle only applies when all the equivalence classes have
the same size. Chapter 5, on Pélya’s theory of counting, extends the equivalence principle
to when the equivalence classes have unequal sizes.
Theorem 1.4.8 (equivalence principle) Ler £ be an equivalence relation on a finite set
A. If for some positive integer C every equivalence class of £ has size C, then £ has “%‘
equivalence classes.
Proof: Assume that £ is an equivalence relation on a finite set A4, and also that there exists
a positive integer C such that every equivalence class of £ has size C. Let k be the number
of equivalence classes of £. We need to prove that k = |A]/C.

By Theorem 1.4.5, the equivalence classes of £ partition A. Say this partition into
equivalence classes is { P, P», ..., Pr}. This means, in particular, that

|P1| + | Pa| + -+ | Pr| = |Al.

But | P;| = C forall i, so the equation reads kC = |A|,ork = |A|/C. |
Question 40 In how many ways can we seat a group of n people around a circular table?

Example: counting pairings
In how many different ways can we arrange 10 people into five pairs?

Let [10] be the set of people. Consider the 10! permutations of [10], of which one
example is (3,2,9,10,1,5,8,7,4,6). Then build an arrangement from each permutation
by placing adjacent pairs together. The example permutation leads to the pairing

{3,2} {9,10} {1,5} {8,7} {4,6}.

Consider two permutations of [10] equivalent if they result in the same pairing. There are
many permutations of [10] that are equivalent to the given permutation. If we swap the
position of the elements in positions 1 and 2, and/or those in positions 3 and 4, and so on,
we obtain the same pairing. Using = to denote the equivalence relation, one way to do this
on the example permutation is

3,2,9,10,1,5,8,7,4,6) = (3,2, 10,9, 1,5, 7,8, 6,4 ).
~—— —— ——

swap swap swap
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We may also rearrange the positions of the pairs as a unit, as in

(3,2, 9,10, 1,5, 8,7, 4,6 )=(8,7, 3,2, 9,10, 4,6, 1,5).
o N S N —— o N S —— ——

pair 1 pair 2 pair 3 pair 4 pair 5 pair 4 pair 1 pair 2 pair 5 pair 3

Question 41 Give two permutations equivalent to (10,9,8,7,6,5,4,3,2, 1) under =.
In general, any permutation of [10] is equivalent to 2° - 5! = 3840 permutations, cor-

responding to the 2° ways to rearrange the pairs and the 5! ways to order the pairs. By the

equivalence principle, there are
10!

2551
different ways to pair 10 people into five pairs. In fact, we have counted the number of
partitions of [10] into five blocks where each block has size 2.

945

Question 42 In how many different ways can we arrange 2n people into n pairs?

Example: formula for (})

Here is how to use the equivalence principle to justify the formula (Z) = (']?!k that we

mentioned in Section 1.1. First we examine the special case n = 5 and k = 3. How many
3-subsets does the set [5] have?

First list all of the 3-permutations of [5], of which there are (5)3 = 60. They are shown
in Figure 1.5. Recall that order matters in a permutation but not in a set. Let’s define the
following equivalence relation on the set of 3-permutations: consider two 3-permutations
equivalent if they contain exactly the same elements. This an equivalence relation. Also,
each equivalence class has size 3! because there are 3! ways to reorder the three elements.

(The boxes in Figure 1.5 delineate the equivalence classes.) By the equivalence principle
()3

there are 57 equivalence classes. Each equivalence class corresponds to a different 3-
subset of [5], so the number of 3-subsets of [5] is %

Question 43 Now generalize to prove the formula (Z) = (']?!k .

Are they equivalence relations?

We didn’t formally prove that the notions of equivalence used in the last three examples
were indeed equivalence relations. For many examples a justification along informal lines
would suffice. In the circular arrangement question, one could do this for “equivalent under
rotation” as follows. Is any seating of four people equivalent to itself? Yes, just don’t rotate
it. Also if seating A is equivalent to seating B via some rotation, then B is equivalent to
seating A by reversing the original rotation. Finally, if A is equivalent to B and B to C, then
A is equivalent to C by composing the two rotations.

An application of the equivalence principle that requires a relatively complex equiva-
lence relation should include a proof of such. However, many don’t.

Summary

An equivalence relation is a relation on a set that is reflexive, symmetric, and transitive.
There is a natural correspondence between an equivalence relation on a set and a partition
of that set. That an equivalence relation partitions a set leads to the equivalence principle.
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(1,2,3) | (1,2,4) | (1,2,5) | (1,3,4) | (1,3,5)
(1,3,2) | (1,4,2) | (1,5,2) | (1,4,3) | (1,5,3)
2,1,3) | 2,1,4) | 2,1,5 | 3,1,4) | 3.1,5)
2,3,1) ] 2,4.) | 2,5 1) | 3,4,1) | 3.5 1
3,1,2) | 4,1,2) | (5,1,2) | (4,1,3) | (5,1,3)
3,2,1) | 4,2,1) | (5,2,1) | 4,3,1) | (5.3.])
(1,4,5) | (2,3,4) | (2.3,5) | (2,4.5) | (3,4,5)
(1,5,4) | 2,4,3) | (2,5,3) | (2,5,4) | (3,5,4)
4,1,5) | 3.2,4) | (3,2,5) | (4,2,5) | (4,3,5)
4,5,1) | 3.4,2) | (3,5,2) | (4,5,2) | (4,5,3)
(5,1,4) | 4,2,3) | (5,2,3) | (5,2,4) | (5,3,4)
(5,4,1) | 4,3,2) | (5,3,2) | (5,4,2) | (5,4,3)

(1,2,3) | {1,2,4} | {1,2,5} | {1,3,4} | {1,3,5}

{1,4,5} | {2,3,4} | {2,3,5} | {2,4.5} | {3.4.5}

Figure 1.5. The 3-permutations of [5] and their corresponding 3-subsets.

When we use the equivalence principle we re-cast the original problem as one of counting
the equivalence classes of a convenient equivalence relation. It applies only when each
equivalence class has the same size.

Exercises

1.

Consider a small version of the problem solved in this section: How many ways are
there to arrange four people into two pairs? Write out all the permutations of [4] and
then group them into equivalence classes. What is the size of each equivalence class
and what then is the answer to the original question?

Let A = [n]. What are, respectively, the maximum and minimum possible size of an
equivalence relation on A? Prove that you are correct.

3. Let & be an equivalence relation on a set A. What is £~!? Prove your answer.

Prove that congruence modulo 7, as defined in (1.5) on page 33, is an equivalence
relation on Z.

Fill in the blank and then prove the statement: An equivalence relation on A is a
function A — A if and only if

Let f : A—> B.Define arelation = on A by a1 = as ifand only if f(a1) = f(a2).
Give a quick proof that this is an equivalence relation. What are the equivalence
classes? Explain intuitively.

Solve the circular seating arrangements problem for four people, but with two seatings
considered equivalent provided that each person has the same set of neighbors. (Le.,
we don’t distinguish between left- and right-neighbors.)

How many ways are there to seat five women and five men around a circular table if
the seating alternates man-woman-man-woman, etc.?
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9. In how many ways can we arrange 10 chairs of nine different colors (there are two
chairs of one color, hence they are indistinguishable) around a circular table?

10. In how many ways can we split a group of 10 people into two groups of size 3 and
one group of size 47

11. How many partitions of [r] into two blocks are there? How many partitions of [1] into
n — 1 blocks are there?

12. Prove that the product of any k consecutive positive integers is divisible by k!.

13. Use the equivalence principle to prove the formula (n); = (nf—'k), In other words,
count the k-permutations of [1] by first counting the permutations of n (of which there
are n!) and then defining an appropriate equivalence relation on the set of permutations
of [n].

. . n | . .
14. Use the equivalence principle to prove the formula (k) = m (This requires a
different proof than the one we gave in this section, because the numerator here is n!
and not (1) . That is, your equivalence relation should be on the set of permutations

of [n], not on the set of k-permutations of [n].)

15. How many different necklaces can we make from n beads of different colors? Con-
sider two necklaces the same if (like in a circular arrangement) one can be obtained
from the other via rotation or if (unlike in a circular arrangement) one can be obtained
from the other via flipping the necklace over.

16. Let R; and R, be equivalence relations on a set A.

(a) Is Ry U R, an equivalence relation on A? Prove or disprove.

(b) Is R; N R, an equivalence relation on A? Prove or disprove.

1.5 Existence and the pigeonhole principle

In the final section of this chapter we discuss a principle that concerns existence rather than
enumeration.

Theorem 1.5.1 (basic pigeonhole principle) [fmore than n objects are distributed among
n boxes, then some box must contain at least two objects.

A proof by contradiction works: if every box contained at most one object, then we must
have distributed at most n objects in the first place.

The pigeonhole principle is pure common sense. But, when cleverly applied, it can
produce surprising or counterintuitive results. We will make use of the pigeonhole principle
on a couple of occasions throughout the book. A highlightis Section 6.4 on Ramsey theory.
Ramsey theory concerns generalized versions of the pigeonhole principle and contains
some of the toughest research problems in combinatorics today.

First examples

Easy applications of the pigeonhole principle
You attend a major-league baseball game and park your car in the stadium lot. Must there
be two cars in the lot for which the last three digits of the odometer are exactly the same?
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Also, there are 48,000 people at the baseball game. Must two people share the same birth
date (month, day, and year)?

The answer to the first question is probably. There are 1000 possibilities for the last
three digits of an odometer: 000 through 999. As long as there are at least 1001 cars in the
lot, then the basic pigeonhole principle guarantees that two cars are showing the same last
three digits.

Question 44 Must there be a car in the lot that has the same last three digits showing as
your car? Explain.

The answer to the question about birth dates is yes. Be generous and say the people
at the game range in age from O to 120 years old and that each year has 366 days. This
produces 121 -366 = 44,286 possible month-day-year birthdays. Since any distribution of
48,000 objects (the people at the game) into 44,286 boxes (the possible birthdays) contains
a box with at least two objects, there must be at least two people at the game who share the
same birth date.

Others have used the pigeonhole principle to argue that large cities must contain a
certain number of people with the same number of hairs on their head. (Apparently a good
upper bound on the number of hairs on a human head is 300,000.) Results like these are
fascinating to think about. They guarantee the existence of something without the hassle of
actually finding it.

Points in a square
Place five points anywhere inside a unit square. Prove that there are two points that are at
most 1/+/2 units apart.

Divide the unit square into four equal-sized smaller squares, like a windowpane. Since
there are five points and four smaller squares, one of the smaller squares contains two
points by the pigeonhole principle. This smaller square measures 1/2 unit by 1/2, and the
farthest away that two points can be in such a square is 1/+/2 which is the length of the
diagonal. Figure 1.6 gives a picture.

Question 45 Apply the same analysis to 10 points placed in a unit square. What distance
can you guarantee? Prove it.

Mutual friends
In a certain group of seven people, each person has at least three friends among the mem-
bers of the group. If two people in the group are not friends, then must they have a mutual

Figure 1.6. Five points in a unit square.
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friend in the group? (“Mutual friend” means: If Tommy and Annie both know Billy, then
Billy is a mutual friend of Tommy and Annie.)

Take two people that are not friends and call them A and B. Other than A and B, there
are five people in the group. Since A’s list of friends has at least three names from these
five, and so does B’s list, the two lists have a total of at least six names. But with only
five possible names to choose from, the pigeonhole principle implies that some name must
appear twice—a mutual friend of A and B.

If we relax the requirement of “at least three friends” to “at least two friends,” does the
result necessarily hold? The answer is no.

Question 46 Give a counterexample. (A helpful visual is to use dots to represent people
and to connect two dots to indicate friends.)

A more general theorem quickly follows from the seven-person example.

Theorem 1.5.2 Take any group of n people in which each person has at least |n /2| friends
among the members of the group. If two people in the group are not friends, then they must
have a mutual friend in the group.

Question 47 Prove the theorem. First, understand why |n/2] is the right number.
Exercise 5 asks you to show that |n/2] is best possible. To help you understand any possi-
ble distinction that might arise between even and odd values of n, first answer the following
question.

Question 48 Find a counterexample, similar to the one you found for the seven-person
instance earlier, to show that the result of the theorem does not necessarily hold withn = 8
people and where each person has at least three friends.

If you are familiar with graph theory (see Chapter 6), then you might recognize the
theorem as a disguised form of the following result: in any n-vertex simple graph with
minimum degree at least |n/2], any two vertices are either adjacent or have a common
neighbor.

Functions and the pigeonhole principle

The pigeonhole principle can be re-stated in the language of functions.

Theorem 1.5.3 (basic pigeonhole principle, function version) If A and B are finite, non-
empty sets with |A| > | B|, then no function A —> B can be one-to-one.

The next question is whether we can say something stronger. Consider any function from
[10] to [3], say

f= {(1,2), (2,1),(3,2),(4,2),(5,3),(6,1),(7,3), (8, 3), (9, 2), (10, 2)}.

Since [10] is relatively large compared with [3], we should expect that some elements in
[3] should have a lot of elements of [10] mapped to them. Indeed if we compute the inverse
images of each b € [3], we see that

') =126}
F712) ={1,3,4,9,10}
f7'3) =1{5.7.8}

and in particular | f ~!(2)| = 5 which is relatively large. Remember that the inverse relation
f~lis not in general a function, so that £ ~!(1) is the set of elements in [10] that map to
1.
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Question 49 Give an example of a function [10] —> [3] for which f~'(1) = @. For such
a function, must either f~1(2) or f~1(3) be of a certain size? What size?

Intuitively, we expect each element of [3] to be the image of % elements of [10] on the
average. We can make this more precise by saying that some element of [3] must be the
image of at least % elements of [10]. For the above function it happens for the element 2,
and it also happens for the function you created in Question 49.

To see why, suppose for sake of contradiction that every element of [3] were the image
of fewer than 12 elements of [10]; that is, | f~1(b)| < 10 for each b € [3]. This would

mean that
3

3
10 10
10 = ) — =3.-— =10,
b;u Ol <Y 5 =33

or 10 < 10, a contradiction. Therefore there is some b* € [3] for which | £ ~1(b*)| = Q

Of course, the number | f ~! ()| on the left side of the inequality is an integer, so we can
sharpen the right side to [%1 =4

The more general result is what we refer to as the pigeonhole principle.
Theorem 1.5.4 (pigeonhole principle) If A and B are finite, nonempty setsand f : A —>
B is a function, then there exists some element of B that is the image of at least HBH ele-
ments of A.

Proof: Assume that A and B are finite, nonempty sets and that f is a function from A4 to
B.

First we prove that there exists some b* € B that is the image of at least % elements
of A. For sake of contradiction, assume that every b € B is the image of fewer than “g}
elements of A. Then

Al= X177 O < X 5= 1] 51 = 14l

beB beB

a contradiction. Therefore some b* € B is the image of at least % elements of A. Since

the number of elements that map to »* must be an integer, we can sharpen the bound to
14]

’V\B\ —‘ |

Returning to the odometer example at the beginning of this section, if 5076 cars park

in the lot, then the lot contains at least fg%] = 6 cars that have the same last three digits
showing.

Question 50 What conclusion results when you apply the pigeonhole principle to a func-
tion f : [n? + 1] —> [n]? To a function g : A —> B with|A| < |B|?

k-to-one functions

A function is one-to-one provided that each element of its codomain is the image of at
most one element of its domain. A function is two-to-one provided that each element of its
codomain is the image of at most two elements of its domain. Here is a general definition.

Definition 1.5.5 (k-to-one) A function is k-to-one provided that each element of its co-
domain is the image of at most k elements of the domain.
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Pictorially, a k-to-one function has at most k arrows pointing to each element of the
codomain.
The function f : [10] —> [3] given at the beginning of this subsection has

/T Wl=2, 17 @l=5 170 =3,

so this function is five-to-one.
Question 51 Why is any k-to-one function also (k + 1)-to-one?

Just as we rephrased the basic pigeonhole principle (Theorem 1.5.1) via the impossi-
bility of a one-to-one function (Theorem 1.5.3), so too can we rephrase Theorem 1.5.4.

Theorem 1.5.6 (pigeonhole principle) If A and B are finite, nonempty sets, then no func-

tion A —> B can be k-to-one for any value of k smaller than ’V%-‘.

Exercise 9 asks you to prove the theorem.

Two harder examples

Example: Os and 1s
For each n > 0, prove that there is an integer comprised only of the digits O and 1 that is
divisible by n.

This requires a very subtle application of the pigeonhole principle! Here is an illustra-
tion of the idea when n = 12. Take the 13-set

A:={1,11,111,..., 1111111111111},
—_————

13 ones

Divide each number in A by 12 and record the remainder. Since each remainder must be
in the 12-set {0, 1,2, ..., 11}, the pigeonhole principle implies that two of the remainders
must be the same. Take any two numbers in A that have the same remainder when divisible
by 12 and subtract the smaller from the larger. The result is a number (1) that is divisible
by 12, and (2) whose only digits are 0 and 1.

Question 52 Division algorithm review: Prove that if b and ¢ both have the same remain-
der when divided by a, then a divides b — c.

If you were to work out the remainders by hand, for concreteness, you’d find that both
11 and 11111 have the same remainder (namely 11) when divided by 12. This means that
11111 — 11 = 11100 is divisible by 12. (Indeed, 11100/12 = 925.) There are other pairs
that work; for example, 111 and 111111 both have remainder 3.

For a formal proof, consider the (n + 1)-set

A= {1,11,111,1111,..., 111---1 }.
—_———

n + 1 ones

The remainder when each element of A is divided by n belongs to the n-set B := {0, 1, ...,
n—1}. Let f : A —> B be the function that associates each element of A with its
remainder when divided by n. Since f cannot be one-to-one, there exist two elements of
A that have the same remainder when divided by n. Call them a; and a, where a; > a;.
But then a; — a; is divisible by » and its digits are all either O or 1.
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The Erd6s-Szekeres Theorem
You ask a friend to write down a sequence of 10 different real numbers. Before looking at
the sequence you spend a moment meditating with your eyes shut and then declare, “I can
circle four numbers in your sequence so that when read from left to right, they are either
in increasing or decreasing order.” Sure enough, it works for your friend’s sequence. (Your
friend is not impressed. But they should be; read on.)

For example, say your friend wrote down the sequence

100, 2, —17, n/4, —2.3, 57, 0, —2.4, —0.2, —4.

There are no increasing subsequences of length 4 because the longest such subsequence
has length 3. One is shown in bold below:

100, 2, —17, n/4, =2.3, 57, 0, —2.4, —0.2, —4.
But there is a decreasing subsequence of length 4:
100, 2, —17, =/4, —2.3, 57, 0, —2.4, —0.2, —4.

Actually there is a decreasing subsequence of length 5 if we tack on —4 to the end, but
length 4 is all that we will be able to guarantee in general. It is possible that the sequence
your friend writes has both kinds of subsequences.

Question 53 What is an example of a length-10 sequence of distinct real numbers that
has both an increasing subsequence of length (at least) 4 and a decreasing subsequence of
length (at least) 47

If you instead ask your friend for a sequence of 17 distinct real numbers, you can
guarantee an increasing or decreasing subsequence of length 5. The general result is known
as the Erd8s-Szekeres theorem.

Theorem 1.5.7 (Erdés-Szekeres) Forn > 1, if S is a sequence of n*> + 1 distinct real
numbers, then S contains either an increasing subsequence of length n + 1 or a decreasing
subsequence of length n+ 1. Furthermore, this result is best possible in the sense that n>+1
cannot be replaced by n*.

Let’s first understand the proof in the context of the length-10 example. To each element
x in your friend’s sequence, associate a positive integer LIS(x) that equals the length of the
longest increasing subsequence starting with and including x. The LIS function behaves as
follows on the example sequence:

elementx || 100 | 2 | =17 | n/4 | =23 | 57 |0 | =24 | —0.2 | —4
LIS(x) 1|2 3 2 21 1|1 2 1 1

So LIS(100) = 1 because 100 is the largest number in the sequence. But LIS(0) = 1 as
well because no number to the right of 0 is larger than 0. And LIS(—17) = 3 because
—17,—-2.3, 0is a longest increasing subsequence starting with —17.

Question 54 What are the LIS values for the sequence 3,8,5,2,7,1,10,9,4,6?
Once your friend writes a sequence of 10 different real numbers then you should com-

pute the LIS values for each element. If LIS(x) > 4 for any sequence element x then
you are home free: there is an increasing subsequence of length 4. This happened in the
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sequence of Question 54. But what if that doesn’t happen? What if LIS(x) < 3 for every
element x?

This happened with the table given above. Here comes the magic. Since each of the
10 LIS values must be 1, 2, or 3, the pigeonhole principle guarantees the existence of
[%1 = 4 elements that share the same LIS value. In fact, LIS(x) = 1 for five (not just
four) different values of x:

LIS(100) = LIS(57) = LIS(0) = LIS(—0.2) = LIS(—4) = 1.

Better yet, these values of x form a decreasing subsequence.

Will this always work? There are two questions. One, will those elements that share a
common LIS value always produce a decreasing subsequence? Two, if so, will the subse-
quence be long enough? Question one just requires a little reasoning, while question two
requires the pigeonhole principle. We tie up both loose ends in the proof.

Proof of Theorem 1.5.7: Let n > 1 and suppose S is a sequence of n? + 1 distinct real
numbers. To each number x in S associate the value LIS (x) which gives the length of the
longest increasing subsequence starting with, and including, x.

If LIS(x) = n + 1 for some element x of the sequence, then we have found an increas-
ing subsequence of length n + 1.

If not, then LIS(x) < n for each element x of the sequence. The LIS function maps the
sequence (treated as an (n2 + 1)-set) to the set [1] (because 1 < LIS(x) < n for all x). By
the pigeonhole principle, some element of [r] is the image of at least

”n2+1—‘ " 1—‘
=|ln+—-|=n+1
n n

sequence elements. Call these sequence elements x1, X2, ..., X,+1 and assume that they
appear in the sequence from left to right in that order. We claim that these elements form a
decreasing sequence of length n + 1, i.e.,

X1 > X2 > > Xp41-

To see why, suppose for sake of contradiction that x; < x,. We know that the length of the
longest increasing subsequence starting with x5 is LIS(x2). Take one such sequence and
put x; on the front of it. We now have an increasing subsequence starting with x that has
length LIS (x2) + 1. But since LIS (x1) = LIS(x2), we now have an increasing subsequence
starting with x; of length LIS(x;) + 1. Impossible! The longest increasing subsequence
starting with x1 has length LIS(x;). This contradiction shows that x; > x».

The same argument shows that x, > x3, and so forth. Therefore S has a decreasing
subsequence of length n + 1. Exercise 7 assigns you the task of proving the second part of
the theorem. |

See Exercise 8 for a more general version.

Summary

The various theorems known as the pigeonhole principle ensure the existence of an element
of a function’s codomain that has a “large” inverse image. A concrete way to state the
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pigeonhole principle is: given any distribution of k objects to n boxes, some box receives
at least [ -] objects. The basic pigeonhole principle is intuitive, but clever applications can
lead to nonintuitive and deep results.

Exercises

1.

10.

11.

A bag contains 97 pennies, 56 nickels, 410 dimes, 102 quarters, and three half-dollars.
You reach in and grab some coins. What is the fewest number of coins you must grab
in order to guarantee that you have two coins of the same value in your hand?

Let n be odd and suppose (X1, X2, ..., X,) is any permutation of [r]. Prove that the
product (x; —1)(x2 —2) - - (x, —n) is even. Is the result necessarily true if 7 is even?
Give a proof or counterexample.

Letn = 1, and let S be an (n + 1)-subset of [2n]. Prove that there exist two numbers
in S whose sum is 2n + 1.

Letn = 1, and let S be an (n + 1)-subset of [2n]. Prove that there exist two numbers
in S such that one divides the other.

In Questions 46 and 48, you constructed counterexamples to show that the |n/2]
of Theorem 1.5.2 is best possible by showing that it can’t be replaced by a smaller
number. Construct a general counterexample that works for any value of n.

Consider any five points in the plane that have integer coordinates.

(a) Prove that there are two points such that the midpoint of the line segment joining
those two points also has integer coordinates.

(b) Show that the conclusion in (a) is not necessarily true with only four points.

(c) Can you conjecture and prove a similar statement involving points in space with

integer coordinates?

Prove that the result of the Erd&s-Szekeres theorem is best possible, in that it is pos-
sible for a sequence of n? distinct real numbers to have neither an increasing subse-
quence of length n + 1 nor a decreasing subsequence of length n + 1.

This concerns a more general version of the Erdds-Szekeres theorem.

(a) Prove: For m,n > 1, if S is a sequence of mn + 1 distinct real numbers, then
S contains either an increasing subsequence of length m + 1 or a decreasing
subsequence of length n + 1.

(b) Prove that this result is best possible by showing that the result doesn’t necessar-
ily hold when mn + 1 is replaced by mn.

Prove Theorem 1.5.6.

Prove the following version of the pigeonhole principle. Letny, na, . . ., ny be positive
integers. If we distributeny +n, +- - -+ nx —k + 1 objects among k boxes, then there
is some i € [k] for which the following is true: box i contains at least n; objects.

Suppose, in the Erd6s-Szekeres theorem, we remove the requirement that the numbers
in the sequence be distinct. How should you change the statement of the theorem and
its proof so that a similar result holds?
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12. (This exercise provides an alternative proof of the Erd6s-Szekeres theorem.) Let S be
a sequence of n2 + 1 distinct real numbers, n > 1. Suppose, for sake of contradiction,
that the conclusion of the theorem does not hold. For each element x of the sequence,
define g : S —> [n] x [n] by g(x) = (i,d) where i is the length of the longest
increasing subsequence starting with x and d is the length of the longest decreasing
subsequence starting with x.

Explain why g is not one-to-one, and then complete the proof of the Erd&s-Szekeres
theorem.

- Travel Notes
The pigeonhole principle is also known as the Dirichlet drawer principle after Peter Dirich-
let (1805-1859), who is generally credited as the first mathematician to make explicit use
of it. Theorem 1.5.7 appears in Erd6s & Szekeres (1935). The main subject of their paper

was a proof of the following result:

For any positive integer n, there exists some positive integer m (depending on n) so
that when any m points are placed in the plane in general position, there exists a subset
of n points that are the vertices of a convex n-gon.

Points are in general position when no three of them lie on the same line. When n = 4, the
smallest value of m that works is m = 5. In other words, if you draw any five points in the
plane such that no three of them lie on the same line, then there will be four points that are
the vertices of a convex quadrilateral, but this is not necessarily true when drawing four
points. The importance of their paper lies in the interest it later kindled in Ramsey theory.
At the time, Ramsey’s theorem was a little-known theorem in mathematical logic. The
Hungarian mathematician Paul Erd6s (1913-1996) was a major contributer to the field of
Ramsey theory. See the accounts in Graham, Rothschild & Spencer (1980) and also Section
6.4 of this book.



CHAPTER 2

Distributions and Combinatorial Proofs

We spent the last chapter practicing basic counting techniques and learning the principles
that we will use in the rest of the book. In this chapter we begin our study of combinatorics
proper with two key concepts. The first is that of a distribution, which is an assignment of
objects to recipients. All of the counting problems in Chapter 1 can be reduced to counting
certain distributions. So, distributions provide a unifying framework for counting prob-
lems.

The second concept is that of a combinatorial proof. Combinatorialists enjoy the art
of constructing combinatorial proofs. These are fun to write and often more memorable or
insightful than a proof by, say, mathematical induction. In Section 1.1 we emphasized that
it is important to understand the kind of objects that expressions like (n); or (Z) count.
This understanding is essential in writing combinatorial proofs.

2.1 Counting functions
Distribution problems

Let’s return to some questions like those we answered in Section 1.1.
1. How many five-letter passwords are there if each letter is A—G?
2. How many of those passwords have no repeated letters?

The answers to these questions are 7° and (7)s, respectively.

Here is a new way to think about counting passwords. Consider the password DDFAD.
The following diagram represents this password as a distribution of five distinct objects
(labeled 1-5) to seven distinct recipients (labeled A—-G):

o)
o) O o

A B C D E F G

The possible letters in the password are the recipients and are represented as bins labeled
A-G. The positions of the letters are the objects and are represented as balls numbered
1-5. Object i is placed in bin j if and only if letter j is in position i of the password. For
example, bin D contains objects labeled 1, 2, and 5 because DDFAD has a D in the first,
second, and fifth positions.

49
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Question 55 7o what distribution does the password GGGAG correspond?

As another example, the password BFCGD corresponds to the following distribution:

ORI KC1IKS. Q1O

A B C D E F G

Here, each recipient receives at most one object.

Question 56 If you rephrase Questions Q1 and Q2 at the beginning of Section 1.1 as
distribution problems, how would you label the objects and recipients in each case?

The idea is that in a counting question for which the answer is n*, the objects being
counted can be thought of as distributions of k distinct objects to n distinct recipients. Also,
in a question for which the answer is (), the objects can be thought of as distributions of
k distinct objects to n distinct recipients where each recipient receives at most one object.

The 16 distributions
Objects in a distribution problem can be distinct or identical. They are distinct if they are
labeled so that you can tell them apart (think of balls with different numbers on them).
They are identical if they are unlabled and otherwise indistinguishable (think of balls all
having the same size and color). Likewise the recipients can be distinct or identical.
Recipients in a distribution problem may also have restrictions on the number of objects
they can receive. Typical situations involve no restrictions (like in the first question at the
beginning of this section), at most one object (like in the second question), at least one
object, or exactly one object. This gives a total of 16 different distributions as shown in the
table.

Distributions of how many objects recipients can receive
k objects | to n recipients || no restrictions ‘ <1 ‘ >1 ‘ =1
distinct distinct nk )k ? nlor0
identical distinct ? ? ? ?
distinct identical ? ? ? ?
identical identical ? ? ? ?

We discussed the reason for the n* and (1) entries earlier.

Question 57 Explain the reason for the “n! or 0” entry. Specifically, for what values of k
and n is the answer 07

By the end of this chapter we will have the full picture. Additional nuances are possible
beyond those listed here—for example, a problem involving a mix of distinct and identical
objects—but these 16 types go quite far.

Functions as distributions
Here are four questions concerning different types of functions. In each case we rephrase
it in terms of distributions.

(a) How many functions [4] —> [3] are there?

== Any such function is a distribution of four distinct objects (the elements of the
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domain) to three distinct recipients (the codomain). The answer is 3% since each object
can be assigned to one of three recipients. See the top of Figure 2.1.

Question 58 How many functions f : [6] —> [4] have f(3) = 2?

How many functions [3] —> [4] are one-to-one?

== Any such function is a distribution of three distinct objects to four distinct recip-
ients such that each recipient receives at most one object. The answer is (4)3. See the
second part of Figure 2.1.

Question 59 How many one-to-one functions f : [4] —> [6] have 5 € ng(f)?

objects

recipients @
<G> O ©)

1 2 3

. no restrictions
function

recipients

1 2 3

~

each receives at most one

one-to-one function

objects

recipients

1 2 3

each receives at least one

onto function

objects recipients

<> |0 ||l || o|lo

1 2 3 4

. . each receives exactly one
bijective function

Figure 2.1. Functions and distributions.
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(¢) How many functions [5] —> [3] are onto?
== Any such function is a distribution of five distinct objects to three distinct recipi-
ents such that each recipient receives at least one object. These take more care to count
so we postpone the solution until after this example. See the third part of Figure 2.1.

(d) How many functions [4] —> [4] are bijective?
== Any such function is a distribution of four distinct objects to four distinct recipi-
ents such that each recipient receives exactly one object. The answer is 4! or (4)4. See

the bottom of Figure 2.1.

We now have three canonical problems whose answer is 1% .

nk equals (1) the number of k-lists taken from an n-set; (2) the number of functions
from a k-set to an n-set; and (3) the number of distributions of k distinct objects to n
distinct recipients.

Here is the same for ().

(n)i equals (1) the number of k-lists without repetition taken from an n-set; (2) the
number of one-to-one functions from a k-set to an n-set; and (3) the number of distri-
butions of k distinct objects to n distinct recipients such that each recipient receives
at most one object.

And here is the same for n!.

n! equals (1) the number of permutations of an n-set; (2) the number of bijections
from an n-set to an n-set; and (3) the number of distributions of n distinct objects to
n distinct recipients such that each recipient receives exactly one object.

Counting onto functions

We postpone the formula for the number of onto functions from a k-set to an n-set until
we have introduced Stirling numbers and inclusion-exclusion in Sections 2.3 and 3.1. In
the meantime, we tackle the problem of counting the onto functions [5] — [3] in order to
understand the issues involved.

We count the complement. There are 3° functions from [5] to [3]. Those that fail to be
onto fall into two disjoint cases: (1) those that “miss” two elements of [3], and (2) those
that miss only one element of [3]. Figure 2.2 shows a picture of a typical function in each
case.

In Case 1, there are three functions—those that map everything in [5] to a single ele-
ment of [3]. For Case 2, there are 3(2° — 2) functions. This is because there are three ways

misses two elements misses one element

Figure 2.2. Two functions [5] —> [3] that are not onto.
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to specify the element of [3] that the function misses. Then there are 2° — 2 ways to specify
an onto function from [5] to the 2-subset of [3] that the function doesn’t miss. (Of the 2°
functions from a 5-set to a 2-set, only two fail to be onto.) The number of onto functions
[5] — [3] is therefore

3° - (3+3(2° —2)) = 150.

Question 60 Find the number of onto functions [k] — [3].

Exercise 7 asks to take this one step further by finding the number of onto functions [k] —

[4].

Combinatorial proofs

A combinatorial proof of an identity X = Y begins by asking a question and then answers
it using two different but correct approaches. One approach produces the answer X and
the other the answer Y. As long as we have answered correctly in both cases, we can then
conclude X = Y. We now give two examples of combinatorial proofs. You’ll notice that
the key step is in asking the right question.

Combinatorial proof #1
In this first proof we are given an identity and must come up with the combinatorial proof.
The identity is

M =m—Dr+k-(n—1)i_ whenn,k > 1. 2.1
First we examine the special case and attach a concrete counting problem to it.

Question 61 How should you define (n)y when either n or k (or both) equals 0 so that the
formula (2.1) still holds?

Consider the identity (2.1) when k = 4 and n = 6, namely

(6)4 = (5)a +4-5)s.

We know that, among other things, (6)4 equals the number of ways to distribute four dis-
tinct objects to six distinct recipients. Let’s say the objects are concert tickets (with seat
assignments, so they are distinct) and the recipients are six of our friends.

We begin the proof by asking a question.

Question: How many ways are there to distribute four different concert tickets among
six friends such that each friend receives at most one ticket?

We already know one answer.
Answer 1: There are (6)4 ways.

Now we have to use a different method to count these distributions and obtain the answer
(5)4 +4-(5)3. The presence of the + in this answer suggests breaking into cases and using
the sum principle. The idea is to identify a particular friend and “condition on” (i.e., divide
into cases) whether that friend receives a ticket. Figure 2.3 shows the two cases and the
analysis for each.
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CASE 1: If Frank doesn’t receive a ticket, then...

@ @ @ @ tigl(c)et
Adam Ben Caleb Dan Ephraimé Frank

."...specify a distribution of the four tickets
among the other five friends.

CASE 2: If Frank receives a ticket, then...

Adam Ben Caleb Dan Ephraim Frank

Adam Ben Caleb Dan Ephraim Frank

“and then specify a distribution of the remaining
three tickets among the other five friends.

Figure 2.3. The reason why (6)4 = (5)4 + 4- (5)3.

Answer 2: Say your friends are Adam, Ben, Caleb, Dan, Ephraim, and Frank. Divide
the distributions into two cases depending on whether Frank receives a ticket. If Frank
does not receive a ticket, then there are (5)4 ways to distribute the four tickets among
the other five friends.

If Frank does receive a ticket, then there are four ways to specify that ticket, and
then there are (5)3 ways to distribute the three remaining tickets among the other five
friends. There are 4 - (5)3 distributions in this case.

By the sum principle there are (5)4 + 4 - (5)3 distributions altogether.

This completes the combinatorial proof that (6)4 = (5)4 + 4 - (5)3. It is no harder to prove
in general.

Theorem 2.1.1 Foranyn = landk =21, n)y = (n — D + k- (n — 1.

Combinatorial proof: How many ways are there to distribute k different concert tickets
among n friends such that each friend receives at most one ticket?

Answer 1: There are (n); ways.

Answer 2: One of your friends is Frank. Condition on whether he receives a ticket.
If Frank does not receive a ticket, then there are (n — 1); ways to distribute all k tickets
among the n — 1 friends besides Frank. If Frank does receive a ticket, then there are k ways



2.1. Counting functions 55

to specify that ticket and then (n — 1);_; ways to distribute the remaining k — 1 tickets
among the n — 1 friends besides Frank. Thus there are k - (n — 1);_; distributions in this
case. There are (n — 1)x + k - (n — 1)x—1 distributions in all. |

Combinatorial proof #2
If you are handed an identity to prove, as we just did with equation (2.1), you can try to
come up with the right question to ask to reverse engineer the proof. But one advantage
of combinatorial proofs is that you can discover new identities “on the fly.” Here is an
example.

First let’s create a counting question, this time involving the answer n!. As we did the
last time we’ll experiment with a specific value of n.

Question: Given five blocks each having a different height, how many ways are there
to line them up from left to right in a row?

Again, one answer is easy.
Answer 1: There are 5! ways.

In the end our identity will look like 5! = Y where Y is Answer 2.

Now we get to be creative with Answer 2. There are a lot of things we could do but here
is one idea that can be adapted to prove other combinatorial identities. Any arrangement
of the blocks must either be in increasing order of height from left to right or else is not.
Label the blocks 1-5 in order of increasing height. We condition on the location of the first
mistake that ruins the perfect increasing order 1-2-3-4-5. Figure 2.4 shows the analysis.

Answer 2: Condition on the first position in which a mistake is made in the increasing
order 1-2-3-4-5.

Case 1: No mistake is made. The blocks are in increasing order and there is only
one such way to arrange them.

Case 2: A mistake is made with the first block. There are four ways to specify the
first block—any except block 1—and then 4! ways to line up the remaining blocks.
By the product principle there are 4(4!) ways to line them up in this case.

Case 3: A mistake is made with the second block. This means that block 1 is first,
followed by any block except block 2. Thus there are three ways to specify the second
block, and then 3! ways to line up the remaining blocks. By the product principle there
are 3 - 3! ways in this case.

Cases 4 and 5 are similar and their answers are 2 - 2! and 1 - 1!, respectively.

By the sum principle there are 1 + 1(1!) 4+ 2(2!) + 3(3!) + 4(4!) ways to line up
the blocks.

Question 62 Why can’t the first mistake occur with the fifth block?
We’re now ready for the general version.
n—1
Theorem 2.1.2 Foranyn = 1,n! =1+ Y _ j(j).
Jj=1

Question 63 Give a combinatorial proof of the theorem by modifying the argument we
used forn = 5.
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CASE 1: No mistakes

CASE 2: First mistake at first position

Specify first then line up
mistake in .. d 010 | i remaining
four ways e I N e blocks in
4! ways.
3 4 1 5 2

CASE 3: First mistake at second position

Specify first then line up
mistake in e, N I s L remaining
threeways v |i— | || |FTT blocks in
3! ways.
1 5 2 4 3

CASE 4: First mistake at third position

Specify first . then line up
mistake in T ——n ------ remaining
two ways I I N blocks in
H 2! ways.
1 2 4 3 5

CASE 5: First mistake at fourth position.

Specify first == then line up
mistake in - remaining
one way e blocks in
H i 1! ways.
1 2 3 5 4

Figure 2.4. The reason why 5! = 1 + 1(1!) 4+ 2(2!) + 3(3!) + 4(4!).

Discussion

To reconstruct the proof of Theorem 2.1.1, we can just remember the concert ticket ques-
tion and condition on whether Frank gets a ticket. To reconstruct the proof of Theorem
2.1.2, we can remember the block line-up question and condition on the first position in
which increasing order is ruined. The so-called “conditioning” idea divides the problem
into disjoint and exhaustive cases so that we can apply the sum principle. You might prefer
these ideas as an alternative to memorizing a formulalike (n)y = n— 1) +k-(n—1)x—1.

Summary

Many counting questions can be re-cast as distribution questions. In this section we counted
distributions of k distinct objects to n distinct recipients under three different conditions:
each recipient receives any number of objects, at most one object, and exactly one object.
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We then introduced combinatorial proofs via two examples. A combinatorial proof begins
with a question and then describes two different but correct approaches for answering that
question.

Exercises

1. Jeopardy! For each answer, create an accompanying counting question.
(a) n!—1
(b) 20* — (20)4
(©) (10)s +5-(10)4

2. You have 10 concert tickets to distribute among 15 friends. Of the 10 tickets, six have
assigned seating (so they are distinct) while four are general admission (so they are
identical). Each friend gets at most one ticket. How many ways are there to distribute
them?

3. How many eight-letter passwords using the letters A-Z are there in which up to
one letter is allowed to be used more than once? This means HVCKEWFX and
FOWFLQAZ and FBHHHRHT are allowed, but VSSLVRTF and LLLWWWFW are
not.

4. Consider the possible functions f : [7] — [9].

(a) How many have f(3) = 8? How many have f(3) # 8?
(b) How many have f(1) # 5 and are one-to-one?

(c) How many have f (i) even, for all i ?

(d) How many have mg(f) = {5, 6}?

(e) How many in which f~! is not a function?

5. How many one-to-one functions f : [5] —> [9] have 7 as the largest element of
mg(f)?
6. If f is afunction and f(i) = i then we call i a fixed point of f.
(a) How many functions [5] —> [5] have at least one fixed point?
(b) How many functions [n] —> [n] have no fixed points?
(c) How many bijections [4] —> [4] have no fixed points?
7. Find the number of onto functions [k] —> [4].
8. Give a non-combinatorial, algebraic proof of Theorem 2.1.1 that uses the formula
Mk = G-
Lnl=n-(n—-1)L
landk =1, (n)y =n-(m — Dg—1.
11. Give a combinatorial proof: For n = 1 and k > 1, 25" > max{n*, k}. (Hint:
Compare relations to functions.)
12. Define

9. Give a combinatorial proof: For n

VoAV

10. Give a combinatorial proof: For n

F = {functions f : f isafunction [k] — [n]}
L := {lists (x1,x2,...,xg) : each x; is taken from [n]}

and define G : F — L by G(f) = (f(1). f(2),.... f(k)). Prove that G is a
bijection. What combinatorial result does this establish?
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13. In the previous exercise, how does the set L change if the set F' is changed to the set
of one-to-one, onto, or bijective functions, respectively?

14. Give a combinatorial proof: For n and k satisfying 1 < k <n,

n
Mk =Y _k-(j = De1-
i=k
15. Let 7, equal the number of permutations of [n#] having any length, including length 0
(the “empty permutation”). Then 7; = 2 because the permutations of [1] having any
length are () and (1). The permutations of [2] having any length are

0, M, 2, (1,2), and  (2,1),
som, = 5.Set mg = 1.
(a) Find 3 by complete enumeration.
(b) Give a combinatorial proof: Forn > 1, m,, = nmy—; + 1.
(c) Use the identity in part (b) to find 7.
16. (ordered distributions) This exercise and others throughout this chapter that are la-
beled “ordered distributions” concern distributions wherein the order in which the

recipients receive the objects matters. Here are two examples of ordered distributions
of seven distinct objects to three distinct recipients:

By convention, objects near the bottom are received first (think of recipients 1-3 as
cashiers and the objects as customers in each cashier’s line). This means that the two
ordered distributions shown are different, even though they would be the same when
considered as ordinary distributions.

Let (n)%® equal the number of ordered distributions of k distinct objects to n distinct
recipients.

(@) Prove m)® =nm + D(n +2)---(n + k —1).

(b) Explain why there are (k), - (n)*™™ ordered distributions of k distinct objects
to n distinct recipients such that each receives at least one object.

(¢) Explain combinatorially why k! (];:}) is also the answer to part (b).

-~ Travel Notes
The book by Benjamin & Quinn (2003) entitled Proofs that Really Count: The Art of
Combinatorial Proof is an engaging, one-of-a-kind introduction to combinatorial proofs
in a lot of different areas of mathematics. Other good sources are the journals Mathemat-
ics Magazine and The College Mathematics Journal, both published by the Mathematical

Association of America.
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2.2 Counting subsets and multisets

Subsets and multisets as distributions
Here are three questions like those we answered in Section 1.1.
1. In a pick-three lottery involving the numbers 1-6, how many tickets are there?
2. If a store offers four donut varieties, how many orders for seven donuts are there?

3. How many orders in the previous question contain at least one donut of each variety?

In the first question, a ticket consists of a 3-subset of [6] so the answer is (g) Here is a
distribution corresponding to the ticket {2, 4, 5}.

o of[O

1 2 3 4 5 6

This is a distribution of three identical objects to six distinct recipients such that each re-
ceives at most one object. We throw a ball into bin j whenever j is an element of {2, 4, 5}.

Question 64 There are (Z) ways to form a k-person committee from a group of n people.
Rephrase this as a distribution problem.

In the second question, a donut order is a 7-multiset taken from [4] so the answer is
((‘7‘)) Here is a distribution corresponding to the multiset {2,2, 2,2, 3, 3, 4}.

O
o3|l o

3 4

1

This is a distribution of seven identical objects to four distinct recipients under no restric-
tions on the number of objects each can receive. We throw one ball into bin j per donut of
variety j that we order.

A donut order in the third question is a 7-multiset taken from [4] in which each element
of [4] appears at least once. There are ((,*,)) or ((3)) such orders because once we place
one donut of each variety in our bag, the rest of the order can be any 3-multiset taken from
[4]. Here is a distribution corresponding to the multiset {1, 1,2, 3, 3, 3, 4}.

Pllo 11| o

1 2 3 4

This is a distribution of seven identical objects to four distinct recipients such that each
receives at least one.

These examples show that subsets and multisets are equivalent to certain distributions
of identical objects to distinct recipients. Here are three canonical problems whose answer
i (1),

(Z) equals (1) the number of k-subsets of an n-set; (2) the number of ways to form a
k-person committee from a group of n people; and (3) the number of distributions of
k identical objects to n distinct recipients such that each receives at most one object.
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Here are the same for ((Z))

((Z)) equals (1) the number of k-multisets taken from an n-set; (2) the number of ways
to order k donuts if a store sells n varieties; and (3) the number of distributions of k
identical objects to n distinct recipients.

These allow us to fill in the next line of our table of distribution problems.

Distributions of how many objects recipients can receive
k objects | to n recipients || norestrictions | <1 | >1 [ =1
distinct distinct nk )k ? nlor0
identical distinct (@) @) | G") | toro
distinct identical ? ? ? ?
identical identical ? ? ? ?

Question 65 Explain the reason for the last two answers on the second line of the table.

Pascal’s identity and Pascal’s triangle

Let’s discover and prove an identity for (Z) on the fly. We begin with a special case. In how
many ways can we form a three-person committee from a group of five people?

For Answer 1 we know that there are (g) ways. To get another answer, let’s say the five
people are our friends Adam, Ben, Caleb, Dan, and Ephraim from Section 2.1. Divide the
possible committees into two types according to whether Ephraim is on the committee.

All possible committees
Committees with Ephraim | Committees without Ephraim

{Adam, Ben, Ephraim} {Adam, Ben, Caleb}
{Adam, Caleb, Ephraim} {Adam, Ben, Dan}
{Adam, Dan, Ephraim} {Adam, Caleb, Dan}
{Ben, Caleb, Ephraim} {Ben, Caleb, Dan}
{Ben, Dan, Ephraim}
{Caleb, Dan, Ephraim}

(;) with Ephraim ‘ (§) without Ephraim
(;) + (‘3‘) total

There are (;) committees with Ephraim because once he is on the committee we can spec-

ify the remaining two people in (;) ways. There are (§) committees without Ephraim be-
cause any such committee is just a three-person committee chosen from Adam, Ben, Caleb,
and Dan. Therefore by the sum principle, Answer 2 is (;) + (§)

We have proved (g) = (;) + (§) The same reasoning proves the following theorem
known as Pascal’s identity.

Theorem 2.2.1 (Pascal’s identity) For anyn > 1 andk > 1,

(-6)-)
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Question 66 Prove Pascal’s identity. Then adapt the same idea to give a combinatorial
proof of a related identity: For anyn = 1 andk = 1,

()=

Pascal’s identity leads to Pascal’s triangle, a triangular array of the nonzero numbers
(Z) for n and k satisfying 0 < k < n. Its first eight rows are as follows:

nlk—>]0 1 2 3 4 56 7
0 1

1|11

2 12 1

3 13 3 1

4 1 4 6 4 1

5 1510 10 5 1

6 1 6 1520 15 6 1
7 1 7 21 35 35 21 7 1

The entry in row n and column k is (Z) Pascal’s formula allows for easy computation of
this array: each entry equals its “northwestern” neighbor plus its “northern” neighbor. For
the first row and column, which have no such neighbors, we rely on the following boundary
conditions: (g) = 1forn = 0 and (2) = 0 for k = 1. These make combinatorial sense.
The number of 0-subsets of an n-set is 1 because @ is the only such subset. Also, there are

no k-subsets of a 0-set for any value of k > 1.

Question 67 Use Pascal’s identity to find the ninth (i.e., n = 9) row of the table.

Combinatorial proofs

Quick ones
Two basic identities involving the numbers (Z) are

n n
= for all n and k satisfying0 < k <n 2.2)
k n—k

and

=3 (Z) foralln = 0. (2.3)

k=0
Both have quick combinatorial proofs. To prove equation (2.2), observe that you can spec-
ify a k-person committee by either specifying those k people who are on it or equivalently
by specifying those n — k people that are not on it.
To prove equation (2.3), recall that there are 2" possible subsets of an n-set. We can
alternately count these subsets by organizing them into piles according to their size. There
n

are (k) subsets of size k, and summing this quantity over all k from O to n gives the right-
hand side of the equation.

Question 68 What is the sum of the numbers in row 15 (i.e., n = 15) of Pascal’s triangle?
(Answer this without computing row 15.)
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Committee-counting
We’ll use the committee-counting interpretation of (Z) to prove two more identities. Here

is the first:
n n—1
(=2

Question: From a group of n people, in how many ways can we select a committee
of size k and also specify one of the people on the committee as the chair?

Answer 1: Count the 2-lists of the form (committee, chair). We may choose the com-
mittee in (Z) ways, and then choose the chair from among those k people in one of k
ways. By the product principle, there are (Z)k total ways.

Answer 2: Count the 2-lists of the form (chair, committee). We may first choose the
chair from among the n people in one of n ways. Then, from the n — 1 people that

remain, we may complete the committee by choosing k — 1 of them in (Zj) ways.

n—1

By the product principle, there are n (k—l) total ways.

Vandermonde’s formula
The following identity is known as Vandermonde’s formula:

S()6)-0)

To come up with a good question, observe that the right side counts the k-person commit-
tees we can form from a group of m + n people. The terms in the sum on the left suggest
that there are two types of people—say m men and n women—and that we can break into
cases according to the number of men on the committee.

Question: From a group of m men and n women, how many k-person committees
can we form?

Answer 1: There are (m;'") committees.

Answer 2: Condition on the number of men on the committee. If this number is
J, where 0 < j < k, then there are ('7) ways to specify the men. For each such
specification, there are (k:j) ways to spécify the women so that the committee then
contains k people. By the product principle there are ('7) (k:/) committees having j
men. By the sum principle there are

k

2 ()6")

S\ \k—J
Donut orders

Let’s go back to donut orders. Suppose a store sells 10 varieties and we want to order a
half-dozen. There are ((1(?)) different orders. Focus on one particular variety, say glazed.
Any order for a half-dozen must contain between zero and six glazed donuts. There are
(2)) orders containing zero glazed, ((2)) orders containing one glazed, and so on up to (7))

committees.
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orders containing six glazed. We just proved that

RECTEN

The binomial theorem

The rows of Pascal’s triangle give the coefficients on each term when (x + y)” is expanded
and simplified. For example,

(x + y)4 =x*+ 4x3y + 6xzy2 + 4xy3 + y4

4 4 4 4 4
_ (O>x4yo+ (1>x3y1+ (2>x2y2+ (3)x1y3+ (4)x0y4‘

This is the subject of the binomial theorem.

Theorem 2.2.2 (binomial) For any integer n = 0 and any real numbers x and y,

n
X+ y)t = h xn—k k )
(x +) kg (k> y
Since x and y are real numbers, not necessarily positive integers, it seems that a combinato-
rial proof would be out of the question. We finesse this by first giving a combinatorial proof
that it is true for all positive integers x and y, and then explaining why that’s sufficient.

Suppose x and y are positive integers. How many n-letter passwords can we make
where there are x + y choices for each letter?

There are (x + y)" such passwords. For another approach, imagine that the letters come
from two completely different alphabets: Alphabet 1 which has x characters and Alphabet
2 which has y characters. Arrange the passwords into piles according to the number of
characters from Alphabet 2 they contain. If this number is k, where 0 < k < n, then there
are (Z) ways to specify the positions of the characters from Alphabet 2, then y¥ ways to
specify those characters, and finally x” % ways to specify the characters from Alphabet 1
for the remaining n —k positions. Since k can range from 0 to 7, by the sum principle there

are
. (”) ok ok
passwords. This proves the binomial theorem when x and y are positive integers.

To extend the result to all real numbers x and y, note that the expression (x + y)”
is a polynomial in x and y. If a polynomial equation like that of the binomial theorem is
true for infinitely many values of x and y (here, all positive integers), then it is true for all
real numbers x and y. This result is known as the uniqueness of polynomials theorem. See
Exercise 13.

Counting integral solutions

We close with some examples illustrating another type of counting question that ((Z)) an-
swers. The idea will prove useful when we study generating functions in Chapter 3.
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Examples

(a) How many solutions does z; + z; + z3 + z4 = 7 have, where each z; is a nonnegative
integer?
= A solution is a 4-list of the form (zy, z2, z3, z4) that satisfies the conditions in
the question. For example both (0,4,2,1) and (1,0, 0, 6) are solutions, but neither
(4,2,1,2)nor (—1,0,0, 8) are.
Observe that the solutions are in one-to-one correspondence with the 7-multisets taken
from [4]: z; is the number of 1s in the multiset, z, is the number of 2s, and so on.
For example, the solution (0, 4, 2, 1) corresponds to the multiset {2,2,2,2, 3,3,4}.

Therefore there are ((‘7‘)) = (170 ) = 120 solutions.

(b) How many solutions does z1 + z2 +z3 = 15 have, where each z; is a positive integer?
= Since each z; = 1, these solutions correspond to 15-multisets taken from [3]

where each element of [3] appears at least once. Therefore there are ((1 53_3)) = ((132)) =

(}3) = 91 solutions.

Notice that this problem is equivalent to counting the solutions to y; + y2 + y3 =
15 — 3 where each y; is a nonnegative integer.

(c) How many solutionsdoes z; +z,+z3+4z4 = 11 have, where each z; is anonnegative
integer?

— The 4z4 term throws a bit of a wrench into the works.

Question 70 Solve this problem by breaking into cases based on the value of za.

The general idea is that ((Z)) equals the number of solutionsto zy + z; + --- 4+ z, = k

in nonnegative integers z;, and that ((kfn)) equals the number of solutions to the same
equation in positive integers z;.

Question 71 How many solutions does z1 + zy + -++ + z, = k have where each z; is
either O or 17

Summary

Subsets and multisets correspond to distributions of identical objects to distinct recipients.
In this section we provided combinatorial proofs of many important results involving the
binomial coefficients (Z) among them Pascal’s identity and the binomial theorem. We also

examined how ((Z)) counts the integer-valued solutions to certain equations.

Exercises
1. Jeopardy! For each answer, create an accompanying counting question.
@) n N n N n
a
0 1 2
) 0-9-8-7-6
5- 2241

9.8.7.
.3.2.
20\ (10
© 10)(5)

—
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I.%%J (( n ))

(d) ,

iz W\ 1

2. Justify combinatorially: (20> (8> (5> = (20) (17) (15)
8 J\5/\3 3/\2/\3

3. Give a bijective proof of Pascal’s identity by defining
A:={sets S : S C[n]and |S| =k}
B:={setsT:TC[n—1]and |T| =k — 1}
C:={setsU :UC[n—1]land |U| =k}
and then finding a bijection f : A — B UC.

4. Give combinatorial or bijective proofs of the following. Part of your job is to deter-
mine all values of n, k, and/or m for which the identities are valid.

@3 =3 (Z)zn—k .

k=0

(6)-0067)

o)) ) ) - 6)

5. What does (Zj) + (Zj) + (Zj) +o 4 (i:}) equal? Make a conjecture and then
give a combinatorial proof.

6. Give a combinatorial proof: If x and y are real numbers and n is a nonnegative integer,

then "
CERUEDY (Z) (0 Dk

k=0
(As in the proof of the binomial theorem, you’ll need to invoke uniqueness of poly-
nomials.)
7. Determine the number of solutions to each of the following equations. Assume all z;
are nonnegative integers unless stated otherwise.
(@ z1+z2+z3+2z4 = 1.
(d) z1 + z2 + 10z3 = 8.

(¢) z1 +z2 + -+ 4+ z20 = 401 where each z; > 1.
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(d) z1 +z2 + z3 + z4 = 12 where z1,z, = 1 and z3, z4 = 2.

() zi +z2 +z3+ 324 + 525 = 7.
() z1 +z2+ 23+ %24 = %
8. After expanding (a + b + ¢)° and combining like terms, how many terms are there?

9. Fix n to be a positive integer. Find, with proof, the value of k (where 0 < k < n) that
maximizes (}).

10. When is (Z) even? Give as complete an answer, with proof, as you can.

11. How many k-lists (x1, x2, ..., Xx) are possible, such that each x; is a positive integer
and 1 < x; < xp < -+ < X < n? Prove your answer.

12. How many k-subsets of [n] are possible such that no two consecutive integers appear
in the subset?

13. (uniqueness of polynomials) Let f(x) = Y 7_, arx* and g(x) = Y o brx* be
polynomials of degree n, and suppose that xg, X1, .. ., X, are distinct real numbers for
which f(x;) = g(x;), forall i. Prove that f = g.

-~ Travel Notes
Though it is quite common to attach the French mathematician Blaise Pascal’s (1623—
1662) name to the triangular array of numbers mentioned in this section, the triangle and
many of its properties were known well before Pascal’s time. Mathematicians from Asia,
the Middle East, Northern Africa, and Southern Europe had studied it as early as the year
1000. See the article by Katz (1996).

The binomial coefficients provide a seemingly endless supply of interesting identities
and properties. We will see more throughout the book, especially in Section 4.1. Again, the
book by Benjamin & Quinn (2003) is an excellent reference. On a related note, there has
been considerable research in recent years into the prospect of identity-proving algorithms
for computers. This is a well-solved problem for many important classes of identities in-
cluding those involving binomial coefficients. See the book entitled A = B by Petkovsek,
Wilf & Zeilberger (1996).

The Fermat-Wiles theorem (formerly, Fermat’s last theorem) says that there are no
nontrivial solutions to x” + y" = z" in integers X, y, z, and n when n = 3. In an article
about his father (“Roger Apéry, 1916-1994: A Radical Mathematician,” The Mathematical
Intelligencer, volume 18 number 2, 1996), Francois Apéry relates the following anecdote.

During a mathematician’s dinner in Kingston, Canada, in 1979, the conversation
turned to Fermat’s last theorem, and Enrico Bombieri proposed a problem: to show

that the equation
(x) + (y) = (Z> where n = 3
n n n

has no nontrivial solution. Apéry left the table and came back at breakfast with the
solutionn = 3, x = 10, y = 16, z = 17. Bombieri replied stiffly, “I said nontrivial.”



2.3. Counting set partitions 67

2.3 Counting set partitions

We have two types of distributions left to study: distinct objects to identical recipients, and
identical objects to identical recipients. We study the former in this section and in doing so
introduce the Stirling numbers of the second kind. We shall study this important family of
numbers in more detail in Section 4.3.

Set partitions as distributions

We now consider distributions of distinct objects to identical recipients. Here is a distribu-
tion of five distinct objects to three identical recipients.

®@ @@

Here is another such distribution.

o ||| [Po

We can express the first distribution as {{1, 3,4}, {2, 5}} which is a partition of the set [5]
into two blocks. The second can be expressed as {{ 1,4}, {2}, {3, 5}} which is a partition of
[5] into three blocks. Notice that in the second distribution each recipient receives at least

one object. (Recall that we encountered partitions in Section 1.4.)
Question 72 What distribution corresponds to the partition {{l, 2,3, 4, 5}}?

For any set S, an r-partition of S is a set of r nonempty, disjoint sets whose union is
S. The elements of the partition are called the blocks of the partition. The 2-partition of
[5] corresponding to the first distribution shown in the previous paragraph consists of the
blocks {1, 3, 4} and {2, 5}. If we can do so without confusion, it is sometimes convenient
to exclude the inner braces and commas and instead write {134, 25}.

The two salient features of a partition of a set S are: (1) each element of S appears in
exactly one block of the partition, and (2) the order in which we list the blocks makes no
difference.

Stirling numbers of the second kind

To count set partitions we define S(n, k) as the number of partitions of an n-set into &
blocks, i.e., the number of k-partitions of an n-set. As such,

S(n, k) equals (1) the number of partitions of an n-set into k blocks; and (2) the
number of distributions of n distinct objects to k identical recipients such that each
receives at least one object.

Take note that the number of distributions of k distinct objects to n identical recipients such
that each receives at least one objectis S(k, n) not S(n, k). The first parameter denotes the
size of the set being partitioned and the second denotes the number of blocks. We define

S$0,0) =1.
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Question 73 In the context of partitions or distributions (your choice), explain why
S(0,k) =0fork = 1and S(n,0) =0forn > 1.

The numbers S(n, k) are the Stirling numbers of the second kind.

Stirling numbers by complete enumeration
Let’s compute S(4, k) for k = 1,2, 3, 4 by complete enumeration. In general, for a given
positive integer n the only nonzero values of S(n, k) are for those k satisfying 1 < k < n.
First, S(4, 1) equals the number of partitions of [4] into one block. The only such
partitionis {{1,2,3,4}} and so S(4,1) = 1.
Next S(4,2) equals the number of partitions of [4] into two blocks. There are seven,
namely

{{1},42,3,4}) {{20.{1.3,4}} {{3}.{1,2.4}} {{4}.{1,2,3}}

1,23, 3,43} {134, 42, 43} {{1,4},{2,3}},
so S(4,2) =1.
Question 74 Use complete enumeration to show that S(4,3) = 6 and S(4,4) = 1. Also,
find S(3,k) fork =1,2,3.

Bell numbers

We define B(n) as the number of partitions of an n-set. This means partitions of any size.
For example, B(4) = 15 because there are 15 partitions of [4], namely (using abbreviated

form)
{1234} {1,234} {2,134} {3,124} {4,123}

(12,34} {13,24} {14,23} {1,2,34} {1,3,24}
(1,4,23} {2,3,14} {2,413} {3,4,12} {1,2,3,4}.

We could have done this without complete enumeration by just adding the Stirling numbers
that we found earlier:

B(A)=SA,1)+S®.2) +S@.3) +S@4.4)=1+7+6+1=15.

Question 75 Determine B(3).

The numbers B(n) are called the Bell numbers. Their relationship to the Stirling numbers
of the second kind is

B(n) =) S(n.k)  foralln=1. (2.6)
k=1

How about the formulas?

We have good formulas for calculating (1), (Z), and ((Z)) The derivation of formulas for
S(n,k) and B(n) represent more of a challenge and need more advanced techniques. In
Section 3.1, we derive the formula

1 & [k o
S k)= j ) =gy
Jj=0

In light of the relationship between the Bell and Stirling numbers shown in equation (2.6)
it is then possible to get a formula for B(n). But in Section 4.3 we prove the alternate
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formula
1 0 .p

¢zt
This is really a remarkable formula because it expresses the integer B(n) that has a com-
binatorial interpretation as a product of the irrational number % and an infinite series.

Question 76 Find S(7,3) and B(5) using the formulas just given.

Formulas for special cases
Instead of finding one all-purpose formula for S(n, k), let’s set our sights on finding for-
mulas for some specific values of k. These formulas are

That S(n,1) = 1 and S(n,n) = 1 should be clear since the only way to partition an n-
set into one block is to have one block consisting of the entire n-set, and the only way to
partition an n-set into n blocks is to have each element in its own block.

To calculate S(n, 2), observe that the blocks in any 2-partition of [r] consist of some
nonempty subset of [r] and its complement. This means we need to count sets of the form
{A, A°} where both A and A€ are nonempty subsets of [n].

First let’s count the 2-lists (4, A°) with the same properties. We may choose A from
any of the 2" — 2 subsets of [n] other than @ and [r] itself. Then A€ is automatically
determined, and moreover it is guaranteed to be nonempty. Therefore, there are 2" — 2
such 2-lists.

Now, consider two 2-lists equivalent if they represent the same partition of [n]. Each
equivalence class has size 2, corresponding to the two ways the blocks may be ordered in
the 2-list. By the equivalence principle, then, there are (2" —2)/2 = 2"~! — 1 equivalence
classes. Therefore S(n,2) = 2"~ — 1.

Question 77 Now, justify the formula S(n,n — 1) = (;)

Combinatorial proofs

Stirling’s triangle of the second kind

We first derive an identity for S(n, k) that is similar to Pascal’s identity (Theorem 2.2.1)
for the binomial coefficients (Z) Examine the following illustration for the special case of
S(5,3). Any partition of [5] into three blocks must have element 5 either (1) in a block by
itself, or (2) not in a block by itself. Here are the partitions of the first type using abbreviated

notation:
{5,1,234} {5,2,134} {5,3,124} {5,4,123}
{5,12,34} {5,13,24} {5,14,23}

But these are in one-to-one correspondence with the S(4,2) = 7 partitions of [4] into
two blocks: removing the block {5} from each partition results in a 2-partition of [4]. This
operation is a bijection; it’s illustrated in the top half of Figure 2.5.

To count the partitions of the second type, first choose one of the S(4, 3) partitions
of [4] into three blocks. Next, choose one of the three blocks to contain the element 5.
This guarantees that 5 will not be in a block by itself; moreover, each selection results in



70 2. Distributions and Combinatorial Proofs

(

{5,1,234; O > {1,234} \
{5,2,134} O- > QO {2,134}
{5,3,124; O > {3,124}
{5,4,123} O > {4,123}
{5,12,34} O >0 {12,34}
{5,13,24} O > (13,24}
{5, 14, 23} Oj \;O {14, 23} /

L

the partitions of [5] the S(4,2) partitions
into three blocks with of [4] into two blocks
5 in a block by itself

(15,2, 34}
(1,2, 34} < (1,25, 34)
(1,2, 345}
(15,3, 24}
1.3.24) < (1,35, 24}
(1,3, 245}
(15, 4,23}
(1,4,23) < (1, 45,23}
(1,4, 235}
(25,3, 14}
(2,3, 14} < (2,35, 14}
(2,3, 145}
(25,4,13}
{2,4, 13} < {2,45,13}
(2,4, 135}
(35,4, 12}
(3.4.12) < 3.45,12)
(3,4, 125}

the S(4,3) partitions the partitions of [5]

of [4] into three blocks into three blocks with
5 not in a block by itself

Figure 2.5. Counting partitions of [5] into three blocks.

a different partition. This operation is illustrated in the bottom half of Figure 2.5. By the
product principle, there are 3 - S(4, 3) partitions of the second type.

The sum principle implies that there are S(4,2) + 3 - S(4, 3) total partitions. We have
proved the identity S(5,3) = S(4,2) + 3 - S(4, 3). The following theorem uses this idea.
Theorem 2.3.1 Ifn > 1l and k = 1, then

Sn,k)y=Sn—-1,k—1)+k-S(n—1,k).
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Combinatorial Proof: How many partitions of [1] into k blocks are possible?

Answer 1: There are S(n, k).

Answer 2: Condition on whether the element # is in a block by itself. If it is, then all
such partitions can be constructed by first specifying a (k — 1)-partition of [n — 1] and then
adding the block {n}. There are S(n — 1, k — 1) such partitions.

If n is not in a block by itself, then all such partitions can be constructed by first
specifying a k-partition of [n — 1] and then putting n in one of the k blocks. By the product
principle, there are S(n — 1, k) - k such partitions.

Finally, by the sum principle, there are S(n — 1,k — 1) + k- S(n — 1, k) total partitions.
|

This identity allows computation of Stirling’s triangle of the second kind, a triangular
array of the nonzero numbers S(n, k) for 0 < k < n. Its first eight rows are as follows:

nlk—>l01 2 3 4 5 67

0 1

1 0 1

2 01 1

3 01 3 1 Q2.7)
4 01 7 6 1

5 01 15 25 10 1

6 01 31 9 65 15 1

7 0 1 63 301 350 140 21 1

The entry in row n and column k is S(n, k). Its computation is similar to that in Pascal’s
triangle, but each entry equals its “northwestern” neighbor plus k times its “northern”
neighbor, where k is the column index.

Question 78 Using the identity of Theorem 2.3.1, what is the eighth (i.e., n = 8) row of
Stirling’s triangle? What are the Bell numbers B(5) and B(6)?

Another identity involving Stirling numbers

To derive another identity, consider building a partition of [n] into k blocks as follows. The
element n must be in some block of the partition, so condition on the number of elements
other than 7 in this block. If this number is j (where 0 < j < n — 1) we can specify those
elements in ("71) ways. For each way to do this, we can partition the remainingn — j — 1
elements into k — 1 blocks in S(n — j — 1, kK — 1) ways. By the product principle there are
("_.I)S (n — j — 1,k — 1) partitions corresponding to that value of j. Summing over all j

J
proves the following theorem.

n—1
-1
Theorem 2.3.2 Ifn > Land k > 1, then S(n.k) = 3 (" , )S(n = 1Lk—1).
- J
Jj=0
Question 79 Use the theorem and Stirling’s triangle to verify that S(7,5) = 140.

A Bell number identity

Applying the idea of the previous theorem results in an identity for the Bell numbers.

n—1
—1
Theorem 2.33 Ifn = 1, then B(n) = Y (" ; )B( ).

Jj=0
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Figure 2.6. The 3! onto functions derived from the partition {{1}, {2, 5},{3,4}}.

Combinatorial proof: How many partitions of [r] are there?

Answer 1: There are B(n).

Answer 2: Arrange the partitions of [n] into piles according to the number of elements
that are not in n’s block. Suppose that this number is j, where 0 < j < n — 1. There
are ("71) ways to specify those j elements, and then B(j) ways to specify a partition
of the set of those j elements. The remaining elements go in the block with n. By the
product principle there are ("71)3( J ) partitions in this pile. Summing over all j produces
the result. |

Question 80 Use Theorem 2.3.3 to calculate B(9).

Counting onto functions

With the Stirling numbers we can tie up a loose end from Section 2.1, namely that of a
formula for the number of onto functions. We begin with the special case of counting onto
functions [5] — [3].

First, partition [5] into three blocks in S(5, 3) = 25 ways. Examine one such partition,
say {1, 25, 34}. Build onto functions from this partition as follows: pick a value for f(1) in
three ways, then pick a common value for f(2) and f(5) in two ways, then pick a common
value for f(3) and f(4) in one way. The 3! = 6 functions derived from the partition appear
in Figure 2.6. In this case, there are

S§(5,3)-31=6-25=150

onto functions [5] — [3].
Question 81 How many onto functions [7] —> [4] are there?

In general, to count onto functions [k] —> [n], we first partition [k] into n blocks in
S(k,n) ways. Then we assign a different output value to each of the n blocks in n! ways.
The product principle implies that there are S(k, n) - n! onto functions.

Theorem 2.3.4 [fk = 1 and n = 1, then the number of onto functions [k] —> [n] equals
S(k,n)-nl
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Back to Distributions

We can now fill in all but the last line of our table of distribution problems. The number
of distributions of k distinct objects to n distinct recipients such that each receives at least
one equals the number of onto functions [k] —> [n], and this is S(k, n) - n!.

There are S(k, n) distributions of k distinct objects to n identical recipients such that
each recipient receives at least one object. If we drop the requirement that each receives
at least one object, then there are > ;_, S(k,i) distributions. The other two answers in
the third row are trivial. For example, consider distributing k distinct objects to n identical
recipients such that each receives at most one object. If k& < n then this is possible but
there is only one way to do it—throw each of the k balls in a different bin. If kX > n then it
is not possible.

Distributions of how many objects recipients can receive
k objects | to n recipients | no restrictions | <1 | >1 | =1
distinct distinct nk Mmi | Stk,n)-n! | ntor0
identical distinct () () (") lor0
distinct identical ' S(k,i) | 1or0 S(k,n) lor0
identical identical ? ? ? ?
Summary

In this section we studied distributions of distinct objects to identical recipients. These are
equivalent to set partitions, and the Stirling number of the second kind S(n, k) equals the
number of partitions of an n-set into k blocks. The related Bell number B(n) equals the
total number of partitions of an n set. We gave several examples of combinatorial proofs
involving the Stirling and Bell numbers and we also found a formula for the number of
onto functions in terms of the Stirling numbers.

Exercises

1. How many ways are there to arrange 20 different books into three piles? Into at most
three piles? Get exact numerical answers.

2. For any integer n = 2, how many onto functions [n] —> [n — 1] are possible? Give a
formula that doesn’t involve Stirling numbers.

3. How many onto functions [8] —> [5] are possible? Get an exact numerical answer.

4. How many onto functions [9] —> [7] have only one element mapped to 7? Get an
exact numerical answer.

5. Call afunction almost onto if it “misses” exactly one element of its codomain. (That is,
f : A — B is almost onto if there exists exactly one b € B for which f~1(b) = 0.)

How many almost onto functions [k] —> [n] are possible?

6. How many partitions of [10] have exactly one block of size five? Get an exact numer-
ical answer.

7. Find the number of equivalence relations on an n-set.
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10.

11.

12.

13.

14.

15.

16.

17.
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Give a bijective proof: If n > 1, then S(n,2) = 2"~!—1. Do so by creating a bijection
between the 2-partitions of [r] and the nonempty subsets of [n — 1].

Give a bijective proof: If n > 1, then S(n,n —1) = (;) Do so by creating a bijection
between the (n — 1)-partitions of [r] and the 2-subsets of [n].

Let f : A —> B be a function. Prove that the set {f‘l(b) 1 b € rng(f)} is a
partition of 4. (Recall: f~1(b) = {a € A: f(a) = b} is the inverse image of b.)

Give a combinatorial proof: If » = 1 and k = 1, then

n—1
Stk =3 (" ; 1)S(i,k —1).

i=0
Explain how
S(n.k)y=8Sm—2,k—2)+ 2k —1)S(n =2,k — 1) + k*S(n — 2, k)

can be derived algebraically from the identity of Theorem 2.3.1. Then give a combi-
natorial proof.

Give a combinatorial proof: If » = 1 and k = 1, then
" (n—1
S(n,k) = Stn—j k—1).
(n.k) ;(}._1) (n = j.k=1)

Here is a simple recursive C program for computing S(n, k), based on Theorem 2.3.1.
The program assumes n,k = 0.

unsigned long S(int n, int k)

{
if (n == k) return 1;
else if (n < k) return 0;
else if (n > 0 && k == 0) return 0;
else return S(n-1,k-1) + k*xS(n-1,k);
}

It works, but it is extremely wasteful. Why? Design a more efficient algorithm.

Derive the formula B(n) = 27;(1) ("71)3( Jj) algebraically from equation (2.6) and

Exercise 11.
o0 jn
Prove that the infinite series Z — converges, for any positive integer n. Then, ex-
j=0""
plain why it converges to an irrational number.
(linear algebra) Solve a linear system to find numbers a, b, ¢, d, e so that the following
polynomial equation is true:

xr=a-(X)o+b- ()1 +c-(xX)2+d-(x)3+e-(x)4.

Here, (x)4 = x(x — 1)(x —2)(x —3) = x* — 6x3 + 11x% — 6x and (x); =
x(x —1)(x —2) = x3 —3x2 + 2x, and so on, where (x)o = 1. Express the solution
a,b,c,d,einterms of numbers studied in this section.
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18. (ordered distributions) This continues Exercise 16 of Section 2.1. Let S be an n-set.
An ordered partition of S into k blocks is a partition of S into k blocks but where
the order of the elements matters in each block. For example, {(4, 1),(3,6,2), (5)}
is an ordered partition of [6] into 3 blocks. It is the same as {(3, 6,2),(5), (4, 1)} but
different than {(4, 1),(3,2,6), (5)}. Also, {(4, 1),(3,2,4,6), (5)} is not a ordered
partition of [6] because the blocks are not disjoint.

Let B(k, n) equal the number of ordered partitions of a k-set into n blocks.

(a) Explain why B(k,n) equals the number of ordered distributions of k distinct
objects to n identical recipients such that each receives at least one object.

(b) How many ordered distributions of k distinct objects to n identical recipients are
there?

(¢) Prove that B(k,n) = ﬂ(k_l).

n! \n—1

19. (ordered distributions) Give combinatorial proofs of the following identities.

@ Bk.n) = (£)(k = Di—n
(b) Blk,n) =Bk —1,n—1)+(k +n—1)-Bk —1,n)

>~ Travel Notes
James Stirling (1692-1770) first studied the numbers S(k, n) though not in the context of
set partitions. Stirling’s interest was in the algebraic rather than combinatorial properties
of the numbers and we explore some of these properties in Section 4.3. The name “Stirling
numbers of the second kind” suggests that there are Stirling numbers of the first kind.
We shall also see these in Section 4.3. Stirling is well-known for the following result he

produced in 1730 known as Stirling’s approximation or Stirling’s formula:

nl~n"e "\ 2mn.

The Bell numbers are named in honor of Eric Temple Bell (1883—-1960) who called them
the “exponential numbers.”

2.4 Counting integer partitions

The last type of distribution problem we study is that of distributing identical objects to
identical recipients. Among the 16 different types of distribution problems that we con-
sider, these are the hardest for which to obtain closed-form formulas. Such distributions
correspond to a different kind of partition than we studied in the last section, namely a par-
tition of an integer. In this section we’ll study some combinatorial properties of the integer
partition numbers. In Section 4.4 we’ll visit them again.

Integer partitions as distributions

Here is a distribution of seven identical objects to four identical recipients.

QO O
Pl o |[6°
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We can record this as the multiset {1, 3, 3}. Notice that it doesn’t matter the order in which
we list the elements because both the objects and recipients are identical. Here is a distri-
bution of seven identical objects to four identical recipients such that each receives at least
one object.

O
o ||lcFl o |[3O

This corresponds to the multiset {1, 1, 2, 3}.

In either distribution, the corresponding multiset consists of positive integers which
sum to 7. Given positive integers n and k, a partition of n into k parts is a k-multiset of
positive integers that sum to n. The elements of the multiset are the parts of the partition.
Therefore {1, 3, 3} is a partition of 7 into three parts and {1, 1, 2, 3} is a partition of 7 into
four parts. It is customary and convenient to write these as

34341 and 3424141

to emphasize that the sum of the parts equals the integer being partitioned. Generally the
parts are arranged in nonincreasing order from left to right but this is not necessary. For
example, 34+ 34+ 1and 3+ 1 4+ 3 and 1 4 3 4 3 all represent the same partition of 7 into
three parts.

Question 82 Give five different partitions of 10 into four parts.

It is common to refer to both set partitions and integer partitions as simply partitions since
the type should be clear from context.

Integer partition numbers

To count integer partitions, we define P (n, k) as the number of partitions of the integer n
into k parts. Based on our observations about distributions earlier,

P(n, k) equals (1) the number of partitions of n into k parts; and (2) the number of

distributions of n identical objects to k identical recipients such that each receives at

least one object.
Note that the number of distributions of k identical objects to n identical recipients such
that each receives at least one object is P (k,n) not P(n, k). We define P(0,0) = 1.
Question 83 Using partitions or distributions (your choice), explain why P(0,k) = 0 for
k= 1land P(n,0) =0forn= 1.

Another method used to record a partition is as a type vector. For example, the type

vector of the partition 6 4+ 5 4 4 + 3 4 3 of the integer 21 is

[1°2°3%41 51 6'].
In general, the type vector [17! 2P2 ... mPm] corresponds to the partition that has p; parts
of size 1, p, parts of size 2, and so forth. (The exponents indicate repeated addition rather
than multiplication!) The integer being partitioned is Zﬂ;’;l J + pj and the number of parts
in the partition is Z;’; 1 pj- It is customary to make the type vector only as long as the
largest part in the partition, say m, or else as long as the integer being partitioned.

Question 84 For the type vector [1° 21 3042 5% 60 73], what integer is being partitioned?
How many parts are in this partition?
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Integer partition numbers by complete enumeration
Let’s compute P(6,k) fork = 1,2,3,4,5, 6. Here are all the partitions of 6 into k parts
fork =1,2,3,4:

k=1|k=2| k=3 | k=4
6 [S+1[4+1+1|3+14+1+1
44234241 |24+241+1
34324242

Therefore P(6,1) = 1, P(6,2) = P(6,3) = 3, and P(6,4) = 2. The only partition
of 6 into five partsis 2 + 1 + 1 + 1 4 1 and the only partition of 6 into six parts is
1+14+1+141+4+1,s0 P(6,5) = P(6,6) = 1. Notice that there is no relation between
the number of partitions of the integer 6 into two parts (which is 3) and the number of
partitions of the set [6] into two parts (which is S(6,2) = 31).

Question 85 Find P(7,k) fork =1,2,3,4,5,6,7 by complete enumeration.

All partitions of an integer

We define P(n) to be the number of partitions of the integer n. This means partitions of
any size. For example, we can find P(6) as follows:

P(6) = P(6,1)+ P(6,2) + P(6,3)+ P(6,4) + P(6,5) + P(6,6)
=14+3+34+2+1+1,

so P(6) = 11.In general, we have
n
P(n)=Y_ P(n.k) foralln>1. (2.8)
k=1

Question 86 What is P(7)?

How about the formulas?

Formulas for P(n, k) or P(n) are much harder to come by than those for S(n, k) or B(n).
In Section 4.4 we will prove that P(n, 3) equals the closest integer to 7n2/12. Formulas for
P(n,4) and P(n,5) are possible but more difficult to derive. Many of the known results
about P(n, k) or P(n) involve bounds or asymptotic formulas.

Formulas for special cases

First we observe that P(n,1) = P(n,n —1) = P(n,n) = 1.

Question 87 Give a brief justification.

For P(n,2) let’s look at the partitions of 7 into two parts forn = 6,7,8,9, 10, 11:

n=6|\n=7\n=8{n=9\n=10|n=11
541 |6+1|7+1 (841 9+1 | 10+1
44+2 (542 (6+2|74+2| 842 942
3+3(4+3|5+3|6+3| 7+3 8+3
44+4154+4| 6+4 7+ 4
545 6+5




78 2. Distributions and Combinatorial Proofs

This suggests that P(n, 2) is about n/2. More precisely, we have

P@J):L%J

Combinatorial proofs

Like the Stirling numbers of the second kind S(n, k), the numbers P (n, k) satisfy many
identities supported by interesting combinatorial or bijective proofs.

One Identity
Consider the partitions of 7 into k parts. Each partition either has (1) its smallest part equal
to 1, or else (2) its smallest part equal to some number greater than 1. By counting the
partitions of each type and adding we can prove an identity involving P (n, k).

For example, consider the P (10, 3) partitions of 10 into three parts. Among the four
partitions with smallest part equal to 1, we can delete one of the s to obtain a partition of
9 into two parts. This operation is a bijection, as follows.

8+14+1 — 841
T+24+1 — 742
6+3+1 — 643
5+444+1 — 5+4

There are P(9,2) such partitions. On the other hand, if the smallest part is at least 2, we
can subtract 1 from each part to obtain a partition of 10 — 3 = 7 into three parts. Again,
this operation is a bijection and is illustrated below.

6+2+2 — 54141

54342 — 44241
44442 — 34341
44343 — 34242

There are P (7, 3) such partitions. We have proved that P(10,3) = P(9,2) + P(7,3). The
following theorem gives the general result.
Theorem 2.4.1 Ifn = landk = 1, then P(n,k) = P(n — 1,k — 1)+ P(n — k., k).

Combinatorial proof: How many partitions of # into k parts are there?

Answer 1: There are P(n, k).

Answer 2: Each partition has either (1) smallest part equal to 1, or (2) smallest part at
least 2. For those of the first type, deleting a part of size 1 leaves a partition of n — 1 into
k — 1 parts. This is a bijection, so there are P(n — 1,k — 1) such partitions. For those of
the second type, subtracting 1 from each part leaves a partition of n — k into k parts, for
no part vanishes if each originally had size at least 2. This is also a bijection, so there are
P(n —k, k) partitions of the second type. In total there are P(n — 1,k — 1)+ P(n — k, k)
partitions. |

For example, we can use our earlier work to calculate
P(7,3) =P(6,2)+ P4,3)=3+1=4

and
P(7,4) = P(6,3) + P(3,4) =3+0=3.

Question 88 Using the identity, what is P(9,3)? What is P(9,4)?
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A related identity
The inspiration for another identity comes from this observation: given a partition of n
into k parts, if we subtract 1 from each part then a partition of n — k into at most k parts
remains.

For example, consider subtracting 1 from each of the P(10, 3) = 8 partitions of 10 into
three parts, and ignore resulting “parts” of size 0. The correspondence is illustrated below.

8+1+1 — 7
74241 — 6+1
6+3+1 — 5+2
64+2+2 — 5+1+1
54441 — 4+3
54342 — 4+2+1
44442 — 3+3+1
44343 — 34242

On the right appear partitions of 7 into at most three parts. In fact, all such partitions appear:
there are P(7,1) + P(7,2) + P(7, 3) of them. We have shown that

P(10,3) = P(7,1) + P(7,2) + P(7,3).
Now for the theorem.

k
Theorem 2.4.2 Ifn = landk = 1, then P(n.k) = Y _ P(n —k. j).
j=1

Bijective proof: Define a function from the set of partitions of n into k parts and the set
of partitions of n — k into at most k parts by the operation: subtract 1 from each part and
ignore any resulting “parts” of 0. This function is a bijection, hence the two sets have the
same size by the bijection principle. The first set has size P(n, k) and the second has size

k
Pn—k. 1)+ Pn—k.2)+--+Pn—kk)y=)Y Pn—k,j)
j=1

by the sum principle. |
Question 89 Compute P(9, 3) using the theorem and previous work.

The theorem allows for calculation of a partition number triangle as shown below.

nlk—>|0 12 3 456 7 8

0 NN R W = O
[ eleNeleNel =Rl
e e e e
W WO ==
N AW N =
N W N = =
W N = =
[N

—_

The entry in row n and column k is P (n, k).
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It is also possible to derive algebraically the identity of Theorem 2.4.1 from that of
Theorem 2.4.2. That is,

k—1
P(n,k)—P(n—1, k—l)—ZP(n—k N=Y_ P(n—1)—(k-1),.j)
Jj=1 j=1
k k—1
=D P~k j)=) Pn—k.j)
Jj=1 Jj=1
=P —k, k),

andso P(n,k) = Pmn—1,k—1)+ P(n —k,k).

Using type vectors
The type vector concept can help make a bijective proof rigorous. In the following theorem,
the bijection is the function that adds a part of size 1 to the partition.

Theorem 2.4.3 Ifn = 1, then the number of partitions of n equals the number of partitions
of n + 1 having smallest part 1.

Bijective proof: Define A as the set of partitions of 7 and B as the set of partitions of n + 1
with smallest part 1. Define the function f : A — B by

f([lpl 2pP2 ... npn]) — [1p1+1 2P2 ... nl’n]‘

That is, f takes a partition of n and adds a part of size 1.
One-to-one: Let [11’1 2P2 ... n””] and [1‘“ 292 ... nq”] be partitions in A4, and as-
sume that

f([lpl 2P2 ... npn]) — f([lql 292 ... n‘ln])‘

This means that [1711272 ... pPr] = [191+1 2492 ... p4n] and hence (equate the expo-
nents) that p; = ¢; for all i. Therefore [11’1 2p2 ... n””] = [1‘“ 292 ... nq”].

Onto: Let [1‘“ 292 ... nq”] bein B. Notice thatitis a partition of n4- 1 with at least one
part of size 1, so it can’t have any parts of size n + 1. (That is, we are justified in stopping
the type vector at n?”.) Since q; = 1, the type vector [1‘“_1 292 ... nq”] corresponds to a
partition of n, so it is in A. Moreover

f([lql—l 292 ... nqn]) — [1(41—1)+1 292 ... nqn] — [141 292 ... n‘ln]’

so f is onto. |

Back to distributions

We can now complete our table of distribution problems. There are P(k,n) distributions
of k identical objects to n identical recipients such that each receives at least one object. If
we drop the “at least one object” requirement, then there are Y ;_, P(k, i) distributions.
The remaining two distributions in the last row are trivial.
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Distributions of how many objects recipients can receive
k objects | to n recipients | no restrictions | <1 | >1 | =1
distinct distinct nk Mmi | Stk,n)-n! | ntor0
identical distinct () () (") lor0
distinct identical > S(k,i) | 1or0 S(k,n) lor0
identical identical S P(k,i) | 1or0 P(k,n) lor0
Summary

In this section we completed our classification and study of distribution problems by con-
sidering distributions of identical objects to identical recipients. These are counted with
the integer partition numbers. The number P (n, k) equals the number of partitions of the
integer n into k parts, where such a partition is a multiset of k positive integers that sum
to n. A closed-form formula for P(n, k) is difficult to obtain but we found formulas for
special cases and used combinatorial proofs to establish some identities.

Exercises

1.

You have 40 pieces of candy to distribute among 10 children. Find the number of
ways to do this in each of the following situations. Leave your answers in standard
notation.

(a) The pieces of candy are different and each child gets at least one piece.

(b) The pieces of candy are indistinguishable and each child can get any number of
pieces.

(c) The pieces of candy are different but you distribute them among 10 indistinguish-
able paper bags.

(d) The pieces of candy are indistinguishable but you distribute them among 10 in-
distinguishable paper bags and each bag contains at least one piece.

(e) The pieces of candy are different and each child gets exactly one piece, so there
are some pieces left over.

(f) The pieces of candy are different and Frank receives four pieces.

Use type vectors to establish the bijection (mentioned in the proof of Theorem 2.4.1)
between partitions of n into k parts with smallest part equal to 1 and partitions of n — 1
into k — 1 parts.

Use type vectors to establish the bijection (mentioned in the proof of Theorem 2.4.1)
between partitions of n into k parts with smallest part at least 2 and partitions of n —k
into k parts.

Use type vectors to establish the bijection in Theorem 2.4.2.
Find and prove a formula for P(n,n — 2), forn = 3.

Explain how to algebraically derive the identity P(n,2) = L%J from the identity of
Theorem 2.4.1.

Under what conditions on n and k is the statement P(n,k) = P(n — 1,k — 1) true?
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10.

11.
12.
13.

2. Distributions and Combinatorial Proofs

Give a bijective proof of the following: The number of partitions of » is equal to the
number of partitions of 27 into n parts.

We showed how to use Theorem 2.4.2 to prove Theorem 2.4.1. Now use Theorem
2.4.1 to prove Theorem 2.4.2.

Prove using type vectors: The number of partitions of n into k parts is equal to the

number of partitions of n with largest part equal to k.

What counting question does P(n) — P(n — 1) answer?

Prove that P(n +2) + P(n) = 2P(n + 1).

Let Q(n, k) denote the number of partitions of n into k distinct parts. For example,

0 (8, 3) = 2 because the relevant partitionsare 5+ 2 + 1 and 4 + 3 + 1.

(a) Derive and prove an identity for Q(n, k), similar to that of Theorem 2.4.1 on
page 78.

(b) Compute Q(n, k) for 0 < n, k < 8 using the identity of part (a).

(¢) Derive and prove a formula for P(n, k) in terms of the numbers Q(-, -).

<SS Travel Notes

'\/’

As with many areas of mathematics, some of the first important results can be traced back
to Leonhard Euler (1707-1783). Euler’s famous 1740 proof that the number of partitions
of n into distinct parts equals the number of partitions of n into odd parts established
integer partitions as worthy of study. More importantly, however, Euler essentially invented
the concept of generating function while doing so. We will study generating functions in
Chapter 3 and they are one of the most important tools in combinatorics. We present Euler’s
proof in Section 3.4. See Dunham (1999) for an exciting account of Euler’s discovery.

Ferrer’s diagrams are useful visual representations of integer partitions. We explore

them in Section 4.4.



CHAPTER3

Algebraic Tools

In this chapter we cover three important tools: inclusion-exclusion, mathematical induc-
tion, and generating functions. We call these algebraic tools because, in contrast with com-
binatorial or bijective methods of proof, they can reduce a combinatorial problem to a
relatively routine algebraic calculation.

3.1 Inclusion-exclusion
The principle of inclusion-exclusion is the big brother of set-union formulas like

|A1 U Az| = |A1] + |A2]| — |41 N Az
and
|A1 U Ay U A3| = |A1| + |42 + | A43]
— A1 N Ay — |A; N A3| — |42 N A3
+ |A1 NAx N A3|

In this section we show how to apply inclusion-exclusion to some classic combinato-
rial problems—counting divisors, counting so-called “derangements,” and counting onto
functions—that are difficult to handle with the tools we’ve learned so far.

Framework for inclusion-exclusion

Any use of inclusion-exclusion needs, implicitly or explicitly, two things: a universe of
objects and a set of properties. The universe of objects, denoted U, is really just a set. The
term “universe” suggests that it typically contains more than just those objects we wish
to count. The set of properties, denoted P, describes traits that the objects in the universe
may or may not possess. If there are n properties, we usually write P = {p1, p2, ..., Pn}
to indicate the set of properties.

A typical application of inclusion-exclusion involves the question, “How many objects
in the universe have none of the properties?” The following examples should help you
understand both the types of questions to which inclusion-exclusion naturally applies and
also how to define the universe and properties. We will solve these examples in parallel
during the course of this section.

Example: counting integers in [100] not divisible by 2, 3, or 5
How many integers in [100] are not divisible by 2, 3, or 5?

83
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A complete enumeration appears time-consuming. You could write the integers from 1
to 100, cross off all the multiples of 2, 3, and 5, and then count those remaining. Doable,
but perhaps not efficient.

Define the universe as [100], and the properties as those traits we wish to avoid:

7
dz :
ds := “the integer is divisible by 3”

[100]
“the integer is divisible by 2”

ds := “the integer is divisible by 5.”

The number of integers not divisible by 2, 3, or 5 then equals the number of integers in I/
that have none of the three properties.

Question 90 How many integers in U have property d (and possibly others)? How many
have both properties d3 and ds (and possibly d»)?

Example: counting ciphers

In coding theory, a monoalphabetic substitution cipher creates a coded message by replac-
ing each character of the original message with a unique alternate character in order to
obtain the coded message. For example, if the cipher is

Original letter:ABCDEFGHIJKLMNOPQRSTUVWXYZ
Encoded letter: WXBDAHJKPRYZMLFISQCUEGONVT

then MEET ME AT MIDNIGHT is encoded as MAAU MA WU MPDLPJKU. The permu-
tation (W, X, B, ..., V, T) of the 26 letters A-Z does a good job of storing this cipher.

In such a cipher, it might be desirable to have no letter “fixed,” i.e., replaced by itself.
The above cipher does not have such a property because both D and M are fixed. How many
monoalphabetic substitution ciphers are possible in which no letter is fixed?

Define the universe and properties as follows:

U := set of all possible permutations of the letters A-Z
fa := “the permutation fixes the letter A”

f& := “the permutation fixes the letter B”

fz := “the permutation fixes the letter 7.”

The number of ciphers with no letters fixed then equals the number of permutations in &/
that have none of the 26 properties.

Question 91 What is the size of U ? How many permutations leave the letters D and M fixed
(and possibly others)?

Example: counting onto functions [k] — [r]

How many onto functions [k] —> [n] are possible? We know that an onto function f does
not “miss” any of the elements in the codomain [r]. That is, no matter what j € [n] we
pick, there is always at least one i € [k] for which f(i) = j.
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To count onto functions, define the universe and properties as such:

U := set of all possible functions [k] —> [n]

my := “the function misses element 1 € [n]”
my := “the function misses element 2 € [n]”
my, := “the function misses element n € [n].”

The number of onto functions [k] —> [n] then equals the number of functions in U that
have none of the n properties.

Question 92 What is the size of U? How many functions miss elements 1, 2, and 3 (and
possibly others)?

In each of these examples you should make note of two things. One, the universe con-
tains more objects than we wish to count. Two, the properties describe features that the
objects we wish to count do not possess.

The functions N> (J) and N_(J)

Now that we can put counting problems in the inclusion-exclusion framework, we examine
how to answer them. The key is to be able to count the objects that possess any given subset
of properties.

In Question 90, you counted the integers in [100] that are divisible by 2. There are
L%J = 50 of them, namely

2,4,6,8,10,12,...,98,100.

Some of those integers are also divisible by 3 or 5 or both, and so they satisfy additional
properties. We needn’t worry about this, though, since we only wanted to count those with

199 | = 6 integers that are divisible

property do and possibly others. Similarly, there are | 3z

by both 3 and 5, namely
15,30, 45, 60, 75, 90.

Again, some are also divisible by 2 but that is of no concern.
Question 93 How many are divisible by 2 and 5? By 2, 3, and 57

In Question 91, you counted the ciphers that leave at least the letters D and M fixed.
Your answer should have been 24!, because with those two letters fixed any permutation of
the remaining 24 letters will possess both property fp and property fy. Of course, some of
those 24! ciphers will fix other letters and thus possess additional properties. The crucial
point is that we have counted the ciphers that leave D and M fixed and possibly others.

Question 94 Suppose you're given a j-subset of the letters A-Z. How many ciphers leave
at least those j letters fixed?

In Question 92, you counted the onto functions that miss at least elements 1, 2, and 3 of
[n]. Your answer should have been (1 — 3)* because any function from [k] to {4, 5, ...,n}
will miss elements 1, 2, and 3. Some of those (n — 3)" functions miss other elements of
[1], but again we counted the functions that miss at least elements 1, 2, and 3.
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Question 95 Suppose you're given a j-subset of [n]. How many functions miss at least
those j elements?

In these examples, the phrase “at least” makes a terribly important difference. If we
wanted to count the functions that miss exactly elements 1,2, and 3, we would need to count
onto functions [k] — {4,5,...,n}. But that is just as hard as our original question of
counting onto functions [k] —> [r] ! A similar comment applies to the other two examples.

We now define counting functions to handle the “at least” and “exactly” ideas.
Definition 3.1.1 Let U be a universe of objects and let P be a set of properties that the
objects may or may not have. For any subset J of P, define the following expressions:

o Nx(J) equals the number of objects in U that have the properties in J and possibly
others, and

o N_(J) equals the number of objects in U that have the properties in J and no others.

Of course, the “>=" suggests “at least” and “="" suggests “exactly.”
We have already computed some values of the N> function in our three examples,
namely
N> ({dz} =50 counting integers example,
N> ({fD, Ju}) = 24! cipher example,
N> ({ml, mo, m3}) =(n-— 3)k onto function example.

From now on, write these as Nx(d2), Nx(fp fu), and Nx(mimym3) to streamline the
notation. In all three examples we seek the number of objects with none of the properties,
otherwise known as N—(9).

Question 96 What is N> (9), in any inclusion-exclusion problem?

The idea behind the inclusion-exclusion formula

The inclusion-exclusion formula, which we now derive, is nothing more than the same
accounting trick you have seen in counting the size of a union of two or three sets using a
Venn diagram. Those formulas appeared at the beginning of this section.

To illustrate the idea, return to the example of counting the integers in [100] not divisi-
ble by 2, 3, or 5. Here are the subsets of [100] described by the three properties:

Dy :=1{2,4,6,8,10,...,100}
D3 :=1{3,6,9,12,15,...,99}
Ds := {5, 10,15,20,25,...,100}.

The reason for the capital D; is to distinguish the actual sets from the properties d; that
describe them. Here are the sets in a Venn diagram:
the set of integers [100]

A
ava
o/
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Our goal (remember!) is to count the integers in none of the sets, using the Nx(-) values.
Begin by including in the count everything in [100], which N> (@) does for us:

the set of integers [100]

N
avh
o

N=(9)

The 1s indicate we have counted each integer in the eight disjoint regions of the Venn
diagram exactly once. We have included too much since our goal is to get a 1 in the region
outside the circles (which contains the integers in [100] that have none of the properties)
and Os in the other seven regions (each of which contains integers that have at least one of
the properties).

To remedy this over-count, exclude the integers with property d5, with d3, and with d.
Subtracting each of Nx(d>), Nx>(d3), and Nx(ds) accomplishes this:

the set of integers [100]

N= () — (N=(d2) + N=>(d3) + N=(ds))

We’re getting there, but we have “counted —1 times” (in a net sense) those integers with
exactly two of the properties. Worse, we have “counted —2 times” those integers with all
three properties. The —2 comes from the +1 contributed by N> (@) and the three —1Is
contributed by subtracting Nx(d>), Nx>(d3), and Nx(ds).

Now include the integers that share any two of the properties, which adding each of
Nx(d>d3), N=(d3ds), and Nx(d,ds5) accomplishes:

the set of integers [100]

o
o\
o

N=(0) — (N=(d2) + N=(d3) + N=(d5)) + (N=(d2d3) + N=(d3ds) + N> (d2ds))

Make the final adjustment by subtracting N> (d2d3d5):
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the set of integers [100]

o
avh
R

N=(0)—(N=(d2) + N=(d3) + N=(ds)) + (N=(d2d3) + N=(d3ds) + N=(d2ds)) — N=(d2d3ds)

We accomplished our goal and in doing so proved the formula

N-(8) = N>(0) — (Nx(d2) + N>(d3) + N=(ds))

3.1)
+ (N;(dzdg) + Ns(dsds) + N> (dzds)) — Ns(dadsds).

Notice that there are eight terms, one for each possible subset of P = {d>, d3, d5}. In addi-

tion, those terms corresponding to even-sized subsets are positive and those corresponding
to odd-sized subsets are negative.

Finishing the first example
To finish the example we just need the eight values of Nx>(-). Some of these you have
already computed in Question 90.

1
N= (@) = 100 Nx(d»d3) = —202 =16
100 100
N> = s = N> = _— = 6
>(d>) 7 50 > (dsds) 35
100 100
N=(d3) = 3T 33 N>(d2ds) = 35" 10
100 100
No(s) = | 2| =20 Na(dadsds) = _2_3_5J _3

The answer is 100 — (50 + 33 + 20) + (16 + 6 + 10) — 3 = 26.

Proof of the inclusion-exclusion formula

Before completing the other two examples, we prove an inclusion-exclusion formula which
generalizes the formula we derived with the aid of the Venn diagram. The only surprise in
the proof comes when the sum in the following Question appears.

m
Question 97 Find the value on (m) (—l)j. (Hint: binomial theorem)
; J
Jj=0

Before proving the general version of the principle we address a matter of notation.
The sum that appears in the inclusion-exclusion formula is a subset sum. Writing > _ ;. JcP
means that the sum is over all possible subsets J of the set P, from the empty set to P
itself. For example, the right-hand side of equation (3.1) can be written

Y. YN @)
J:JCP

where P = {d», d3, ds} is the set of properties.
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Theorem 3.1.2 (basic principle of inclusion-exclusion) Let U be a universe of objects
and let P be a set of properties that the objects may or may not have. Then the number of
objects in U with none of the properties is

N=@) = ) (~DYIN>().

J.JCP

Proof: Let U be a universe of objects and let P be a set of properties that the objects may
or may not have. We prove that the number of times the right-hand side of the formula
includes each object in I/ is 1 when the object has none of the properties and O when the
object has at least one property. Arrange the sum according to the size of the subset J of
the n-set P:

Yo DN = YT DN + Y (=DIN=()
J:JcP |J|=0 [J|=1

+ ) DN+ 4 Y (=D N=().

[J]=2 |J|=n

3.2)

There are ('(')) terms in the first sum, ('1') in the second, (g) in the third, and so on.

First consider an object in ¢/ with none of the properties. In which terms of the formula
(3.2) does it get counted? Since it has none of the properties, the formula only counts it in
the |J| = 0 sum, which equals N3 (9) since there is only ('(')) = 1 subset of size 0 of P.
Therefore it is counted exactly once. We are halfway there.

Now consider an object in I/ with at least one of the properties. Let’s say it has exactly
m of the n properties, where 1 < m < n. In which terms of the formula (3.2) does it get
counted?

The answer is that it will be counted in the terms with |J| = 0, |J| = 1, and so on
up to |J| = m. It will not be counted when |J| > m because the object has exactly m
properties and no others. So when |J| = j, where 0 < j < m, there are ('7) ways to pick
a j-subset of the m properties that the object has, and each time it is counted it contributes
(=1)/ to the sum. The total contribution when |J| = j is then ('7) (=1)/. Therefore in a
net sense the formula counts this object

5 (’”) (-1
j=o \/

times. That sum equals O from Question 97, and this completes the proof. |

Finishing the other two examples

Example: counting ciphers
To finish this question, we need Nx(J) for each subset J of the 26-set of properties P.
The key is to divide the work according to the size of J.

In Question 94, you found that given any j-subset of the letters A-Z, the number of
ciphers that leave those j letters fixed is (26 — j)!. This means

Ns(J) = (26— j)!  forall J C P with |J| = j.
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There are (2/.6) such subsets J, and so the contribution to that part of the formula is
(2/.6) (=1)/(26 — j)!. Summing this quantity over all possible values of j gives us the
answer of

26 (56 '

N=(0) =) ( . )(—1)’ (26— /). (3.3)

=\ J

J
This sum equals 148,362,637,348,470,135,821,287,825. Compare this with the

26! = 403,291,461,126,605,635,584,000,000

possible ciphers in which letters are allowed to be fixed. About 37% of these have no letters

fixed:
148,362,637,348,470,135,821,287,825

= 0.367879...
403,291,461,126,605,635,584,000,000
This number is essentially 1/e. See Exercise 7.
26 i
1)/
Question 98 Show that the sum (3.3) simplifies algebraically to 26! Z %
: J:
Jj=0

Example: counting onto functions [k] — [r]
To answer the question of counting onto functions, again divide the work according to the
size of the subset J. In Question 94, you found that given any j-subset of [n], the number
of functions that miss those j elements is (n — j)*. This means

N=(J)=(n—j)f  forallJ C P with|[J]| = ;.
There are ('/’) such subsets J, and so the contribution to that part of the formula is

("/'.)(—1)" (n - 7)¥. Summing this quantity over all possible values of j gives us the answer

No@) =" (?)(—n"(n - k.

J=0

Onto functions and Stirling numbers of the second kind

In Chapter 2, we derived S(k,n) - n! as a formula for the number of onto functions from
a k-set to an n-set. This was not so satisfactory because we lacked a formula for S(k, n).
But now we have one.

Theorem 3.1.3 (number of onto functions) Let k and n be positive integers. The number
of onto functions from a k-set to an n-set is

ST n/e -k,
j=o \J

The formula for the Stirling number of the second kind S(n, k) then follows immediately.
Beware that n and k have now switched places.

Theorem 3.1.4 (number of set partitions) Letn and k be nonnegative integers. The num-
ber of partitions of an n-set into k parts is

1 & (k o
S k)= (J.)(—l)f(k—n :

J=0
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Proof: Since the formula of Theorem 3.1.3 only applies to positive values of n and k, we
need to check that the formula works when at least one of 7 and k equals 0.
When n = k = 0, the formula gives

0

$(0,0) = é 2 (3)(—1)"(0— N =1 (g>(—1)°0° =1

J=0

with the convention 0° = 1. This is correct since the number of partitions of the empty set
into zero parts equals 1 (the empty partition). The other two cases are left for you to check
in the following Question. |
Question 99 For n > 1, what value should S(n,0) take? Does the formula agree? For
k > 1, what value should S(0, k) take? Does the formula agree?

Another example and a warning

The problem of counting ciphers is more commonly known as the problem of derange-
ments: How many permutations of [1] have no fixed points? (A fixed point of a function f
is a value i for which f(i) = i.) It is also known as the hat-check problem: in how many
ways can the hats of n people be re-distributed so that each person receives exactly one hat
but no person receives their own hat? The cipher problem is equivalent to either of these
problems with n = 26.

Consider modifying the hat-check problem by removing the requirement that each per-
son receives exactly one hat. That is, allow any person to receive any number of hats but
still require that no person receives their own hat. This involves counting functions rather
than permutations, and an application of inclusion-exclusion might use

U := set of all possible functions [n] —> [1]
fi := “the function fixes element i, for all i € [n].

As usual we want N—(). For any j-subset J of the properties it follows that N> (J) =
n"~/ . This means that the answer is

n

N_@0) =" (".)(—Ufn"—f.
j=o \J

This is correct but if we apply the binomial theorem to this sum we get

n

3 (;)(—1)111"—1 =(-14n)"=@—-1)"

J=0

There should be a simple explanation for this simple answer, and there is: for every i € [n],
there are n — 1 choices (anything except i) for the value of f(i).

This problem warns us to seek the simplest solutions first before trying more compli-
cated methods!

The more general formula

The basic principle of inclusion-exclusion applies to counting objects that satisfy none of
the properties. How might we count the objects that satisfy some of the properties?
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Theorem 3.1.5 (general principle of inclusion-exclusion) Let U be a universe of objects,
and let P = {p1, pa, ..., pn} be a set of properties that the objects may or may not have.
If S is any subset of P, then the number of objects in U with the properties in S and no
others is

N=(§)= > DY)

J:SCJCP
In this case, the sum is over all subsets of P that contain the elements of S. The proof of
the general principle is in Exercise 16 and uses essentially the same technique as the proof
of the basic principle.

Example: counting divisors again
How many integers in [100] are divisible by 2 but not by 3 or 5?

This question still has &/ = [100] and P = {d>, d3, ds} as defined earlier, but now we
seek N=(d2). So we apply the formula in the theorem with S = {d,}. The sum will then
be over the four subsets

{da}, {da, d3}, {da, ds}, {da. d3, ds}.

The formula gives
N=(d2) = Nx(d2) = (N> (d2ds) + N> (d2ds)) + N>(dadads).

We have already computed these values. The answer is 50 — (16 + 10) + 3 = 27.

Question 100 How many integers in [100] are divisible by 3 but not by 2 or 5? How many
are divisible by 2 and 3 but not by 5?

Summary

Inclusion-exclusion is tailor-made for counting problems that fit the universe/properties
framework. The properties generally describe “bad” traits, and the inclusion-exclusion for-
mula counts those objects with none of the bad traits. In applying the formula, some prob-
lems allow shortcuts because the value of Nx(J) only depends on the size of J. This was
the case in both the cipher and onto function examples. Other problems, such as the one
involving counting integers not divisible by 2, 3, or 5, do not allow such shortcuts. In that
example we had to compute each value of N> (J) separately.

Exercises

1. How many integers in [10000] are not divisible by 2, 3, or 5?7 How many are not
divisible by 2, 3, 5, or 13?

2. How many integers in [100] are not divisible by 4, 6 or 7?
3. Use inclusion-exclusion to prove the formula
|A1 U A2 U A3| = |A1| + |A2| + |A3|
— |A142] — [A1 43| — |A2 45
+ |A14243].

(The notation A; A, means A1 N Ay.)
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Find the number of 13-card hands drawn from a 52-card deck that...

(a) have at least one card in each suit.
(b) are void in exactly one suit. (“Void in spades” means there are no spades in the
hand.)

After a day of skiing a family of six washes all of their ski-wear including their gloves.
The next day, each family member grabs two gloves from the pile.

(a) Assume that everyone grabs one left-hand and one right-hand glove. In how many
ways can they do this so that no one has both of their own gloves?
(b) Answer part (a) assuming instead that each family member grabs any two gloves.

Answer the hat-check problem (i.e., the problem of derangements) for general n. This
number is known as D,,.

. Let D, be as defined in the previous exercise.

D
(a) Calculate lim —-. Interpret your result.
n—o0 p!

(b) Prove that for any n, D, equals the closest integer to n!/e.

In how many ways can you distribute 20 identical objects to 10 distinct recipients so
that each recipient receives at most five objects? How many ways if each receives at
least one but at most five objects?

Generalize the previous problem: In how many ways can you distribute & identical
objects to n distinct recipients so that each recipient receives at most r objects?

How many functions [6] —> [7] have at most two arrows pointing to each element of
the codomain?

n
When k < n, what is the value of the sum Z (7)(—1)]' (n— j)k? Explain combi-
: J
Jj=0
natorially.

Derive an identity for (Z) via inclusion-exclusion by counting the k-multisets of [n] in
which each element of [n] appears at most once. Use p; = “element i appears more
than once in the multiset” as the i -th property, for 1 <i < n.

Suppose that in an inclusion-exclusion problem, there exists a function f such that
N=(J) = f(|J|) for any subset J of P. Prove:

N-(@) =" (j)(—l)’f(j).

Jj=0
Give a combinatorial proof of the identity Y z_, (’;)(_1)1 = 0 wherein the left side
is computed using inclusion-exclusion. ‘

Prove combinatorially, using inclusion-exclusion, the identity that results from letting
x = —l and y = 2 in the binomial theorem (Theorem 2.2.2, p. 63).

Prove Theorem 3.1.5 by adapting the technique we used to prove Theorem 3.1.2.
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17. A taxi drives from the intersection labeled A to the intersection labeled B in the grid
of streets shown below. The driver only drives north (up) or east (right).

. B

1 O = congested
A T [ intersection

Traffic reports indicate that there is heavy congestion at the intersections identified.
How many routes from A to B can the driver take that...

(a) avoid all congested intersections?
(b) pass through at most one congested intersection?
18. A 4-by-4 word search puzzle is a 4-by-4 array of capital letters. How many 4-by-

4 word searches have the word MATH appearing at least once either horizontally,
vertically, or diagonally? Here are examples of four different such puzzles:

FHMA MATH MMMM MATH
MATH ATHM GAAP MATH
GZ7ZQ TSME ZRTY MATH
FAYU HE EN KLHH MATP

Assume MATH appears left-to-right, top-to-bottom, or top-left-to-bottom-right only.

- Travel Notes
Several 19th century mathematicians have been associated with discovering the inclusion-
exclusion formula, including Daniel da Silva, Abraham de Moivre, and J. J. Sylvester, but
it was da Silva who first published it in 1854.

The hardest part about inclusion-exclusion is the notation. The use of N> and N= is
fairly common but not universal. The use of the subset sum ) ;. ; p avoids undue use of

“...” in something like

N=(®@) = N-@) — > N=(p)+ > Ns(pip))— . N=(pip;pi)
i i#j i,j,k different
+o A G N2 (pip2 - pa).

In Sections 8.5 and 8.6, we study a powerful generalization of inclusion-exclusion
called the principle of Mobius inversion. In the foundational paper concerning Mobius
inversion, Rota (1964) begins by declaring that “One of the most useful principles of
enumeration in discrete probability and combinatorial theory is the celebrated principle
of inclusion-exclusion. When skillfully applied, this principle has yielded the solution to
many a combinatorial problem.”

3.2 Mathematical induction

The reader familiar with induction can either omit this section or skim the examples.

In this section we highlight how to use induction to complement our combinatorial
proof techniques. Sometimes you might first discover the truth of an identity using induc-
tion, and then later realize a combinatorial proof. Other times, induction ends up being the
only thing that works.
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The principle of mathematical induction

The principle of mathematical induction provides a sufficient condition to guarantee the
truth of a statement that depends on an integer.

Theorem 3.2.1 (mathematical induction) Let ny be an integer, and suppose S(n) is a
statement involving an integer n. If the following two conditions are true, then S(n) is true
foralln = ny.

e Base case: S(no) is true.

o Inductive step: If k is an integer, k = no, and S(k) is true, then S(k + 1) is true.

The proof appears at the end of this section.

To use mathematical induction you must verify the base case and the inductive step of
the theorem. The base case must involve a demonstration that S(#¢) is true. The inductive
step is an if-then proof in itself. You must (1) assume k is an integer, k = ng, (2) assume
that S(k) is true, and then (3) prove that S(k + 1) is true.

It is step (3) where all the work and creativity occur. The truth of S(k) in step (2)
is known as the inductive hypothesis. Every proof by induction must use the inductive
hypothesis (abbreviated IHYP in the examples to follow) at some point. If it doesn’t then
it’s mostly likely an incorrect proof.

Example #1: partial geometric series
In the sections on generating functions soon to follow we make good use of the identity

1= xn+1

T+x+x2 44 x" =
1—x
which holds for any real number x # 1 and for any integer n = 0. You have used this
formula in calculus to find the partial sum of a geometric series.

Question 101 Compute 1 —2 + 4 — 8 + 16 — 32 + 64 — 128 using the formula.
We’ll prove the theorem by induction on 7.

Theorem 3.2.2 [f x is a real number, x # 1, then foralln = 0,

n n+1

Y=

J=0

Proof by induction on n: Assume that x is a real number, x # 1. For n = 0, define S(n)
to be the statement
n n+1

S(n): ij — 1-x"

< 1—x
Jj=0

When n = 0, the left-hand side of the equation S(0) is Z?=0 x/ = x% = 1 since x°
is defined to be 1 for all real numbers x (including 0). The right-hand side of S(0) is

1—x0+1 — 1=X _ 1 since x 75 1. They are equal, so S(0) is true.

1—x 1—x




96 3. Algebraic Tools

Now assume k is an integer, k = 0, and that S(k) is true, namely

k ) 1— xk+1
HYP: fo ="
j=0

1—x

We must prove that S(k + 1) is true, namely

k+1 k+2

. 1—x

To do so, start with the left-hand side:

k+1 k
Z x/ = Z x|+ Xk peel off last term
=0 =0
1— k+1
- + xk+1 use IHYP
1—x
1 — yk+1 + xk+1(1 —X) .
= common denominator
1—x
1 — xk+1 4 k+1 _ k+2
- 1—x
1 — xk+2
 1—x
Therefore S(k + 1) is true. Therefore S(n) is true for n = 0. |

Example #2: proving an inequality

It appears that the inequality

o jt<@m+ 1)

Jj=1

might be true for any integer n = 1 because

I = 1< 2=2!
114 2! = 3< 6=3!
11+ 214 3! = 9< 24=4 (3.4
11420+ 31 4 4 = 33 <120=75!

11 +21 431441 45! = 153 < 720 = 6!

is a promising start.
Define S(n) to be the statement

Sy Y jl< (4D

Jj=1
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To prove by induction, note that the first line of inequalities (3.4) shows that S(1) is true.
Now assume that k is an integer, k > 1, and that S(k) is true, namely

k
IHYP: )" jl<(k+ DL
j=1

We must show that Zfill J! < (k + 2)!. The following calculations do the job:

k+1 k
Z j!= Zj! + (k + 1)! peel off last term
Jj=1 J=1
<k+D+Ek+ 1) by IHYP
=2(k + 1)!
< (k+2)k+ 1) 2 <k+2sincek =1
= (k +2)!.

Therefore S(k + 1) is true, so S(n) is true for all n > 1.

Example #3: solving a recurrence relation

An example of a recurrence relation is

dg = 1
3.5)
anp =2ap—1 +n-—1 forn = 1.
It governs the iterative computation of the numbers ag, a1, dz, as, . ... The value ag = 1 is
the initial condition, and then to get the successive values aj, a», as, ... you just apply the

rule a, = 2a,—1 + n — 1 repeatedly:

ag =1

ag=2a0+1-1=2(1)+0=2
a=2a1+2-1=22)+1=5
az=2a+3-1=205)+2=12

Question 102 What is ae?

To find @190 and ajpoo and so forth, we would like a formula that allows us to jump right
to a1000 without computing the previous terms. Compute a few more terms and look for a
pattern:

ap | 1|2 5]12 |27 |58 | 121 | 248
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They seem to have something to do with powers of 2, specifically

ap=1=2"-1
ay=2=22-2
ay=5=2"-3

a3 =12=2%—-4

ay =27=2°-5

as =58 =2°-6

ag =121=27 -7
a7; =248 =28 8.

Our guess is that @, = 2"T! —n — 1 holds for all n = 0.

To prove this by induction on 7, first verify the formula when n = 0. The formula says
agp = 2971 — 0 — 1 = 1. The recurrence defines ag = 1, so it is correct in this case.

Now assume k is an integer, k = 0, and that a; = 2k+1 _ k —1: this is IHYP. We must
prove that a4 = 2%¥*2 — (k + 1) — 1, or equivalently that a; . ; = 2K*2 — k — 2. Here it
is:

a1 = 2ai +k by the recurrence relation

=20 —k—1)+k by IHYP
=2k2 _2k—24k
=2k+2 _ | —2,

This proves that S(k + 1) is true. Therefore a, = 2"T1 —n — 1is true for all n > 0.

Example #4: solving a counting problem

Here’s a straightforward yet typical example of how you might use induction in combina-
torics. You are trying to count the partitions of [n] into two blocks but don’t see how to
jump directly to a formula. Instead, you define pj, to be the number of partitions of [r] into
two blocks, for n = 2. Using complete enumeration, you find p, = 1, p3 = 3, pa = 7,
and ps = 15. For example, the partitions of [3] into two blocks are

(1,42,3)),  {20L41,3)),  and  {{3}.{1,2}}.

Then you discover a combinatorial proof of the identity p, = 2p,—; + 1, forn = 3.
Question 103 Give the combinatorial proof.

Starting with p, = 1, you do some computation:

p2=1

p3=2p2+1=3
pa=2p3+1=7
ps=2ps+1=15
P =2ps +1 =231
p7=2ps +1 =063.
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The first four values agree with those you found by complete enumeration—good. Also,
the pattern looks pretty clear:

pn=2""1-1 forn = 2.
In other words, you need to prove that the numbers defined by the recurrence relation

r2=1
Pn=2pn—1+1 forn =3

are really just the numbers p, = 2"~! — 1, forn > 2.

Question 104 Give a proof by induction, like that of Example #3.

Strong mathematical induction

When using induction, sometimes the truth of S(k) alone is not strong enough to imply the
truth of S(k + 1). In such cases we can try strong induction. In the induction hypothesis of
strong induction, we assume the truth of S(j) for all j between the base value no and the
arbitrary integer k.

Theorem 3.2.3 (strong mathematical induction) Let ny and n; be integers, ng < ny,
and suppose that S(n) is a statement involving the integer n. If the following two conditions
are true, then S(n) is true for alln = ny:

e Base case(s): S(ng), ..., S(ny) are true.

o Inductive step: If k is an integer, k = ny, and S(j) is true for all j satisfying no <
Jj <k, then S(k + 1) is true.

Notice that it may be necessary to verify that more than one statement is true in the base
case. Since the assumptions are stronger than those of Theorem 3.2.1, essentially the same
proof works. (The proof of Theorem 3.2.1 appears at the end of the section.)

Example #5: bounding terms of a recurrence relation

Consider another recurrence relation:

L,=1 3.6)
Ly=L,1+Ly» forn = 2.
This means L, = L1 + Ly = 3 and L3 = L, + L1 = 4 and so forth:

n |0]1]|2|3]|4|5]6]|7
L, |2|1|314]|7|11] 18] 29

This is the well-known sequence of Lucas numbers which we will revisit a couple of times
in the text. A formula for L, is not obvious. Later in this chapter we develop a systematic
technique that allows us to derive a formula.

But if at first you don’t succeed then lower your standards: sometimes just having an
upper bound on the n-th term of a sequence is a useful thing. In this case, one easy upper
bound is L, < 2" which appears to hold for all # = 1. Atleastitistruefor 1 <n < 7:
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n |0]1]|2|3]4]5]|6 7
L, |21 |3(4]| 7 |11|18 | 29
27 11 |2 (48|16 32|64 | 128

(In fact the bound appears too generous. Exercise 9 asks you to prove a tighter bound.)
To prove the upper bound, define the statement

S(n): L, <2".

Our proof is by strong induction. When n = 1, we have L; = 1 by definition. Also,
21 = 2.1t follows that L; < 2! and so S(1) is true. When n = 2, we have L, = 3 and
22 = 4. It follows that L, < 22 and so S(2) is true. (In applying Theorem 3.2.3 we chose
no = 1 and n; = 2. The base case(s) portion requires us to show that S(1) and S(2) are
true, which we just did.)

Now assume that k is an integer, k = 2, and that S(j) is true for all j satisfying
1 < j <k, namely

IHYP: L; <2/ forall j with1 < j <k.
We must show that S(k + 1) is true, namely L, < 25+ Now,

Liy1 = Lg + Lg— by the recurrence relation
< 2k 42kt use [HYP
=212 41)
=2k-1.3

< 2k=1.92

Therefore Lyy, < 25*1, and so S(k + 1) is true. Therefore L, < 2" for all integers
n=l1.

It is very important to understand why we could apply the inductive hypothesis to both
Lj and Lj_; in the second line of the calculation above. The reason is that because k is
at least 2, then k — 1 is at least 1. Since the induction hypothesis assumes that S(j) is true
for all j satisfying 1 < j < k, we are safe in using both Ly < 2% and L_; < 251,
Question 105 What happens if you try to prove L, < 2" for all n = 0 and do not verify
the base cases?

Proof of the principle of mathematical induction
The proof of Theorem 3.2.1 uses an axiom called the well-ordering principle.

Axiom 3.2.4 (the well-ordering principle) A nonempty subset of integers that is bounded
below contains a least element.

“Bounded below” means that there is some number L such that L < x for every integer
x in the set. The well-ordering principle does not apply to, say, the set of even integers
{0, £2, +4, ...} because it is not bounded below.
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Proof of Theorem 3.2.1: We prove by contradiction. Assume that the two conditions of
the theorem are true and yet it is not the case that S(n) is true for all n > ng. Consider the
set of integers

{no,no+ l,no +2,...}.

There is at least one integer in this set for which the statement S is false. Collect all such
integers into a set called F, and notice that each element of F is at least ng + 1. This is
because S(7¢) is true by the base case assumption.

This set F of integers is then nonempty and bounded below, and so the well-ordering
principle tells us that it has a least element. Call it m, and notice that m = no + 1. Then
S(m) is certainly false but S(m — 1) must be true. This is because m is the least integer in
{ng,no + 1,n9 + 2, ...} that makes the statement false, and also because m — 1 = ny.

But the hypothesis of the theorem says then that S ((m -1+ 1) = S(m) is true,
contradicting the fact that S(m) is false! Therefore S(#) is true for all n = ny. |

Summary

Mathematical induction is a technique for proving a statement S(n) that depends on an
integer n. It requires two parts: verification of the base case and a proof of the inductive
step. In the inductive step we prove that the truth of S(k) implies the truth of S(k + 1).
Sometimes the truth of S(k) alone does not imply the truth of S(k 4 1), and so the principle
of strong mathematical induction might work. In its inductive step, one assumes the truth
of S(j) for all values of j satisfying j < k and then proves that S(k + 1) is true.

Exercises
1. (a) Prove: forn = 0, 3" — 1 is divisible by 2.
(b) Prove: forn = 0, 4" — 1 is divisible by 3.
(c) Find a general theorem and prove it.

2. Let a and b be unequal integers. Prove: forn = 0, a” — b" is divisible by a — b.

u 1 n+1 .
3. Prove: forn = 2, 1_[ l——= = . The product notation means
=2 j 2n

- 3)-(-5)(-3)0-3) (-
i jz 22 32 42 n2 )’
4. Discover and prove formulas for each of the following products.
u 1
@ [] (1 + —.)
j=1 /
u 1
® [] (1 - —.)
=%
n

5. Discover and prove a formula for the sum Z(—l)j j2.
Jj=1
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n 1
6. Conjecture and prove a formula for Z Z J . (You can call this the “Twelve Days of
i=1j=1
Christmas” formula because when n = 12 the sum equals the total number of gifts
given in the song.)
7. Give a combinatorial proof: forn = 1, Z<7=1 jl<@m+ 1
Do so by asking a question and then performing a deliberate under- or over-count with
one of the answers.
8. The work in (3.4), page 96, suggests that Z<7=1 JjI'< %(n + 1)! might be true.

(a) Prove this sharper inequality by induction.

(b) Give a combinatorial proof.
9. For the recurrence relation shown in (3.6), page 99, we proved L,, < 2" forn > 1.

(a) Prove the tighter inequality L, < 1.7". At what value of n should you start the
induction?

(b) What is so special about the number 1.7? Adjust your work in part (a) to create
the tightest bound that you can.

10. Define a recurrence relation by ap = a1 = a» = 1, and a, = ap—1 + an— + an—3
forn = 3. Prove: a, < 1.9" forall n = 0. Also, can you prove a tighter bound?

11. Define ag = 1 and for n = 1, define a,, = na,—1 + 1. Prove: Forn = 0, a,, =
n

Z(n)j-

J=0
12. Prove: If n is an integer, n = 2, then either n is prime or else can be factored into a
product of primes. (This is the fundamental theorem of arithmetic.)

13. Assume the truth of the following statement: if A and B are disjoint, finite sets,
then |[A U B| = |A| + |B|. Prove the following by induction on n: for n > 2, if
Ay, Az, ..., A, are finite, pairwise disjoint sets, then

UAi =Z|Ai|-

i=1 i=1

14. Let n = 1. Prove that any 2" x 2" checkerboard with any one square removed can be
completely tiled with L-shaped tiles. (The tiles take up three adjacent squares of the
checkerboard in an L shape.)

3.3 Using generating functions, part |

Our job for the remainder of this chapter is to introduce and use generating functions to
solve combinatorial problems. Generating functions exploit algebra to mimic calculations
involving the sum and product principles. The amount of information that can be squeezed
out of a generating function is surprisingly great. Their use often leads to new insights and
clever proofs.
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The magic of algebra

In how many ways can a team score a total of six points in basketball? (In basketball,
any single shot is worth either one, two, or three points. And we’re only interested in the
number of each type of shot made, not the order in which they were made.)

Admittedly this is a problem small enough to solve by brute force because six is not a
large number. In fact, we just need to count the partitions of 6 into parts of size at most 3.
There are seven, namely

3+3 24242 I+1+1+14+1+1
34+2+1 24+2+1+1
34+1+1+1 24+14+14+14+1.

But this becomes unreasonable to do when we ask the same question of 98 points—a more
realistic total for an NBA game—instead of six points.

Question 106 How many ways are there to score seven points?

Generating functions can answer both the six-point question and the 98-point question
with the same effort, and therein lies the advantage. Let’s tackle the six-point question first.

e In scoring six points, the contribution from one-point shots to that score is
Opts® 1 ptd 2 pts @ 3 pts @ 4 pts B 5 pts & 6 pts
where @ means exclusive-or. Symbolize this algebraically as
O x! +x? x4 xt x4 2

where the @ signs have been replaced by ordinary addition and where the total con-
tribution appears in the exponents.

e The contribution from two-point shots to the score of six points is
0 pts & 2 pts @ 4 pts P 6 pts.
Symbolize this algebraically as x° + x2 + x* + x©.
e Finally, the contribution from three-point shots is
0 pts & 3 pts &b 6 pts,

which we symbolize algebraically as x° + x3 4 x©.

Multiply these three algebraic expressions together in a product-principle-type of calcula-
tion to get the generating function

A4+x+x2+ 3+ x4+ x5+ 3 A+ 22+ x* +x% 1+ x3 4 x9). (3.7)

contribution from 1-pt shots ...from 2-pt shots ...from 3-pt shots

Then distribute and gather like terms (which is best done with a symbolic manipulator like
Maple) to rewrite it as

14+ x 4+ 2x2 4+ 3x3 + 4x* + 5x° + 7x + 7x7 + 8x% + 8x°

(3.8)
4 8x 10 71l 4 7x12 4 5x 13 o 4x 1 4 3x 15 4 2x 10 4 417 4 x18,

To answer the original question, we just find the coefficient of the x® term, which is 7.
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GO+ x+x2 +x3 +x x5+ xOE0 X%+ x4+ x0( + 13 +x0)
— XO+O+O 4 X1+O+O 4 X2+O+O 4 X3+O+O 4 X4+O+O 4 XS+O+O 4 X6+O+O
+ XO+2+O 4 X1+2+0 4 X2+2+0 4 X3+2+0 4 X4+2+0 4 XS+2+O 4 X6+2+0
+ XO+4+O 4 X1+4+0 4 x2+4+0 4 X3+4+0 4 X4+4+0 4 XS+4+O 4 X6+4+0
+ XO+6+O 4 X1+6+0 4 x2+6+0 4 X3+6+0 4 X4+6+0 4 x5+6+0 4 x6+6+0
+ XO+O+3 4 X1+0+3 4 x2+0+3 4 X3+0+3 4 X4+0+3 4 XS+O+3 4 X6+0+3
0+2+3 1+2+3 24243 34243 44243

5+2+3 6+2+3

+ X + X + X + X + X +x + X
4043 T3 243 (343 L AA3 | (5443 L 64443
4 ox0F6+3 4 14643 (24643 | (34643 | (446+3 | (54643 | 64643
4 x0F0+6 4 (14046 4 (24046 | (34046 | (4+0+6 | (5+0+6 | 64+0+6
4 x0F2H6 4 14246 (24246 | (34246 | (44246 | (54246 | 642+6
4 ox0F4H6 4 14446 (24446 | (34446 | AF4H6 | (546 | 64+4+6

+ x0+6+6 + x1+6+6 + x2+6+6 + x3+6+6 + x4+6+6 + x5+6+6 + x6+6+6

e R i e S T o S S R S S R
e e b A T I N B B B R R L A o A e L b
F xS T T xS T a0 X0
+x7 4+ x¥ x4 a0 XM 12y 13
+ x4 a0t 12 13 M xS
+ x4+ x7 x84 x% F x10xt px12
i i B B e e A NI
4 x0T 12 B 1 x5 x 16
+x12 pxB x5 16 x 17 x18

=14 x +2x% +3x3 +4x* +5x° + 7x® + 7x7 + 8x% + 8x°
4 8x 10 4+ 7ot 4 7x 12 4 5x 13 o Ax™ 4 3x 10 4 2416 4 x17 4 x18,

Figure 3.1. The 84 terms in the expanded generating function.

Why does this work? Figure 3.1 reveals the hidden algebraic details. There are 7-4-3 =
84 terms when the generating function (3.7) is multiplied out, and each appears before
simplification in the form x?+?+¢ where « is the total contribution from one-point shots, b
from two-point shots, and ¢ from three-point shots. After simplifying the exponents, each
exponent stores the point totals. Then combining like terms—the key step!—makes the
coefficient of x° equal the number of ways the team can score exactly k points.

Answering other questions

The generating function (3.8) actually answers more than just the original question. In how

many ways can a team score a total of five points? The answer is the coefficient of x>,

which is 5. How about three points? The answer is the coefficient of x3, which is 3.
Although the coefficient of x! is 8, there are not eight ways to score 10 points in
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basketball. This is because the generating function
A+x+x2+ 3+ x* + x5+ x990 + x2 + x* +x90 + x3 + x9

limits the contribution from each type of shot to be at most six points. So eight is the answer
to the question, In how many ways can a team score a total of 10 points if they make at
most six one-point shots, at most three two-point shots, and at most two three-point shots?

Question 107 Does the coefficient of x” in the generating function equal the number of
ways that a team can score seven points or does the same issue arise?

To answer the question of how many ways a team can score a total of 10 points, we
would find the coefficient of x'° in

T+x+x2 4+ 20+ 32+ x4+ 4+ 3100 +x3 + 3+ x°).

Using Maple, the answer is 14. And to go back to our original question of how many ways
the team can score a total of 98 points, we need to find the coefficient of x° in

T+x+x>4-+ )0+ +x* + -+ 3P0+ 7+ 10+ -+ 1%,

With the help of Maple this is 850.

Generating functions are capable of answering many questions at once. Might there be
one generating function that answers the question of how many ways can a team score a
total of k points for any value of k? There is:

T+x+x> 4+ + )0+ +x* +x+ A+ +x°+x°+-4). 39

The answer to the question equals the coefficient of x¥ in the above generating function.

This last generating function should raise some eyebrows. How can we make sense of a
product where each term is an infinite sum? Is it really true that the six-point and 98-point
questions can be answered with the same effort? Stay tuned.

The magic of calculus
Each term of the product shown in (3.9) is a power series. The well-known geometric series

formula from calculus is

r 2 3
] =1l4+x+x"4+x"+--- for |x| < 1.
—X

If you replace x by x? you get

1

mz 1+x2+(x2)2+(x2)3+"'

=1+x>+x* +x0+--
and if you replace x by x3 you get

1

== 1+x7 4+ ()2 + () + -

=1+x> +x8 427+,
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Thus there is a concise way to write the generating function (3.9) for the number of ways
that a team can score any number of points:

1
(T —x2) (1 —x3)
Is such an expression a satisfactory answer to the original question? That is, if you ask
how many ways that a basketball team can score a total of k points and someone tells you

that the answer is the coefficient of x* in the given generating function, then is that a good
answer? This section and the next should convince you that it is.

More magic

The six-point problem is equivalent to: How many 3-lists (z1, z3, z3) satisfy z; +z,+ 23 =
6 where z; € {0,1,2,3,4,5,6},z, € {0,2,4,6}, and z3 € {0,3,6}? Here, z; is the
contribution from one-point shots, z, from two-point shots, and z3 from three-point shots.
Problems that fit into this form are tailor-made for generating functions. We introduced
such problems in Section 2.2.

Example: postage
In how many ways can we construct a postage of 39 cents using only three- and five-cent
stamps?

The contribution from three-cent stamps can be symbolized algebraically as

X0+ x4 x30 x®
and for five-cent stamps as
X047+ x4 30
The answer is the coefficient of x3° in
(14 23 x84 X304 03914 x5 4 110 oo 130 4 13)

which, using Maple, is 3.
Question 108 How many ways are there to make change for 14 cents using five pennies,
three nickels, and one dime? Write down a generating function and find a coefficient.

Just like the basketball question, the question of the number of ways to make a postage
of k cents using only three- and five-cent stamps can be answered by finding the coefficient
of x¥ in the “extended” generating function

A+ +x+ 22+ )0+ x°+ x4+ x5 400

or its equivalent, concise form
1
(I—x3) (1 —x5)

And this problem is equivalent to counting the 2-lists (z1, z») of integers satisfying

(3.10)

z1 + 2z, =39
z1 €{0,3,6,9,...,}
z, € {0,5,10, 15,.. .},
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because z; equals the contribution from three-cent stamps to the total postage, and z;
equals the contribution from five-cent stamps.

Question 109 How would the concise generating function change if you could also use up
to two 12-cent stamps?

Example: integer partitions
How many partitions of 12 have parts of size at most 5?7
There are as many such partitions as there are 5-lists (z1, z2, 23, z4, z5) satisfying

Z1+ 22+ 23+ 24 +25 =12
Z1 6{0,1,2,3,...}
z €{0,2,4,6,...}

z5 € {0,5,10,15,...}.
The answer is the coefficient of x!2 in
T+x+x2+x3+ )0+ +x +x0+ )0+ x> +x8+ 27+

(1+x4+x8+x12+”.)(1+x5+x10+x15+”.)’
or in concise form,

1
(T— 01— — )1 —xH(1—x5)

The solution, with Maple, is 47.

Question 110 How would the concise form of the generating function change if we wanted
to know the number of partitions of 12 that have parts of size at most 5 but no parts of size
4?

Ordinary generating functions

Now that we know a little about what generating functions do, it’s time to learn what they
are. Informally, a generating function is a power series that organizes a number sequence
for display. The ordinary generating function (OGF) of the sequence ag, a1, a2, as, ... 1is

Zakxk = dao +a1x+a2x2+a3x3+---
k=0

and a handy way to abbreviate the sequence ag, a1, a3, ds, ... is {ax }x>o. Take note that
the sum is from k = 0 to oo.

Definition 3.3.1 (OGF) The ordinary generating function (OGF) of the number sequence
{ag Y=o is defined as Z apxk.

k=0
The key feature is that ay, is the coefficient of x*. In that way the OGF is like a file cabinet
and x¥ is the label on the file that contains the term ay. The term “ordinary” distinguishes
this generating function from other types. More on that in Section 3.4.
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Semi-formal power series: a necessary conversation

Generating functions are power series, so it appears that we need to rely on calculus to
work with them. This is partly true. We already mentioned that one of the more memorable
power series you studied in calculus was the geometric series

f) =Y x*

k=0
=1l+x+x24+x>+.-.

This converges if and only if | x| < 1 (its radius of convergence), and if so, then it converges
to ﬁ This means that from an analytical perspective, it is correct to say that these two
functions of x are the same as long as |x| < 1, i.e.,

1
Zxk:— for |x| < 1.
1—x
k=0

Question 111 What is the value of the series Y ;5o(—3)%? Of Y45, 4857%2 oOf
2 k=0 3k2
We can also do things like replace x by 2x and get a power series representation for the

. 1 .
function 55 1€,

1
Z(Zx)k = Zkak =12 for |x| < %

k=0 k=0

Question 112 Why is the radius of convergence |x| < % instead of |x| < 1?

In fact, we already did something like this when we replaced x by x? in getting the concise
form for the generating function (3.9).

In combinatorics our perspective mostly is algebraic, not analytical. The power series
14 x4 x2+x3+4--- putsthe sequence 1, 1, 1, 1, ... on display because the coefficient of
x¥ is always 1. In that way we consider Y k>0 x¥ to be the OGF of the sequence {1}r>¢.
But we will also borrow the more concise form ﬁ from calculus and write

1
> oxk = , (3.11)
1—x

k=0

and then carry on all sorts of operations on these two expressions as if they were completely
interchangeable. We won’t even mention convergence. In the same way we will say that
the expressions on each side of the = sign in

> okxk = L (3.12)

1—2x
k=0

are each OGFs for {Zk }ik=0- The left-hand side is in explicit form (the coefficient of x¥ is
available at a glance) and the right-hand side is in concise form.

The algebraic theory of formal power series allows us to get away with such blasphemy.
All of the algebraic operations that we will need to perform on generating functions, like
addition, multiplication, and partial fraction decomposition, are covered. Even differenti-
ation and antidifferentiation can be thought of as formal operations. We will not develop
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this theory but instead make free use of it. See the exercises in Section 3.4 for some basic
results.

In that sense the symbol x in a generating function is an indeterminate rather than a
variable. Very useful information can be had by evaluating generating functions at certain
values of x. But keep in mind that doing so requires a return to analytic theory and the
examination of convergence issues.

Bread-and-butter OGFs

Users of generating functions need fluency in the translation of a sequence into a concise
generating function and vice-versa. Illustrations of these techniques on three of the most
important classes of OGFs follow.

OGFs and geometric series
We have already observed that ﬁ is the concise form of the OGF for the all-1s sequence

{1}x>0 because
1 2 : k
= X .
—X

k=0
More generally, if ¢ is any real number, then the OGF for {c*};>¢ is —— ~ because
1 k k K
= Yt = Yk
k=0 k=0
The ¢ = —1 special case gets used quite often:
1
SIS
I+ x . ( =

Therefore ﬁ is the OGF of the alternating sequence {(—1)" Ye=o0-

the OGF?

1
Question 113 Of what sequence is
1+ 3x

OGFs and the binomial theorem
Set y = 1 in the the binomial theorem (Theorem 2.2.2, page 63) to obtain

n
g5
This means that for fixed n, (1 + x)” is the OGF for the binomial coefficients {(Z)} k=0
Notice that the first sum stops at n while the second is infinite. Writing equality between
the two is fine because (Z) = 0 for k > n. In that sense we justify saying that (1 4+ x)” is
the OGF for the infinite sequence

OO L)

rather than just for the finite sequence (g), ("), ..

Do ()

Question 114 What is the coefficient of x> in (1 — x)°?
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OGFs and multisets

We could use our symbolic series technique to derive the OGF for the binomial coefficients
(Z) in the following way without using the binomial theorem. The binomial coefficient (Z)
equals the number of n-lists that solve the equation z; + z» + --- + z, = k where each
z; is either 0 or 1. We symbolize the choice for each z; with the term xO+xborl+ x.
Multiplying n copies of this term together gives the OGF for the number of n-lists that
solve the equation:

T+x) A+x)---T+x)=0+x)".
~—— —— ~——
z1€{0,1} z»€{0,1} zn€{0,1}
That’s it, since we know the number of n-lists that solve the equation is (Z)

The same idea works to get the concise form for the OGF of the sequence of mul-
tichoose coefficients {((Z))} k=o- For a fixed positive integer n, we know that ((Z)) is the
number of n-lists (z1, 22, ..., z,) that solve the equation z; + z5 + --- + z, = k where
each z; is a nonnegative integer. Proceeding as before, the symbolic series for each z; is

14+ x+x2+x3+---. We already have a concise form for this: ﬁ Multiplying n copies
of this together gives the OGF for the multichoose coefficients:

1\
(l—x) (1= x)n’

There is a nice duality between the OGFs for the binomial and multichoose coefficients:
e (1 + x)" is the OGF for {(})},5,-
e (1 —x)™ is the OGF for {((}))}

k=0"

Question 115 What is the coefficient of x8 in (1)67)7 ?
—X

Several examples

We now know several OGFs in both explicit and concise form. Here, n is a fixed positive
integer and c is a fixed real number:

sequence abbreviation | OGF (explicit) | OGF (concise)
L1, 1,1,... {1} =0 > im0 XK +
L—1,1,-1,... (D se | Tiso(=DFxk e
Le.cc3, .. (e | Simockak L
©): (-GG | @eso | Lizo () | A+
) @) G)- () | (G hzo | Zemol) o

Of course, the first two lines of the table are special cases of the third.
1

—_—

(1 —5x)°

The following examples illustrate how to use these facts in solving combinatorial problems.

Question 116 What is the coefficient of x* in
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Example: a distribution problem
In how many ways can we distribute 15 identical objects to 6 distinct recipients if each
recipient receives at least one object?

Think of this as counting the solutions to z; + z» + -+ 4+ z¢ = 15 where each z; €
{1,2,3,...}. This means that to get the OGF we multiply six copies of x + x2 + x3 + ...
together,

(x+x2+x3 498,
and the answer is the coefficient of x!3.

This OGF is not one we recognize until we factor out an x:

1
1—x"

x+x2 43+ =x(+x+x2+-)=x-

. . 6 . S
So the concise OGF is (1f—x)6‘ To get the coefficient of x1° in this, it stands to reason that

we just need to find the coefficient of x'57¢ = x? in ——. Because we recognize this as

(1-x)°"
the OGF for {((Z))} k>0 the answer is ((g)) = 2002.

It is worth mentioning how the factor x® comes into play. It changes the coefficient
that we seek from the one on x'5 to the one on x°. Combinatorially this corresponds to
distributing one object to each of the 6 recipients (there is one way to do that), and then
distributing the remaining 15 — 6 = 9 objects with no restrictions.

Question 117 Use an OGF to answer the same question but where each recipient receives
at least two objects.

Example: another distribution problem
In how many ways can we distribute k identical objects to 4 distinct recipients if recipient
1 receives at most two objects?

This is equivalent to counting the solutions to z; + z, + z3 + z4 = k in nonnegative
integers z; where z; < 2. The generating function is

1 2
(1+x+x2)(1+x+x2+x3+---)3=M
(1—xp

Expanded this is
1 x x2

-2 T (a—xF a—xp

To find the coefficient of x¥ in the above expression, we just find the coefficient of x* in
each of the three terms and add them. The answer is

(D))

This is because, for example, the coefficient of x* in 1/(1 — x)? is ((i)), so the coefficient
k - . 3

of x¥inx/(1—x)%is (,”,))

Question 118 Explain this answer combinatorially. How could you have derived it with-

out generating functions?
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Example: die-rolling and an important identity

In how many ways can we get a sum of 18 when five dice are rolled?
Letting z; be the value showing on the i -th die, we want the solutions to z; + z» + z3 +
z4 + z5 = 18 where each z; € {1,2,3, 4,5, 6}. Thus we want the coefficient of x18 in

(x 4+ x2 4+ 23+ x* + x° +x5°.

How can we find this coefficient without the aid of a computer and without multiplying it
all out by hand? First notice that

G+ + x5+ =AU+ x + X2+ 3+ x4+ x50,

6

1—
Now we use the identity 1 +x 4+x2+ x> +x*4+x° = of Theorem 3.2.2. Substitute

in to get the OGF
1—x6\° 1
5 = 5. (1 —x5)5. ]
¥ (l—x) T s

We want the coefficient of x!® in this OGF. It equals the coefficient of x!87> = x13 in

1

6\5

To get that, it is best to look at the expanded form of both terms in this product. The
expansion of (1 — x®)> can be done with the binomial theorem:

Q- G- G -

The expansion of 1/(1 — x)? is by now familiar:

e

The OGF is the product of these two expressions, so to find the coefficient of x!3 in that
product we need to determine how the x '3 term arises when we do the multiplication. Only
three terms contribute:

e The (}) term in (1 — x°)° times the (())x"'3 termin 1/(1 — x)°.
e The —(3)x® term in (1 — x®)° times the (3))x7 termin 1/(1 — x)°.

e The (3)x!2 term in (1 — x©)° times the ((J))x term in 1/(1 — x)°.

) -OC-EE) -

The answer is
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Summary

A generating function is a power series that stores a number sequence. The ordinary gener-
ating function (OGF) for the sequence ag, a;, az,...18 Y k>0 akxk . Typical combinatorial
applications of generating functions involve computations like those of the product princi-
ple: we determine a generating function for each way to specify the objects being counted
and then multiply them. The algebraic act of multiplying and combining like terms does
the counting for us.

Generating functions are especially good at answering questions like: How many n-
lists (z1, z2, . . ., Zn) of nonnegative integers satisfy zy + z + --- + z, = k and possibly
some additional restrictions? We gave several examples of these.

Exercises

1. In football, a team scores points in the following ways: two points (safety), three
points (field goal), six points (touchdown only), seven points (touchdown plus extra
point), and eight points (touchdown plus two-point conversion). Find a concise OGF
of {ax }k=0 Where ai is the number of ways a team can score a total of k points.

2. In each case, find a concise OGF for answering the question and also identify what
coefficient you need.

(a) How many ways are there to distribute 14 forks to 10 people so that each person
receives one or two forks?

(b) You can buy soda either by the can, or in 6-, 12-, 24-, or 30-packs. How many
ways are there to buy exactly k cans of soda?

(c) How many ways are there to put a total postage of 75 cents on an envelope, using
3-,5-, 10-, and 12-cent stamps?

(d) At the movies you select 24 pieces of candy from among five different types.
How many ways can you do this if you want at least two pieces of each type?

(e) How many solutions to z; + zp + z3 = 15 are there, where the z; are integers
satisfying 0 < z; < 8?

(f) How many ways are there to make change for a dollar using only pennies, nickels,
dimes, and quarters?

3. Find the coefficient of...
1
1+ x+ x*
(1-x)>

X
(1-x)8
(d) x°%in (x° 4+ x10 4 x11 4 ...)3,
14+ x
(1 —2x)5"
4. A professor grades an exam that has 20 questions worth five points each. The profes-
sor awards zero, two, four, or five points on each problem. Find a concise OGF that

(a) x%in
(b) x¥in

(c) x3in

(e) x*=1in

can be used to determine the number of ways to obtain an exam score of k points.
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5. A restaurant offers chicken wings at the following sizes and prices.

number of wings 7 10 15 25 60 120
price $5.49 | $7.49 | $10.49 | $15.99 | $35.99 | $69.99

(a) Determine a concise OGF so that the coefficient of x* equals the number of ways
to order exactly k wings.

(b) Determine a concise OGF so that the coefficient of x* equals the number of ways
to spend exactly k dollars. (Can you keep the units in dollars or do you need to
make an adjustment?)

6. Find the number of ways to distribute 15 identical pieces of candy to eight people so
that five of the people (being adults) receive at most one piece while the other three
(being children) can receive any number.

7. Find the number of solutions to z; + z2 + z3 + z4 = 10 where the z; are nonnegative
integers such that z; < 4, z, is odd, z3 is prime, and z4 € {1, 2, 3,6, 8}.

8. Find the number of solutions to 6z; + 9z, + 20z3 = 150 where the z; are nonnegative
integers.

9. Use partial fraction decomposition to find the coefficient of x* in each OGF.

(a) 1
) —
(1—x)(1-2x)

1
b) —
®) (1-=x)1—-x2)

3.4 Using generating functions, part Il

In this second section on generating functions we practice the algebraic manipulations
needed to extract coefficients and therefore solve counting problems. We also derive some
combinatorial identities and encounter an amazing proof of Euler regarding integer parti-
tions. Finally, we introduce the exponential generating function.

Notation for coefficient extraction

Because answering a combinatorial question often amounts to finding a coefficient in a
certain generating function, it helps to have notation to streamline the process. If f(x) is a
generating function, then we define

Hf(x)]] o’ = the coefficient of x¥ in f(x).

Soif f(x) =3 k>0 ayx*, then Hf(x)]] . = Ak
X
Here are some properties of this notation. An explanation or proof of each follows.

Le-r] = [r@]
9 Hf(x) + g(x)]] = Hf(X)]]xk + Hg(X)]] ok
s [ rw] = [re]
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[ 1
4. ﬂ =ck
|1 —cx |

5. :(1+x)"]]xk (Z)

ool = ()

Properties #1-3 have intuitive appeal, and in fact we already used them in our examples in
the last section. In particular, Property #1 says that scaling an OGF by a constant ¢ simply
scales each coefficient by c. Property #2 says that we may find the coefficient of x* in the
sum of two OGFs by finding the coefficient of x* in each OGF and adding them. Property
#3 says that multiplying an OGF by x/ shifts the location of each coefficient to the right
by j places.

Question 119 Assuming f(x) = > ;5 arpx* and g(x) = Y k>0 brx* are arbitrary
OGFss, prove properties #1 and #3.

Each of properties #4-6 represents a different way to write a fact you learned in the
last section. For example, property #5 just says that (1 + x)” is the OGF of the binomial
coefficients (}).

If you recall the die-rolling example of the last section—In how many ways can we get
a sum of 18 when five dice are rolled?—the answer was the coefficient of x'> in x°/(1 —
x)8. Using our new notation, we would find this coefficient as follows:

[l - [l - ()

Question 120 Find H(x + xz)lo]] - Begin by factoring out a power of x.
X

Another example from the previous section—In how many ways can we distribute k
identical objects to 4 distinct recipients if recipient 1 must receive at most two objects?—
required finding the coefficient of x* in (1 + x + x2)/(1 — x)3. In new notation,

1+x+x2] 1 x x?

|[ (1—x)3 ﬂxk L =x)3 * (1—x)3 * (l—x)3ﬂxk
[ 1 [ x x2

- _(1—x>3ﬂxk+ _(1—x>3ﬂxk+ H(l—xﬁﬂxk
o1 o1 1

- _(1—x)3ﬂxk + _(1—x)3ﬂxk_l + |[(1—x)3ﬂxk_2

() (5

. . . g - (1+x)2
Question 121 What is the coefficient of x° in “T5-7

The convolution formula for OGFs

Because most problems that we have solved using generating functions involve multiplying
them, we need an understanding of how this happens. In other words, if f(x) and g(x) are
the OGFs of two sequences, then what is the sequence for which f(x) - g(x) is the OGF?
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Let f(x) = ap+ai;x+azx?+--- and g(x) = bo+b1x +byx?+---. Try multiplying
these out using the distributive law of algebra:

(ao + arx + axx* + azx® 4+ ---)(bo + bix + byx?® 4+ b3x> +---).
When you do, you get

aobo + (aoby + arbo)x + (aohs + ar1b; + Clzbo)x2
+ (aobs + aiby + azby + azbo)x® + - -

In general, the coefficient of x* is
aobx + aibi—1 + azbk—s + -+ + ax—2bz + ax—1b1 + arbo

or Zi;o ajby_;. This is known as the convolution formula for OGFs.

Theorem 3.4.1 (convolution of OGFs) If f(x) = Y a;x/ and g(x) = Y _b;x/, then
Jj=0 Jj=0
foranyk =0,

[r@)-g0] = > abe
j=0

In the context of formal power series, this is simply how multiplication of series is de-
fined—it’s not a true theorem. With addition of power series defined in the natural way
and multiplication defined according to the convolution formula, these operations have the
necessary properties (commutativity, associativity, etc.) that allow the theory of algebraic
structures to justify our generating function calculations. See the exercises if you’re inter-
ested in investigating some of this.

Using the convolution formula

The convolution formula allows for effortless derivation of some combinatorial identities.
These derivations feel like combinatorial proofs in that we ask a question and answer it in
two ways. The question we ask is not, “How many?” but rather, “What is the coefficient?”
In combinatorial proofs, the creativity comes in asking the right question. In these algebraic
proofs, the creativity comes in producing the correct algebraic expression.

Vandermonde’s formula, rediscovered

Of course (1 + x)!% = (1 + x)®- (1 + x)* is true by the laws of algebra. From an OGF
point of view, this means that the coefficient of x* in (1 + x)'° equals the coefficient of x*
in (1 + x)%- (1 + x)* In other words,

H(l n x)“’]] = H(l 0t 4 x)G]] " (3.13)

Try calculating each coefficient. The coefficient on the left is familiar:

o] = ()
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Now attack the coefficient on the right with convolution. Since

A+ 0+x)* =) 6) > ) o
k k '
k=0 k=0
apply the convolution formula to get
k
6 4
T+ +0¢ = :
Joeoraenr] =2 (0)(, 2

Since these coefficients are equal—by equation (3.13) above—we just proved that

206)-()

There is a combinatorial way to prove this. Begin by asking the question: how many
k-committees can be formed from a group of six men and four women?

Question 122 Finish the combinatorial proof of this identity.

When applied in general, this idea results in the identity known as Vandermonde’s
formula. We gave a combinatorial proof in Section 2.2.

Theorem 3.4.2 (Vandermonde’s formula) For integersm,n,k = 0,

S0)67)-00)

Proof: Let m,n, k = 0. Observe that
14+ x)™" = (14 x)" - (1 +x)". (3.14)

What is the coefficient of x¥ in each of these expressions?
We know the coefficient on the left-hand side is

e = (717)

For the right-hand side, since
m n_ M i ") i
(+x)"(1+x)" = g (k>x ; (k>x :
the convolution formula then implies that the coefficient on the right-hand side is
m n _ K (m n
H(l + )™ (1 +x) ]]xk —‘; (j)(k—j)’

These coefficients are equal by equation (3.14), and the formula follows. |
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A multichoose-coefficient identity
From the equation
D 1
(IT—x)  (—x)" 1 1-x

what identity can we derive?
As in the previous example, begin by equating the coefficient of x* on the left-hand
and right-hand sides. On the left,

1 _|[n
A=xn]x \k)°
On the right we know that

1 1 1\ .
T—xm 1 T—x Z((nj ))xj 2+

Jj=0

so by the convolution formula

[l (57 = 2(05):

(Notice that the coefficient of x¥ in ﬁ is always 1.) This proves the identity

()-:07)

Question 123 What familiar identity results from (1 4+ x)* = (1 4+ x)"~1- (1 4+ x)? Prove
your answer.

Counting certain distributions

In how many ways can you distribute 20 identical objects to 10 distinct recipients such that
each recipient receives at most five objects?

OGFs and the convolution formula make this problem automatic. This problem is
equivalent to counting the solutions to

Z1+ 22+ -+ 210 =20
each z; € {0,1,2,3,4,5}

and so the answer is the coefficient of x2° in
(A4 x4+x2+x3+x* + x50,

Replace | + x 4+ x2 4+ --- + x> by 11__)_“: and extract the coefficient of x2° in the resulting
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expression:

1—x6\" I 610 1
(=) =l ol
[0ty

L \/=0 J=0 %20

10 e 10 .
— ‘ (_1),/x6j (( )) x/ .

X

Rather than blindly applying the convolution formula, it is perhaps best to write out the
first few terms of the sum on the left: we want the coefficient of x2° in

() ) B) e (2 (0

What terms in each sum contribute to the x2° term when carrying out the multiplication?
There are four pairs that do:

term in first sum | term in second sum | resulting term in product
(&) (a5)+ ()(C8)+
“W (G5 (D
(5):" () (D))
~G)+" ()~ (D)

So the coefficient of x2° is

B)E)-(CIE)-EIE)-CE)

which equals 2,930,455.
Perhaps you recognize this answer as one that might result from applying inclusion-

exclusion. (The alternating signs give it away.) If you did Exercise 8 in Section 3.1, then
you obtained this very same answer but with inclusion-exclusion. Use whichever method
you prefer. It is worth marveling, however, at how the factor (1—x©)!° produces the correct
binomial coefficients with the correct signs!

uestion 124 What is the coefficient of x” in 1-x ?
Q flicient of 7 in (
—X

Partitions, OGFs, and Euler
The OGF of the partition numbers

We know and have used the OGFs for the binomial and multichoose coefficients. We will
find the OGF of the Stirling numbers of the second kind in Section 4.3. How about the
OGF of the integer partition numbers P (n)?
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In an example from Section 3.3 we found that the number of partitions of 12 into parts
of size at most 5 equals the coefficient of x!2 in the OGF
1
(=) = 21— x3) (1 —xH) (1 - x5)
In fact, this is the OGF for the number of partitions of n into parts of size at most 5:

1
|[(1 THd =)= ﬂ » = partitions of » into parts of size at most 5.
Question 125 Find an OGF so that the coefficient of x* equals the number of partitions
of k into parts of size 3, 5, 7, or 9.

The same reasoning shows that if we simply extend the product in the denominator to
include all factors 1 — x/ for j > 1, then we get the OGF for the partition numbers.

Theorem 3.4.3 The OGF of the integer partition numbers {P(n)}nzo is
1 1
(1 —x)(1 —x2)(1 —x3)--- 1_[ 1—x/’

i=1

Euler’'s amazing discovery

It is Leonhard Euler whom mathematicians credit with the first use of the generating func-
tion. Perhaps Euler’s most famous result involving generating functions is his proof that the
number of partitions of n into odd parts equals the number of partitions of 7 into distinct
parts. It is beautiful, clever, and short. Here it is.

Let 0, equal the number of partitions of n into odd parts and let d,, equal the number
of partitions of n into distinct parts. Let O(x) := ), 0,x" and D(x) := > - dpx"
be their OGFs. Euler proved the result by showing that O(x) = D(x).

To construct O(x) we can start with the OGF of Theorem 3.4.3 and remove the terms
corresponding to parts of even size:

1
(I-x)(1—-x31—=x5%)---
To construct D(x) we just observe that each part can be included 0 or 1 times, so
D(x) = (14+x)1+x)A +x>(1 +x%---.
Now here’s the most important part of the whole proof. Notice that for j = 1,
(I=x)1+x/)=1-x%

O(x) =

which means that .
1 —x%

1—x/ "
Do this to each term of D(x) and then cancel all that you can, which amounts to every term
in the numerator and every other term in the denominator:

D(x) = (1 + x)(1 +x2)(1 + x*)(1 +x%)---

1+ x/ =

_1—x2 I—x* 1—x% 1—x8

T l—x 1—-x2 1-x3 1-x*+
. 1

T =00 =) —x%)---

= O(x).

That’s it!
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Theorem 3.4.4 (Euler) The number of partitions of n into distinct parts equals the num-
ber of partitions of n into odd parts.

Exponential generating functions

The next most useful type of generating function in combinatorics is the exponential gen-
erating function. Let’s take a brief look at it. The reason for its use will become clear in
subsequent material.

The most important power series from calculus is that for e*, namely

X xk
e’ = Z ol for |x| < oo.
k=0

In combinatorics, one way of interpreting this is that e* is the OGF of the sequence {%} >0
because the coefficient of x* is %
But that is not the most useful interpretation. We also consider e* to be the exponential

generating function of the sequence 1, 1, 1, 1, ... because the coefficient of )]C{—]: is always 1.
In an exponential generating function, the placeholder for ay is )]C{—]: rather than x*.
Definition 3.4.5 (EGF) The exponential generating function (EGF) of the number se-
. xk
quence {ay }r=o is defined as Z ag o
k=0

You must first strive to understand the somewhat subtle difference between OGFs and

EGFs. It helps to start with the familiar functions

1
1—x’

er, and (1+x)",

and ask the question, “For what sequence is each of these the EGF?”
Notice that (use the old multiply-by-1 trick, where 1 looks like % in this case)

L_Zxk_zkvx_k
1—x N Tk

k=0 k=0

so although ﬁ is the ordinary generating function of the sequence {1}, it is simulta-
neously the exponential generating function of the sequence {k!};>¢. Put another way,

|[ _1 ﬂ
=1
I —x| &

while, using the obvious extension of our coefficient-extraction notation,

|[ ! ﬂ — k.
=X ] vk

So what then is the EGF of the all-1s sequence {1}>¢? It is e* because

Lew- [£5] -
xk k! k! ’
k=0

xk [ k!
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In fact, for any real number c,

and so e~ is the EGF of the sequence {c¥};>.

For (1 + x)" we can use () = (']?!k to write

a9 = |2 (3)
k=0 xk /!

k

= Z(”)k)]i_!
| k=0 xk /K1

= (n)k.

This means that (1 + x)” is the EGF of {(n)k}k>0' Combinatorially, (1 + x)" is the OGF
for the k-subsets of an n-set while it is the EGF for the k-permutations of an n-set.
Question 126 What is the coefficient of )g—? in (1 + x)°? What is the coefficient of x> in
(1+x)°?

The following table summarizes our work on EGFs.

sequence abbreviation | EGF (explicit) | EGF (concise)
1,1,1,1,... {I} k=0 Zk;o;?lj et
1,—1,1,—1,... (D) s | Saso(-DF 2T e
l,c,c2,¢3, ... {c* k=0 > k>0 Ck% e’
Mo, M1, M2, M3 ... | AW}se | Tkso@idr | (1 +x)
01, 11,2131, (ko Yz kU7 =y

The convolution formula for EGFs

As for OGFs, there is a convolution formula for EGFs. The question is: if f(x) and g(x)
are the EGFs of the sequences {ag }x>o and {bg }x>0, then what is the sequence that has
f(x) - g(x) as its EGF?

This can be accomplished using the convolution formula for OGFs and a quick obser-
vation. The quick observation is the link between doing coefficient extraction on OGFs and
on EGFs, namely

X =k!- H X ]] .
7] ),
We will use the convolution formula in the next section to solve recurrence relations.

J J
Theorem 3.4.6 (convolution of EGFs) If f(x) = Z aj x_' and g(x) = Z b; x_' then
Jj=0 I j=0 J:
foranyk =0,

£ (k
Hf(X) : g(X)]] . > (j)ajbk—j-
© =0
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Proof: Let f(x) and g(x) be the EGFs of the hypothesis. Then
[0 5], =k (@ ew]

Now find the coefficient using the convolution formula for OGFs and simplify:

k- [rwesw] =k (D8] [ 2

al Al
iz0 /" >0 7"

:kvzk:ﬁ be-
k=)t

J=0

xk

A quick example
2x

Suppose that the EGF of the sequence {ax }r>o is 1e . What is ag?
—X

Since e2* is the EGF of {2/};50 and 1/(1 — x) is the EGF of {;!};>0, apply the
convolution formula for EGFs witha; = 2/ and b; = ;! to get

ak = |[er . ;jﬂ
U= x vk /e

“ (K
=> (j)zf'(k -

1 8
Question 127 Find a formula for the k-th term of the sequence having EGF %
e

Summary

The convolution formula for OGFs is a fundamental tool because it allows for analysis of
a sequence whose OGF is expressed as a product. As such, many combinatorial identities
can be easily derived from convolution simply by comparing coefficients on both sides of
an algebraic identity.

The exponential generating function (EGF) is similar to the OGF except that the “place-
holder” for the k-th term of the sequence is x*/ k! rather than just x*. As for OGFs, the
convolution formula for EGFs is useful. The sections and chapters to follow should give
you insight into how to make the choice between using an OGF or EGF.
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Exercises
1. Determine the number of ways to place an order for a dozen donuts where there are
six different varieties available and you order between one and four (inclusive) of each
variety.
2. Derive a combinatorial identity via the equation

1 1 1

(L—xym+n — (1—x)ym (1—x)n

(1 +x)"

(T —x)m

4. Give an example of a distribution-counting question whose answer is the coefficient
of x¥ in the OGF given in Exercise 3.

3. Use the convolution formula to find the coefficient of x* in

5. Let a, b, and ¢ be nonzero real numbers. Find the coefficient of x¥ in b rex
cx

1

6. Let j and n be fixed positive integers. Find the coefficient of x* in (17/)”
— X-

7. Prove that if ¢ # 0, then Hf(x)]] = % . Hf(x)]] iy

cxk
8. Let a, equal the number of n-letter passwords where each letter is A, B, or C. Explain

why e3* is the EGF for {a, }n>o0.
9. Suppose the EGF of {c, }n>0 is (¢* — 1)2. Find a formula for c,,.

10. Repeat the previous exercise for (e¥ — 1)3.

11. Here is how Euler proved that the binary representation of any nonnegative integer is
unique. For n = 0, let b, denote the number of ways to write # as a sum of powers of
2. Let B(x) be the OGF of {b,},>0.
(a) Explain why B(x) = (1 + x)(1 + x2)(1 + x*) (1 + x¥)(1 + x16)--..
(b) Explain why B(x) = (1 + x)B(x?).
(c) Use part (b) to prove that b, = 1 foralln = 0.

12. (abstract algebra) Let P be the set of all infinite sequences [ag, a1, d2, ...] where
the a; are complex numbers. For f, g € P, where

fz[a(), al,az,...] and g=[b0, bl,bz,...],
define addition f + g := [ag + bo, a1 + b1, az + by, ...] and multiplication
f * g :=[aobo. apb1 + a1bo, aobr + a1b1 + azby, ...]

where in general the k-th element is Zf';o aibg_;. Obviously P is closed under these
operations.

Prove that (P, 4, %) is a commutative ring. (The associative property of * requires
care.)

13. (abstract algebra) This continues the previous exercise.

(a) What are the additive and multiplicative identity elements in P?
(b) Show that P has no divisors of zero, and hence is an integral domain.



3.5. Techniques for solving recurrence relations 125

(¢c) The multiplicative inverse of f € P is that g € P for which f *x g =
[1,0,0,0,...]. Use £~ to denote the multiplicative inverse of f.
Suppose f = [ao, a1, as, ...]. Prove that f~! exists if and only if ag # 0.

-~ Travel Notes
The use of generating functions by combinatorialists was in full force when Niven (1969)
wrote a paper that made clear the reason, as mentioned in Section 3.3, when and why one

can ignore the issue of convergence. He opens the paper by writing

Our purpose is to develop a systematic theory of formal power series. Such theory
is known, or at least presumed, by many writers on mathematics, who use it to avoid
questions of convergence in infinite series. What is done here is to formulate the theory
on a proper logical basis and thus to reveal the absence of the convergence question.
Thus “hard” analysis can be replaced by “soft” analysis in many applications.

It can be argued that his paper was an important step in the establishment of combinatorics
as a field in its own right. The exercises in this section labeled “abstract algebra” concern
some basic results.

3.5 Techniques for solving recurrence relations

Recurrence relations are convenient ways to describe number sequences. We introduced
them in Section 3.2. A most famous one is that which defines the sequence of Fibonacci
numbers:

Fo=1

Fi =1

Fy=F, 1+ F forn = 2.

In this appears sufficient information to calculate the entire sequence, namely the initial
conditions Fy = 1, F1 = 1, the recurrence F,, = F,—1 + F,,—»; and the index set n = 2
over which the recurrence is valid. We can start with the initial conditions and iteratively
compute successive values:

h=F+Fk=14+1=2
F=FK+F=24+1=3
Fo=F+F=34+2=5
Fs=F,+F=54+3=8

But we cannot, it appears, jump right to the 100th Fibonacci number Fjg9 without com-
puting all preceding values.

The goal of this section and the next is to determine formulas for the n-th term of a
sequence defined by a recurrence relation. In a sense that is what it means to “solve” a
recurrence relation: to have a non-recursive formula for the n-th term.
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We have already met several recurrence relations. We can think of the familiar Pascal
n—1 n—1

identity (7) = (;=;) + (";') as a dual recurrence in both  and k. In Theorem 2.3.3 on
page 71 we proved the recurrence

n—1
By =3 (” . 1)3(1)
j=o\ J
for the Bell numbers. In Section 4.3 we show how to apply the techniques that we learn in

this section to obtain a beautiful formula for the Bell number B(n).

The approach to solving recurrence relations uses the recurrence and initial conditions
to determine the generating function (either ordinary or exponential, depending) of the
sequence and then extracts a formula for the n-th term by finding the coefficient of x” or
%. This section highlights the techniques on particular examples.

An easy example with OGFs
We begin with a simple example that illustrates the method. Our goal is to find a formula
for the n-th term of the sequence {a,},>0 defined by the recurrence relation

ag = 1

anp = 3a,—1 forn = 1.

Though a formula for a,, is not hard to guess, it is best to start simple.
Question 128 What appears to be a formula for a, ?

The method works as follows. First define f(x) := ), ., anx" as the OGF of the
sequence {d, }»=0. Then use the recurrence to find a concise form for this generating func-
tion. Once found, extract the coefficient of x” to get the formula for a,,.

Take the recurrence a, = 3a,—1 and multiply through by x” to get

apx" = 3a,—_1x".

Then, sum over the values of the index n for which the recurrence is defined. In this case,
that’s over n = 1, so we get

Z apx" = Z 3an_1x". (3.15)
n=1 n=1

Our goal now is to write this in terms of the OGF f(x) which requires a little algebraic
manipulation of each piece. The first sum equals f(x) less its 0-th term ag, which in turn
equals 1 by the initial condition:

Zanx” = (Zanx”) —ag = f(x)—1.
n=1 n=0

The sum on the right-hand side of equation (3.15) equals 3x - f(x):
Z 3a,-1x" = 3x Zan_lx"_l =3x- f(x).

n=1 n=1



3.5. Techniques for solving recurrence relations 127

Factoring out x accomplishes the necessary task of making the index on a,—; agree with
the power of x”"~!. (You’ll be doing that a lot in what follows.)
Now substitute these pieces into the equation (3.15) to get

J)—1=3x-f(x).

Now we just solve for the unknown generating function f(x):

fE)=1=3xf(x) = (1=39)-f(0) =1 < f¥) =7

So ﬁ is the OGF of the sequence {ay, }»>0. The formula for a, follows immediately by

extracting the coefficient of x":

1 n
“"‘H1—3xﬂxn‘3’

An easy example with EGFs

soa, = 3" foralln = 0.

Next let’s look at the recurrence relation
bo =2
b, =nb,_1 forn = 1.

It is instructive to look at the first few terms.
Question 129 What are the values of by, b, ...,bs? Can you guess a formula for by, ?
What if the initial condition were changed to by = 1?
This sequence yields easily to an EGF but not an OGF. Follow carefully to see if you can
spot the reason.

Define g(x) := > ,50bn ):l—',l as the EGF of the sequence. Take the recurrence b, =
nby—1 and multiply it by ):l—',l to get

n n

X X
bp— =nb,_1—
n! n!

and then sum over n > 2 which are the values of n for which the recurrence is defined:
x" x"
ann—! = Z”b"‘ln—!‘ (3.16)
n=1 n=1

Now do the accounting trick to write this equation in terms of g(x). The sum on the left is
g(x) less its O-th term by = 2:

> obur = (an),i—,> —bo = g(x) -2,

n=1 n=0

The sum on the right-hand side of equation (3.16) needs b,—; matched with ()r‘ln_—_li, in order
to relate to g(x). Accomplish this by canceling the n and factoring out an x:

n—1

x" x" X
ann—ln—! = an—lm =xz>:lbn—lm =x-g(x).

n=1 n=1 n=
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(See how nicely the EGF’s denominator of n! takes care of the 7 in the numerator?) The

equation (3.16) is now equivalent to g(x)—2 = x-g(x). Solve for g(x) to get g(x) = %
2

l—x:

2 1
b,,=|[ ﬂ :z.|[ ﬂ -
l—x x"/n! l—x x"/n!

Therefore b, = 2 - n! for all n = 0. (Remember that ﬁ is the EGF of {n!},>0.)

Now find b, by extracting the the coefficient of );—',l in

Another example with OGFs

Now let’s do an OGF example that requires a little more work. We will find a formula for
the n-th term of the sequence {c, }»>0 defined by
Co = 1
cp =4cp—1+1 forn > 1.
Guessing a formula for ¢, based on a few values is a little harder than in the previous
examples.
Question 130 What are the values c1, ca, . .., c5? Can you guess a formula for ¢, ?
Define ii(x) := Y o2, cyx™ as the OGF for the sequence {c,}5°,. Begin with the
recurrence and multiply the whole thing by x":
X" =4dcp_1x" + x".
Next, sum over n = 1 to get
chx" = Z dep1x" + Zx". (3.17)
n=1 n=1 n=1

You should recognize the sum on the left-hand side as the OGF /(x) minus its O-th term:

chx” = (Z cnx”> —co = h(x)—1.

nz1 n=0
From the second sum in equation (3.17), factor out 4x to remove the constant and to make
the indices on ¢,—; and x" agree. Then the remaining sum is just 2(x):

4x Z Cn1 X"V = 4x - h(x).

n=1

The right-most sum in equation (3.17) is almost ﬁ:

Zx”z(Zx”)—lz L

n=1 n=0

Now we have transformed equation (3.17) into

1
h(x)—1 =4x-h(x)+ﬁ—1. (3.18)
Use algebra to solve for the unknown OGF /A (x):
1 1
hx) =4x-h — = )= —«—.
() = dx-h(x) + 7= ®) = a0 -0

At this point there are two ways to proceed. Either works just fine, but by doing both
we gain a couple of interesting things.
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Method 1: use the convolution formula
In h(x) = 1_14x . ﬁ, the first term is the OGF for {4" },,>0 and the second is the OGF for
{1}n=0. By the convolution formula for OGFs,

cn = Zn:4f 1= Zn:4f.
J=0 j=0

Our desired formula is ¢;, = Z‘7=0 47 forn = 0.

Question 131 Do the values that this formula produces match those that you computed
from the recurrence in Question 130?

Method 2: use partial fraction decomposition
First, find the partial fraction decomposition of & (x):

1 A B
h(x) = = .
W)= a0 1—4x " 1-x
The solution is A = 4/3 and B = —1/3. (This is the same technique used in calculus to

find the antiderivative of rational functions.)

Question 132 Show the details that give A = 4/3 and B = —1/3.

This means
4/3 1/3
h(x) = / - / .
I—4x 1-—x
So then
4/3 1/3
Cn = -
I—4x 1—x]
_ 4 1 1 1
3 1—dx] 3[l—x] .
4 1
=_--4"—-.1
3 3
4n+1 —1
-3
forn = 0.
; n+1
Methods 1 and 2 are both correct, so we get the formula Z;'=0 4 = “T_l as a
by-product.

Another example with EGFs

Next let’s find a formula for the n-th term of the sequence {d, },>¢ defined by
do =1
dyp =ndy—1 +1 forn =1,

which is identical to the previous recurrence relation except for the non-constant z in place
of 4. Since an EGF worked so well on the similar recurrence b, = nb,_1, let’s try it again.

Question 133 What are the values dy, d>, ...,ds?
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Define E(x) := Y >0 dn )’“1—': as the EGF of this sequence. Again, our goal is to find the
coefficient of );—',l in E(x).

Multiply the recurrence by );—',l to get
nooyn
P

x" X
dpn— =ndy_1
n!

and then sum over the values of n for which the recurrence is defined:
x" x" x"
— = nd,—1— —_. 1
Zd”n! Z dn ln!+zn! (3.19)
n=1 n=1 n=1

Now analyze each term as usual. The first sum equals £ (x) minus its first term:

Zd,,% = (Zd,,%) —dy = E(x)—1.

nzl1 nz0
In the second sum we should simplify then factor out x:

n—1

x" x" X
ann_ln—! = Zdn_lm = XZdn_lm = X'E(X).

n=1 n=1 : n=1 :

And the third is another old friend:

x" x" X
nz1 n=0
Now equation (3.19) reads E(x) — 1 = x - E(x) + e* — 1 from which you should get

ex

Ee) = 1—x

as the EGF of {d,, }>0.
Now we can use the convolution formula for EGFs to extract the coefficient of );—',l in
E(x). Since e~ is the EGF of {1},>¢ and ﬁ is the EGF of {n!},>0, convolution gives

1 — (n (7
d, = |[ex. ﬂ = (,)1-(n—j)!= (.)(n—j)!.
L= xn/m ﬂ,-go J jz=;) /

A little simplification produces

n n | ;

Jj=0 Jj=0

We have found our formula:
1 1 1
dp=n!|=+—=4++-+—= forn = 0.

The formula could also be written d,, = Z<7=0 (n);.

Question 134 Explain why.

Combinatorially, (7)o + (1)1 + (n)2 + - - - + (n), counts the total number of permutations
of [n] of any size. Therefore if we define dj, to be the number of permutations of [n] of any
size, then d,, must satisfy the recurrence relation dy = 1 and d,, = nd,—1 + 1 forn > 1.
(See Exercise 15 of Section 2.1 for a combinatorial proof.)
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Should | use an OGF or an EGF?

You may be wondering why we chose an OGF in the first and third examples and an EGF
in the second and fourth. It is instructive to swap the choices and see what happens.
In the third example, define H(x) := ), - an );—',l as the EGF of {a, },>0. Take the

recurrence d, = 4a,—1 + 1, multiply through by %, and sum over n > 1:

1 n—1

xn1 x"= by
Zanm = ; 4an_1m + Z m (320)

n=1 n=1

The two sums on the right equal 4H(x) and e*, respectively. The piece on the left is
interesting because it is the derivative of H(x):

-1 X2 X3
an———=a1+axx +az——+as—+---
; " —1)! 2! 3!
_d x? x3
= Ix ao+a1x+azz—!+a3§+---
= H'(x).

Equation (3.20) now simplifies to
H'(x) = 4H(x) +¢*

which is a first-order linear ordinary differential equation with constant coefficients. Stan-
dard techniques from introductory differential equations will find H(x) and then you can
extract the coefficient of );—',l to get a formula for a,. While this is a great illustration of the
intersection of continuous and discrete mathematics, it does require more work than using
the OGF.

In the fourth example, define B(x) := -, bnx" as the OGF of {b, },>¢. Take the
recurrence b, = nb,_; + 1, multiply through by x"1 and sum over n > 1.
Question 135 [fyou attempt this, where do you run into trouble?
As a general rule of thumb, try an OGF on a recurrence relation with constant coefficients,
and an EGF on one that doesn’t have constant coefficients.

Summary

This section provided examples of a method for solving recurrence relations via generating
functions. “Solving” a recurrence relation means finding a closed-form (non-recursive)
formula for the n-th term. The method is as follows.

e Given a sequence {a, }»=0 defined by a recurrence relation, define g(x) as either the
OGF or the EGF of the sequence.

e Multiply the recurrence by either x” or );—',l and then sum over all values of n for which
the recurrence is defined.

e Manipulate the equation in the previous step to get it in terms of the unknown gener-
ating function g(x). Be sure to use the initial conditions.

e Solve for g(x) to find the generating function.

e Extract the coefficient of x” or );—',l to obtain a formula for a,,.
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Exercises
1. Solve the following recurrence relations using the generating function technique.
(@) ap =0and a, =2a,—1 + 1 forn = 1.
(b) by = % and b, = 3b,_1 — % forn = 1.
(¢) co=1and ¢, = 3a,—1 + 3" forn > 1.
(d) dy=1,dy =4,and d, = 4d,_1 — 4d,_» forn = 2.
(e) eg=e1 =1,e, =2,and e, = 3e,—1 — 3ey—2 + €,—3.

=
=

2. Use an EGF to solve the recurrence relation ag = 2 and a,, = na,—; — n!forn > 1.

3. Let D, be the number of derangements of an n-set. (See Section 3.1.) Define Dy = 1
and note D1 = 0.

(a) Give a combinatorial proof: D, = (n — 1)(Dy—1 + Dy—3) forn = 2.
(b) Find the EGF of {Dy, },,>0.
(c) Use part (b) to find a formula for D,.

4. Find a formula for the n-th term of the sequence defined by the recurrence relation
E, = nE,_y + (—=1)" forn = 1, where Ey = 1. Also, what is the relationship
between E, and the D,, of the previous exercise?

5. Let gn equal the number of lists of any length taken from {1, 2, 4} having elements that
sum to n. For example, g3 = 3 because the lists are (1, 2), (2, 1), and (1, 1, 1). Also,
g4 = 6 because the lists are (4), (1,1,2), (2,2), (1,1,1,1), (1,2,1), and (2,1, 1).
Define go = 1.

(a) Find each of g1, g2, and g5 by complete enumeration.

(b) Prove that g, = gn—1 + gn—2 + gn—a forn = 4.

1
(¢) Let G(x) be the OGF for {g, }s>0. Show that G(x) =

l—x—x2—x%
n by—i

6. Consider the recurrence relation defined by by = 1 and b, = Zi=1 5 forn > 1.
Let B(x) be the OGF of {b, }n>o. Show that B(x) = 5L+

>~ Travel Notes
The reader who is familiar with finding power series solutions to differential equations will
find many similarities with the methods of this section. Indeed, the method we presented
for solving ap = 1, a, = 3a,—1 for n = 1 has much in common with the following
derivation of the solution to y’ = 3y, y(0) = 1. Begin by writing the unknown function y

as the power series

xn xZ x3 x4
Y=Zann—!=ao+a1x+a22—!+a3§+a44—!+...
n=0
whence
= gy bt ar e +as +aste +
y =a1 azx 032—! 045 054—!
and 5 , \
3y = 3ap + 3a1x + 3a x—+3a x_+3a AT
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Equating coefficients gives a; = 3ag, ax = 3a1, as = 3a», and in general a,, = 3a,—;.
The initial condition y(0) = 1 means a9 = 1 and so we are faced with solving ap = 1,
dn, = 3ay—1. The solution is a, = 3" for n = 0 and so the solution to the differential

equation is
3 n
y = E 3" E (x) = e3%, |x| < oo.

n=0 n=0

3.6 Solving linear recurrence relations

In this section we derive solutions for two types of recurrence relations that arise often
enough to earn a once-and-for-all treatment. The reader wishing to omit the derivations
can just read Theorems 3.6.1 and 3.6.2 in preparation for their later application.

The first type of recurrence relation we solve is one like

C0=1

cp =4cp—1+ 1 forn > 1.

It is a first-order linear recurrence relation with constant coefficients. In general, such
recurrence relations are of the form

ap given

an = ady—1 + B forn>1

where ag, «, B are real numbers with o # 0. It is first-order because the recurrence for
a only involves the previous term a,—; . (Similarly, a first-order differential equation only
involves an unknown function y and its first derivative y’.) It is linear because a, can be
written as a linear function of lower-ordered terms.! It has constant coefficients because o
and B are constants that do not depend on the index n. The recurrence d,, = ndy—1 + 1
from the last section is linear but does not have constant coefficients.

An example of the second type of recurrence relation that we solve in this section is
the one for the Fibonacci numbers, namely

F,=F,1+ F—» forn = 2.

This is a second-order linear recurrence relation with constant coefficients. In general,
such recurrence relations are of the form

ap given

ap given

ap = dap—1 + Pan—2 +y forn = 2,

where ag, a1, o, B, y are real numbers with o # 0. In addition if the recurrence has y = 0
(as Fibonacci does) it is called homogeneous.

A recurrence such as ¢, = 4¢;—1¢n—2 + 1 is not linear.
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First-order linear recurrence relations
Our first goal is to solve the recurrence relation

ap given

an = ady—1 + B forn =1,

where ag, «, B are real numbers with o # 0.
Let f(x) be the OGF of {a,},>0. As usual, begin by multiplying the recurrence through
by x” and summing over n = 1. This results in

Zanx" = Zaan_lx” + Z,Bx”

n=1 n=1 n=1
or
E anx" = ax E an_1x" 14+ B E x".
n=1 n=1 n=1

Now write this in terms of the OGF f(x) and other known quantities:

1) = a =axf) + (= 1)

:ocxf(x)+%.
Solve f(x) —aop = axf(x) + Bx/(1 —x) for f(x) to get
fay = U= FPx a0 Px 3.21)

(I—ax)(1—x) 1—ax (1I—ax)(1—x)

To find a formula for a,, just extract the coefficient of x":

_ ao IBX
n = |[1—ocx + (l—ocx)(l—x)ﬂxn

1 1
o |[1 —ocxﬂxn +h- |[(1 —ax)(1 —X)ﬂxn—l

n—1

:aooc"+,BZocj-l

J=0

n—1

=aooz”+,BZozj.

Jj=0

We used the convolution formula for OGFs in the third equality.
This formula for a, can be cleaned up a little more using the identity

+1

k j 1—xk
> oxl = - (3.22)
j =0

Since the formula works for any real number x with x # 1, there are two cases to consider.
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Case 1: 0 # 1
If o # 1, then apply equation (3.22) withx = o and k = n — 1 to get 27;(1) ol =
In this case, the formula for a,, is

1_ n
anzaooc”+,3( a).

l—«a

1—a”

1—o

Case2:a =1
If o = 1, then 27;(1) ol = 27;(1) 1 = n. In this case, the formula for a, is then
an = apa + Bn.

We’ve now given a complete answer to the question of how to solve a first-order linear
recurrence relation with constant coefficients.

Theorem 3.6.1 Consider the recurrence relation
ap given
an = ady—1 + B forn =1,
where ag, o, B are real numbers with « # 0. The OGF of the sequence {ay }n>o is

do Bx
1 —ax + (1-x)1 —ax)’

It follows from the OGF that

oot -5 (7)) var

apa” + Bn ifa =1

ap =

is a formula for the n-th term of the sequence.

Applying the theorem
For example, to find the 20th term of

apgp = —1
a, = anz_l +3 forn =1,
just note that « = 1/2 and B = 3. Observing that o« # 1, we apply the formula to get

_ 1—(1/2)%
az = (—1)(1/2)*° + 3 (W)

1 1

e e 7 6291449
T 220 71048576 1048576

7
In general, the n-th termis a, = 6 — o

Question 136 Find the n-th term of the recurrence relation ag = 105, a, = ap—1 — %for
n = 1. Also, confirm the formula for the n-th term of co = 1, ¢, = 4cp—1 + 1 forn = 1,

which we derived in Section 3.5.
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Second-order linear homogeneous recurrence relations

As we mentioned earlier, the recurrence relation that defines the Fibonacci sequence is
an example of a second-order linear homogeneous recurrence relation. In general such a
recurrence relation looks like

ap given

a; given

an = aay—1 + Ban—> forn = 2.
We assume that g, @1, @, B are real numbers with 8 # 0. Exercise 7 asks you to extend
the work we are about to do to the non-homogeneous case.

Define f(x) := ), >, anx" as the OGF of {an}n>0. Multiply through by x” and sum
over n = 2, and then make the usual adjustments to the right-hand side:

E apx" = E aap_1x" + E Ban—ox"

n=2 n=2 n=2

=ax E an_1x"1 + Bx? E Ap_ox" 2.

n=2 n=2

This equation is equivalent to f(x) —ap—a1x = ax (f(x) —agp) + fx?% f(x), and solving

for f(x) shows that

aop + (a1 —aag)x
1 —ax—Bx

At this point we need to factor the quadratic in the denominator to determine the nature of

its roots. In the case of distinct roots, we’ll use partial fraction decomposition to extract the

coefficients.

(3.23)

Case 1: distinct roots
If the roots are distinct, then it is possible to factor the denominator into the form (remem-

ber B # 0)

1 —ax—Bx2=(1—-rx)(1 —rx)
where rq # r,. We seek, then, the partial fraction decomposition of

ap + (a1 —aag)x A B
l—ax—pBx2  1—rx  1—rx’

Multiplying through by (1 — r1x)(1 — r2x) shows that
ap + (a1 —aag)x = A(1 —rx) + B(1 —r1x)
=(A+ B)+ (—rzA—rlB)x
This leads to the system

A+ B =ag
—rA — B = a; —aayp.

Its solution is

ry —o)ag +a 0 —rp)dg —a
_ (n—ajao +a; and B:ao—Az---z( 2)ag — dy
ry —ry ry —rp

A
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Question 137 Solve the system by hand to verify the given values of A and B. At what
point in the calculation does the need to assume r1 # ry enter?

Now, go back to the equation (3.23). We just showed that

A B

+
—rix 1—ryx

) = 5

where A and B are as we determined earlier. This means that the coefficient of x” in f(x)
is Ar{ + Br}. Before organizing this information into a theorem, though, we need to treat
the case of repeated roots.

Case 2: repeated roots
In this case, we can factor the denominator into the form

l—ax—px?=(1—-rx)>
Partial fraction decomposition is not necessary. Since

ao + (a1 —aag)x _ ap + (a; —aag)x
1 —ax—px2 (1 —rix)?

we can begin by finding the coefficient of x” in 1/(1 — r;x)?. Use the multichoose OGF
as a starting point, namely

1 m n
=5

but substitute 7m = 2 and replace x by r1x to get

1 2
T~ L (()) ()" = 3+ Drfat

n=0 n=0

Therefore the coefficient of x™ in 1/(1 — r1x)? is (n + 1)r. So now, since the OGF of
{annz=o is
ap + (a1 —aag)x ao (a1 —aag)x
(I1-rnx)2? — (I-rx)?  (1-rx?’

the formula for a,, is

aop ay —odo)Xx
|[ ( 1 ) ﬂ 4
X

(1—rix)? (1 —rix)?
_ ap (a; —aap)x
B H(l—rlx)zﬂxn " |[ (1 —rix)? ﬂx”

1 1
=ap - |[7(1 — rlx)zﬂxn + (a1 — aag) - |[7(1 — r1x)2ﬂxn—1

ao(n + Dri + (a1 —aao)nr{'_l.
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The whole story
Here’s the theorem that summarizes our work.

Theorem 3.6.2 Consider the recurrence relation

ap given
ap given

an = aay—1 + Pap—>  forn =2,
where ag, a1, «, B are real numbers with 8 # 0. The OGF of the sequence {ay, }n=0 is

ap + (a1 — aag)x
1 —ax— Bx2

To determine a formula for a,, do the following:

e Factor the quadratic 1 — ax — Bx? into the form (1 — r1x)(1 — r2x), for (possibly
complex) numbers r1 and 1.

(@ —r2)ap —

m-oaotar . p_ U The for-

e Ifr1 # ry, then define A =
ry—rz ry—rnr2

mula is a, = Ar} + Br} forn = 0.
o Ifry = ry, then the formula is a, = ao(n + )r{ + (a1 — aao)nr{'_lforn = 0.

Exercise 3 asks you to derive the following formula for the roots of the quadratic 1 —ax —
Bx? needed in the first step of the theorem:
atJaz+4

rory = T (3.24)
Applying the theorem
In Section 4.2, we apply Theorem 3.6.2 to find closed-form formulas for both the Fibonacci
and the Lucas numbers. Until then, however, we show how to apply the formula to a slight
modification to the Fibonacci recurrence:

apgp = 1
ay = 1
ap = Ap—1 — Ap—2 forn = 2.

The sequence it defines appears pretty innocent. In fact it begins 1, 1,0, —1, —1, 0 and then
starts over.

The recurrence relation has a9 = a; = o = 1 and B = —1. Using equation (3.24), the
roots turn out to be distinct but complex:

1+ /124+4(-1)  1£i3

ri,ry =
1,72 3 3

Next note that r; — r, = i+/3 and so

A

V3

_(n—wagta _ (HRE D) +1 =3(1— i )
ri—rnr iﬁ 2
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and .
ri—rnr iﬁ 2 ﬁ ’

Therefore

1 i\ [(1+iv3\" 1 i\ [(1-iv3)"

ap=-|1—— _ -1+ — _

2 V3 2 2 V3 2
forn = 0.
Summary

In this section we applied the recurrence-relation-solving techniques of the previous sec-
tion to derive general formulas for certain first- and second-order recurrence relations. This
means that a closed form formula is readily available for any combinatorial problem whose
solution can be described by such a recurrence relation.

Exercises

1.
2.

. Find lim
o—>

Find a3 for the recurrence relationag = —1 and a, = 1 — 3a,—1.
Solve the following recurrence relations.

(@) ap =3,a1 =7,and a,, = 3a,—1 — 2a,—> forn = 2.

(b) bp =1,b; =3,and b,, = 4(ay—1 — an—3) forn = 2.

(¢c) co=2,c1=0,and ¢;;, = 2¢p—1 —2cp—p forn = 2.

(d) do=10and d, = 11d,—1 — 10 forn > 1.

Prove thatif 1 — ax — ,3x2 = (1 — r1x)(1 — rax), then ry and r; are as given in the
formulas in equation (3.24) on page 138.

. Find a formula for the n-th term of the sequence defined by the recurrence relation

an, = 2ay—1 + 3a,—p forn = 2, where ag = 1 and a; = 2.

. Answer the previous exercise but for the initial conditions a9 = —1 and a; = 0.

Re-use as much as possible your work from the previous exercise.

. Let 1, denote the number of ways to build a tower n units high using blocks of the

following types: red 1-unit blocks, red 2-unit blocks, blue 1-unit blocks, and blue
2-unit blocks. For example, 11 = 2 and t, = 6. Define 7y = 1.

Derive a recurrence relation for #,, and then use it to find a formula for 7,,.

. Extend Theorem 3.6.2 to recurrence relations of the form a, = aa,—1 + Ban— + v,

where y is a given real number and all other parameters are as before.
n

. Then, explain why this clarifies the relationship between the for-

mulas for a, shown in Theorem 3.6.1.






CHAPTER4

Famous Number Families

In this chapter we apply our tools from the previous chapters to study several well-known
number families: binomial and multinomial coefficients, Fibonacci and Lucas numbers,
Stirling numbers of the first and second kinds, and integer partition numbers. Fibonacci
numbers in particular are so compelling that an entire journal, The Fibonacci Quarterly, is
devoted to their study.

Combinatorial proofs and generating functions are the main tools we’ll use. For each
family, the main goal is to obtain a “nice” formula. The criteria for what constitutes a nice
formula are subjective, but there are some formulas that everyone would agree are nice.
For example, we have seen that the Fibonacci numbers are defined by Fp = 1, F; = 1,
and F,, = F,,_1 + F,—> forn = 2. The formula is

n+1 n+1
1 1 1 1—-
F, = ( +«/§) _ ( «/g) forn = 0.

V52 V52
It is easily evaluated for any n and involves only basic arithmetic operations. On the other
hand a formula for P(n), the total number of partitions of the integer n does indeed exist
but requires a great deal of number theory and complex analysis to understand. Somewhere
in between is one possible formula for the Bell numbers, namely

1 j "
B(n) = — I
e

. ‘ .
=0 "
Although it involves an infinite series, it converges rapidly and thus has use as a computa-
tional formula.

4.1 Binomial and multinomial coefficients

We begin with the multinomial coefficients which are generalizations of the binomial co-
efficients. These will help us answer counting questions involving set partitions where the
blocks have specified sizes. We’ll then solve the problem of counting the ways to triangu-
late a regular polygon which requires the so-called extended binomial theorem.

Multinomial coefficients

Think of the binomial coefficient (lf ) as counting the ways to distribute 10 distinct objects
to two distinct recipients such that recipient A receives four objects and recipient B receives

141
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the remaining six objects. Writing ( i%) instead of just (lf) makes explicit the number of
objects each recipient receives.
31403) counts the ways to distribute 10 distinct objects to

three distinct recipients such that recipient A receives three objects, B receives four, and C

The multinomial coefficient (

receives three. The numbers on the bottom should sum to the number at the top, else the

value is 0. For example, (21304) = 0 because 2 + 3 + 4 # 10.

n s
In general, the multinomial coefficient o ; equals the number of distribu-
1 b 2’ AR k
tions of n distinct objects to k distinct recipients such that recipient i receives f; objects,
fori € [k]. We observe that (, " ) = Ounless }_# = n. We define (, ,° ) := 1.

1,02,000k
Question 138 A gym teacher hands out eight yellow, eight red, and nine blue jerseys to
her 25 students to put them on three different teams. How many ways can this be done?

Formula for the multinomial coefficients
Our first job is to derive a formula for the multinomial coefficients. As an example, how
many distributions of 10 distinct objects to four distinct recipients are possible such that
recipient 1 receives #; = 3 objects, recipient 2 receives t, = 0 objects, recipient 3 receives
t3 = 5 objects, and recipient 4 receives t4 = 2 objects?

Consider one of the 10! permutations of [10], say (7, 10,3,2,1,6,4,9, 8,5). Assign the
first 1; = 3 objects in this list to recipient 1, the next #, = 0 objects to 2, and so on:

(7,10,3,2,1,6,4,9, 8,5)
N N — e’ N —
—1 —3 —4
But there are many permutations that produce the same distribution because sublists of

size 3, 5, and 2 (really 3, 0, 5, and 2) can be permuted in any way. There are 3!0!5!2!
permutations equivalent to the distribution

{3,7, 10} — recipient 1

@ — recipient 2

{1,2,4, 6,9} — recipient 3
{5, 8} — recipient 4

and so by the equivalence principle there are W(;!!Z! such distributions.

Question 139 Explain why (130) (g) (2) (;) is also a correct answer.
The argument using the equivalence principle generalizes immediately.

Theorem 4.1.1 Foranyn = 0andty,ta, ..., tx = 0with)_ t; = n,

n n!
fiata . te]  (la!n

See Exercise 7 for the proof.

Question 140 How many ways can you distribute 12 different books to three children so
that each child gets four books?
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A combinatorial proof

When we proved Pascal’s identity (;) = (Z:}) + (";1), we counted the number of k-
person committees that can be formed from a group of n people. The corresponding idea

for multinomial coefficients involving three recipients is

n n—1 n—1 n—1
= + +
1,12, 13 th—1,62,13 f1,lp— 1,13 t,12,13 — 1

as long as each #; > 0. For example

10\ (9 N 9 N 9
3,52)  \2,52 3,4,2 3,5,1)°

A combinatorial proof also uses the proof of Pascal’s identity as inspiration: condition on
which of the three recipients receives object 10. If a certain recipient receives zero objects,
then we do not include that recipient in the conditioning.' For example,

10\ (9 N 9
7,0,3]  \6,0,3 7,0,2)

This is because if recipient 2 is to receive zero objects, then the object labeled 10 must be
assigned to either recipient 1 or 3.

Theorem 4.1.2 Foranyn = 0andty,ta, ..., tx = 0with)_ t; = n,

n _Z n—1
I,12, ...,k oo tic i — Litipn, oo Ik

where the sum is over all i € [k] for which t; > 0.

Combinatorial proof: Assume that n = 0 and that t1, %, ..., = 0 satisfy Y, = n.
How many distributions of n distinct objects to k distinct recipients are possible such that
recipient 1 receives f;1 objects, recipient 2 receives t, objects, and so on?

Answer 1: There are (, " ) distributions.

11,02,000k
Answer 2: Condition on the recipient that receives object n. If this recipientis i (as long

as t; > 0), then there are (tla---ati—l J’Z:}JH-] ,---,tk) such distributions. By the sum principle

there are ) (z ) '7_1 ) ) total distributions, where the sum is over all i for which
Loeeosli— 1ot =Lt 15005tk

t; > 0. |

The multinomial coefficients count the possible functions [n] —> [k] with prescribed
sizes for the pre-image of each element in the codomain. The following theorem results
from considering all possible prescribed sizes and adding the results.

Theorem 4.1.3 Foranyn > 0and k > 0,

n_ n
k _Z(tl,tz,...,tk)

where the sum is over all k-lists (t1,ta, ..., ty) of nonnegative integers that sum to n.

'Equivalently, one could define (t1 tzn... tk) :=0ifany#; <O.
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Question 141 How many terms are there in the sum?

As an illustration, the number of functions [3] —> [3] equals

3 n 3 n 3 n 3 n 3
3,0,0 0,3,0 0,0,3 2,1,0 2,0,1
n 3 n 3 n 3 n 3 n 3

0,2,1 1,2,0 1,0,2 0,1,2 1,1,1

=14+1+14+3+3+3+3+3+3+6=27.

And of course 33 = 27 as well.

The multinomial theorem

The multinomial coefficients produce a “multinomial theorem” just as the binomial coef-
ficients produce the binomial theorem. A simple modification to the approach that proved
the binomial theorem in Section 2.2 works here.

Theorem 4.1.4 (multinomial) For anyn = 0,

h I I Ik
X1+ x4+ xp) = X{ X2 x
( ©) Z I,l2, ..., Ik 12 k

where the sum is over all k-lists (t1,t2, . .., ty) of nonnegative integers that sum to n.

Question 142 Provide a combinatorial proof of the multinomial theorem, assuming that
the x; are positive integers.

Counting partitions with certain specifications

How many partitions of [20] have three blocks of size 1, three blocks of size 4, and one
block of size 5?7
It would seem that the multinomial coefficient

20 _ 20! il
1,1,1,4,4,4,5)  (11)3(4H3(5NH! @1

would have something to do with the answer, since it counts the distributions of 20 dis-
tinct objects to seven distinct recipients such that recipients 1-3 each receive one object,
recipients 4-6 each receive four objects, and recipient 7 receives five objects. One example

distribution is
{17} — recipient 1

{3} — recipient 2

{11} — recipient 3

{2,5, 6,10} — recipient 4
{1,7,19,20} — recipient 5

{9, 15, 16, 18} — recipient 6
{4,8,12,13, 14} — recipient 7
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But the set partition derived from this distribution has the blocks
175,43}, {11},{2, 5,6, 10}, {1, 7, 19,20}, {9, 15,16, 18}, {4, 8,12, 13, 14}

and so the answer shown in (4.1) above is too large because the recipients are distinct
instead of identical. The equivalence principle comes to the rescue: we may rearrange
the assignment of the blocks of size 1 to the first three recipients in any of 3! ways, the
assignment of the blocks of size 4 to the next three recipients in any of 3! ways, and the
assignment of the blocks of size 5 to the last recipient in any of 1! ways (included to make
the pattern obvious) and end up with an equivalent partition. There are

20 /3!3!1! = 20! = 40,738,698,000
1,1,1,4,4,4,5]/ 7777 (an3@n3Gyanm - T

partitions of [20] with the blocks as specified, around 40.7 billion.
In general, if a partition of [#] has p; blocks of size j, where j € [n], then there are

n! ‘ . .
(1121 (21)P2 -+ (nl)Pn =n jl:[l(fl)p' 4.2)

different partitions in which the blocks of the partition are “labeled” as in the example just
discussed. The size of each equivalence class is pi!p2!--- p,!, and so the total number of
partitions of [n] into blocks with the specified sizes equals the number shown in (4.2) above
divided by the product of the p;!.

Theorem 4.1.5 For n > 0, the number of partitions of an n-set such that there are p;
blocks of size j, for j € [n], equals

n
n! [ TTGYH? pit.
j=1

Question 143 [n the theorem, what does Z7=1 J * pj always equal?

Example: bridge hands
How many ways are there to arrange a 52-card deck into four piles of 13 cards each? How
many ways are there to deal a 52-card deck to four players so that each player receives 13
cards?

The difference between the two questions lies in whether the recipients are identical
(first question) or distinct (second question). The first question asks for the number of
ways to partition a 52-set into four blocks each of size 13. By Theorem 4.1.5, there are

521

22 =2 .235,197,406.895.366.368,301,560,000
(131 4!

ways. Many bridge hands have been played in the history of the world but it is certainly
not the case that every possible partitioning of the deck has been realized.
The second question asks for the number of ways to deal 13 cards to each player. There

52
are = 53,644,737,765,488,792,839,237,440,000 ways.
13,13,13,13
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Connection with Stirling and Bell numbers

A link between partitions with specified block sizes and the Stirling numbers of the second
kind or the Bell numbers is possible but somewhat cumbersome. For example, we know
that the number of partitions of [4] into two blocks is S(4, 2). Such a partition must have
either one 1-block and one 3-block, or else two 2-blocks. Applying the theorem withn = 4

and (p1, p2, p3, pa) = (1,0, 1,0) gives

41
AT @yOGH @ oMol ¢

Applying it withn = 4 and (p1, p2, p3, pa) = (0,2,0,0) gives

41
)02 GO0 @N002I0101 — °

This shows that S(4,2) =4+3=7.

Question 144 What does the formula give if there is one block of size n? What if there are
n blocks of size 1?

Two more binomial coefficient identities

For the rest of this section we return to the binomial coefficients and first to combinatorial
proofs. The skill in giving a combinatorial proof of an identity lies in asking the right
question. Here are two proofs for which the questions aren’t as obvious as the examples in
Section 2.2 were. In both proofs we use the committee-counting interpretation of (Z)

The following identity holds for any choices of nonnegative integers n, m, and k, but
the restrictions given in the theorem help in the combinatorial interpretation.

Theorem 4.1.6 For any integers n,m, k satisfyingn,m = 1and0 <k <m,

206)=(3)

Combinatorial proof: From a group of » women and m men, how many committees of
size n + k are possible?
. (htm

Answer 1: (77)

Answer 2: Notice that at least X men must be on any such committee. Condition on
the number j of men on the committee beyond this minimum number k. There are (k:"_/.)
ways to select the men. The rest of the committee consists of n — j women, and for each
way to select the men there are (’/’) ways to select j women to exclude from the committee,

. . Co. n m . . .
thereby selecting n» — j women to include. There are (/) (k +j) possible committees for this
value of j. Summing over all j gives the left-hand side of the identity. |

Question 145 [fk = 0, then to what does the identity reduce?

We give two proofs of the following identity, one combinatorial and one using the
binomial theorem and the derivative. Pick your favorite.

n
Theorem 4.1.7 Foralln > 1, k Y = ot
k=1 k
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Combinatorial proof: Let n = 1. Given n people, in how many ways can we select a
nonempty committee of any size and also designate one person as the chair?

Answer 1: Pick the chair first in one of #n ways. Then, pick any subset of the remaining
n — 1 people to form the rest of the committee. There are 2”~! such subsets, so there are
n2"~! total selections.

Answer 2: Condition on the size k of the committee, where 1 < k < n. There are
(Z) possible committees of size k. For each such committee, there are k ways to select its
chair. In total there are Y _, k(}) ways. [ |

Proof using the binomial theorem: Since (1 + x)" = >} _, (Z)xk , take the derivative to
get

n
n
1 n—1 — k k—l‘
n(l + x) Z (k>x
k=1
Let x = 1 and the identity follows. |

The extended binomial theorem

The extended binomial theorem, sometimes known as the binomial series theorem, gener-
alizes the binomial theorem to the case when the 7 in (1 4+ x)” is not a nonnegative integer.
It is a result in analysis and we state it without proof.

Theorem 4.1.8 (extended binomial theorem) For any real number o,

A+x)*=>)" (Z)xk, for |x| < 1.

k=0

The presence of an infinite sum requires specifying an interval of convergence, in this case
|x| < 1. As usual, when we consider (1 + x)% as a concise form of the OGF for {(Z)}kzo’
the theory of formal power series allows us to finesse this issue.

The only question is: what does (Z) mean when « is not a nonnegative integer? Al-
though there is perhaps no combinatorial significance to associate with it, the same alge-

braic formula still stands:

(Z) = % where (¢) ;= a(@—1)--- (¢ —k + 1).

In other words, just use the formula (Z) = (']?,k as if n were a nonnegative integer.

-1/2
Question 146 What is( 4/ )?

Extracting coefficients
What is the coefficient of x¥ in 1/+/1 — 4x?
Rewrite and apply the extended binomial theorem:

(1—4x)"V2 = Z (_}(/2> (—4x)*.

k=0
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The coefficient is (_ }{/ 2) (—4)* . Tt is well worth attempting a simplification, for two reasons.
One, the final answer is clean and pretty. Two, the manipulations involved are good to
practice. Start by paring it down:

(—1/2> oyt = EDEDED - CHE 4

k k!
_ (DB)G) -+ 2k — D(=DF (=4
N 2kf )
_(DB)B) -+ 2k —1)2%
N k! ’

Now comes an algebraic stunt: multiply the last expression by % Notice that
k1 =25MQ@)G) - (k) = D@)(6) - (2k).
and so the numerator of the expression becomes (2k)!, i.e.,

MB)S) -+ @k —1)2F kI (k) (2k>

k! kT okt \k

Therefore (1 — 4x)~'/2 is the OGF of the sequence {(Zkk)} k>0°

Triangulating a regular polygon with n sides

In how many different ways may we triangulate a regular polygon with n sides (an “n-
gon”) with labeled vertices? (A triangulation divides the polygon into triangular regions
via the addition of non-intersecting diagonals.)

Call this number T,,. The triangle has 73 = 1 triangulation and the square has T4 = 2
triangulations:

1 2 1 2

4 <3 4 3

Also, the pentagon has Ts = 5 triangulations:

1 1 1 1 1
5.2 5.2 5.2 5.2 5.2
4 3 4 3 4 3 4 3 4 3
Focus on any one side of the n-gon, say joining vertices 1 and 2. In any triangulation,

that side will form one side of a triangle. Consider cases depending on the location of the
third vertex of that triangle. There are six cases for an octagon:

65 65 6 5 65 65

74 74 Q D! 7.4 7.4

8 38 3 8\ /3 8 38 3
— 2 1 2 — —)
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If the third corner is labeled 8, then triangulate the remaining 7-sided figure (with corners
at 2-3-4-5-6-7-8) in T7 ways. If the third corner is labeled 7, then triangulate 1-7-8 in T3
ways and 2-3-4-5-6-7 in T ways, for a total of 73T triangulations. If the third corner is
labeled 6, then triangulate 1-6-7-8 in T4 ways and 2-3-4-5-6in T5 ways, for a total of T4 15
triangulations. Continuing this produces

Ty = T7 + T3Tg + T4Ts5 + TsTy + TeT3 + T7.
In general, the same idea gives
Ty =Ty 1 +T3Ty 2+ T4Ty 3+ -+ Ty 2T3+ T, .

forn = 4. By defining 7, := 1 we can write instead

n—1
T, = Z TiTpr+1  forn =3, where Ty := 1. (4.3)
k=2

This is a nonlinear recurrence relation, but the techniques of Section 3.5 still work.

Let f(x) = Y 5> T,x"~2 be the OGF of {T},},>>. That is, T}, is the coefficient of

x""2 in f(x). (The discrepancy between the index n and the power n — 2 makes the

algebra come out somewhat cleaner.)
Multiply equation (4.3) by x”~2 and sum over n > 3:

n—1
Y T2 =" (Z Tan_k+1) x"2. (4.4)

n=3 n=3 \k=2

The left-hand side is f(x) — T2 = f(x) — 1. The right-hand side is a convolution that
appears to be something close to [ f(x)]?. Write out a few terms and see:

TyThx + (TLTs + T3T2)x2 + (ToTs + T5T3 + T4T2)x3 + .-
= X(Tsz + (TnTs + T3T2)x + (TaTy + T5Ts + TuTo)x? + )
2
=x[f(x)]".

And so equation (4.4) becomes f(x) —1 = x[f(x)]2 or

x[f] = fx)+1=0.

Now (more magic with generating functions!) solve this equation for the unknown function
f using the quadratic formula:

—(-) /P —4m0) 1+ /T—4x
2x N '

fx) = -

Apply the extended binomial theorem to +/1 — 4x to get

a2 — 1/2) ~ non
(1 —4x) _Z(n (—4)"x".

n=0
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But the sum for f(x) is over n = 2, so

1 1 o1 12\ noa
f(x)_§i§¢1—4x_2xi2x2( )( 4)" x

n
n=2
1 1{1/2
=—+) = —4)txn=L
2x Z 2( n >( )X
n=2
Depending on which solution we take,
1{1/2
Ty =%~ / (4" (4.5)
2\n—1

since (remember!) T, is the coefficient of x"~2 in f(x). Exercise 14 asks you to show that
the negative solution is the one we want, and also that it simplifies to

1 2n—4
T, = forn = 3. 4.6)
n—2\n—-1

Summary

This section covered extensions of the binomial coefficients and the binomial theorem.
Both the multinomial coefficients and the multinomial theorem extend the binomial coef-
ficients and binomial theorem, respectively, in a natural, combinatorial way. The extended
binomial theorem represents an analytic extension of the binomial theorem. We used it to
solve a nonlinear recurrence relation.

Exercises
1. The pro football season lasts 16 games. The list WWLTWWWWLWWWLLTW is

the record of a team that won its first two games, lost its third, tied its fourth, etc., and
finished with a record of 10-4-2 (10 wins, four losses, two ties).

(a) How many ways are there for a team to finish 10-4-2?
(b) How many ways in part (a) do not have consecutive losses?
(c) How many ways in part (a) have a longest winning streak of six games?

2. Consider the letters in the word DIVISIBILITY.

(a) How many different 12-lists can be formed by rearranging the letters?
(b) How many 12-lists in part (a) do not contain adjacent Is?

3. A university has 120 incoming freshman that still have to be assigned to on-campus
housing. The only remaining dorm holds 105 students and contains 42 doubles (rooms
housing two students) and seven triples (three students). In how many ways can the
university select 105 students to house in this dorm and then arrange those students
into roommate pairs and triples, without yet assigning them to rooms?

4. In the previous exercise, suppose the university gets approval to house temporarily
the remaining 15 students among the dorm’s three lounges. Each lounge will house
five students. How many ways are there for the university to assign all 120 students to
rooms?
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A mouse that lives in a hotel wants to travel from the ground floor entrance at location
(0,0,0) to its nest on the 10th floor at location (12, 9, 10). Each move the mouse
makes is either one room north, one room east, or one floor up. For example, from
(0, 0, 0) the mouse moves either to (1, 0, 0) or (0, 1,0) or (0,0, 1), respectively. How
many ways are there for the mouse to travel?

Suppose | A| = 42. How many equivalence relations on A are there that have distinct
equivalence classes of sizes 4,7, 7, 8, 8, and 87

Use the equivalence principle to prove the formula for the multinomial coefficients
given in Theorem 4.1.1.

n
k
Give a combinatorial proof: Z (Z) ( ) = (n)Z"_m.
m m

k=m

. . . kn n > [k
Give a combinatorial proof: ) | = k 5 +n 5 )

Give two proofs of the following, one combinatorial and one non-combinatorial: For

n=2,n0—12"2 =3 k(k - 1)(2).

k=2
2 (2n—2k\ (2k _
Compute Z forn = 0, 1, 2, 3. Make a conjecture and then prove
o\ n- k k

it combinatorially.

Given a positive integer 71, a composition of n is a list of positive integers that sum to
n. For example, (3,1, 1) and (1,3, 1) and (1, 4) and (5) are each a composition of 5.
In general, how many compositions of n are possible?

Find the coefficient of x” in +/1 — 8x.

Finish the demonstration of formula (4.6). Be sure to justify why the negative solution
in equation (4.5) is the correct one.

The associative property of multiplication says that x(yz) = (xy)z. In other words,
to compute the product xyz you could either find yz first then multiply that by x,
or you could find xy first and then multiply that by z. Thus there are two ways to
compute a product of three numbers via pairwise products and without changing the
order of the numbers.

There are five ways to do this with a product of four numbers:

wx(yz)) w((xy)z) (wx)(yz) wy)z (wx)y)z
Let a, equal the number of ways to do this with a product of n numbers. We just

found that a3 = 2 and a4 = 5.
Derive a recurrence relation for @, and then solve it to find a formula for a,,.

Define {Z} as the number of (n + k)-lists of the form (a1, as, ..., a,+xr) where n of
the elements are 1s and k of the elements are —1s and where for all i, the sum of the
first i entries is nonnegative:

ai+a+---+a; =0 foralli € [n + k].
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(a) Find {;} and {i} by complete enumeration. Also, explain why {Z} = 0 when
k > n.

(b) Find {{} forn = 0and {'|} forn = 1.

n—1

(c) Give a combinatorial proof: {Z} = {kﬁl } + { k } Also, for what values of n
and k is this identity valid?

(d) Prove that {:} = {nfl} forn > 1.

(e) Compute a table of the values {Z} for k and n satisfying 0 < k <n < 8.

-~ Travel Notes
The paper Pélya (1956), entitled “On picture-writing,” is a classic exposition by the master
problem-solver George Pdlya. In it he explains how generating functions can be easily
derived from symbolic series (as we did at the beginning of Section 3.3) and also solves
the problem of counting triangulations of the regular n-gon that we covered in this section.

Exercise 16 is from “Counting arrangements of 1’s and —1’s” by D. F. Bailey which
appeared in Mathematics Magazine 69, April 1996, 128-131. His purpose was to provide

a new derivation of the formula # (Zn") for the n-th Catalan number.

4.2 Fibonacci and Lucas numbers

The following recurrence relation defines the well-known Fibonacci numbers:

Fo=1
Fi=1
Fyo=F, 1+ F, forn = 2.

The first few Fibonacci numbers are shown below.

n |01 ]|2|3(4]5|6 | 7|89 10| 11 | 12 | 13
Fp (1)1 (23|58 |13|21|34|55]|89 | 144 | 233 | 377

The same recurrence but with one change in the initial conditions defines the Lucas num-
bers:

Ly=L,1+Ly» forn = 2.

And the first few Lucas numbers are shown below.

n ||O(1]|2(3|4|5]|6 |7 |89 10|11 | 12 | 13
Ly (2|1 314|711 |18]|29 |47 | 76| 123 | 199 | 322 | 521

Both the Fibonacci and Lucas numbers (though the Fibonacci more so) are quite celebrated
in mathematics and elsewhere. This section mainly concentrates on the Fibonacci numbers
but look to the exercises for results about the Lucas numbers.
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Combinatorial interpretations of the Fibonacci numbers
Tiling the n-board

One way to make combinatorial sense of the Fibonacci numbers is to think of them as
answers to certain questions of tiling. This interpretation is particularly concrete and con-
venient.

Consider a 1 xn checkerboard (or “n-board”), with its squares labeled 1 through n, and
an unlimited number of two types of tiles: 1 x 1 squares (“1-tiles”) and 1 x 2 rectangles

(“2-tiles”).
1 2 3 - nl n I-tile  2-tile

In how many ways may we tile the n-board using these two types of tiles?
For example, there are five ways to tile the 4-board:

5 ] T ] o

N0 O [
[ ]

There are eight ways to tile the 5-board:

[ ]
I ) T Y
5 O
e
] O

There is only one way to tile the 1-board, and we will say that there is one way to tile
the 0-board (using the “empty tiling”). Although we think of the squares of the board as
labeled in increasing order from left to right, the pictures of tilings do not include those
labels unless needed for clarity.

Question 147 Write out all of the tilings of the 3-board and of the 6-board.

That the Fibonacci numbers count such tilings follows naturally. Let 7, denote the
number of tilings of the n-board. We don’t know yet that 7, = F,, so we had better use
different notation.> We already know that 79 = #; = 1. For the n-board with n = 2,
condition on the right-most tile. If it is a 1-tile, then there are #,—; ways to tile the (n — 1)-
board to its left. If it is a 2-tile, then there are ,_, ways to tile the (n — 2)-board to its left.
An illustration follows.

If the right-most tile is a 1-tile... If the right-most tile is a 2-tile...
1 2 o n2 n-l onm 1 2 + n2 n-l n
—_— =
...there are ¢, , ways to tile ...there are z,, ways to tile
the rest of the board. the rest of the board.

2This is not just a matter of style but rather important!
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The sum principle then implies that ¢, = t,—1 + t4—3.

Since the sequence {t, }»>0 satisfies the same initial conditions and the same recurrence
as the Fibonacci sequence {Fy},>0, those two sequences must be equal and so we can
dispense with the #, notation.

Theorem 4.2.1 Forn = 0, the n-th Fibonacci number F, equals the number of ways to
tilea 1 x n checkerboard using only 1 x 1 and 1 x 2 tiles.

Walking in the n-honeycomb

You are at the cell labeled O in the n-honeycomb shown below:

GSSoRe

Your goal is to walk to the cell labeled n and you can only make one of two moves: from
cell k to cell k + 1, or from cell & to cell k + 2. Let w,, be the number of ways that you can
walk to cell n using moves of this type. The above diagram of the n-honeycomb assumes
that n is odd. If n is even then it looks as follows:

SSSoREo

In either case, since you begin at cell O there is one way to get there: do nothing. So wo = 1.
Also, there is one way to get from cell O to cell 1, so w; = 1.

Question 148 How many ways are there to walk from cell 0 to cell 5? Write them all out.

When n = 2, any path from cell O to cell » must either end with a move from cell n — 1 to
cell n, or a move from cell n — 2 to cell n. In the first case, there are w,—; ways to walk
from O to n — 1. In the second case, there are w,_, ways to walk from 0 to n — 2. By the
sum principle, w, = Wp—1 + Wy—3.

Again, the numbers w, satisfy the same initial conditions and recurrence as the Fi-
bonacci numbers, so they must be equal.

Theorem 4.2.2 Forn = 0, the n-th Fibonacci number F, equals the number of paths from
0 to n in the n-honeycomb, where each move isk — k + 1 ork — k + 2.

Combinatorial proofs

Let’s now survey some of the identities that result from the two combinatorial interpreta-
tions (tiling and walking in the honeycomb) of the Fibonacci numbers.

Conditioning on the number of 1-tiles
Any tiling of the n-board must end with a certain number of 1-tiles, between 0 and n.
Conditioning on this number allows us to derive a basic identity.

For example, any tiling of the 8-board must fall into one of the eight categories shown
in Figure 4.1. The first category includes all tilings that end with no 1-tiles, the second
includes all tilings that end with exactly one 1-tile, and so on. Notice that no tiling can end
with exactly seven 1-tiles, and so the last category contains the one tiling that ends with
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ends with exactly zero 1-tiles

L

...one 1-tile

|

O & S =S

...two 1-tiles

|

O = = e (E

...three 1-tiles

I

N [ I [

...four 1-tiles

|
[ [ (I

...five 1-tiles

|
O 5 B

...six 1-tiles

[ ]
W

O [C

...eight 1-tiles

Figure 4.1. Tilings of the 8-board.

exactly eight 1-tiles—the all-1-tile tiling. There are Fg ways to complete the tilings in the
first category, F5 ways in the second, and so on. This proves that

Fs=1+Fy+ F1+ F>+---+ Fé.

For the general case, any tiling of the n-board must either contain all 1-tiles, or else
end with exactly i of the 1-tiles, where 0 < i < n — 2. There is one tiling in the first case
and there are Z::(Z) F; in the second. We have our first Fibonacci identity.

n—2
Theorem 4.2.3 Foranyn = 2, the identity F,, = 1 + Z F; holds.

i=0
Alternatively, the identity could be written F,, — 1 = Z?;(Z) F; and proved combinatorially
by asking the question: how many tilings of the n-board use at least one 2-tile? Exercise 2
asks you to prove its sister identity by conditioning on the number of 2-tiles at the end of
the tiling.

A link with binomial coefficients
A list taken from [2] provides a concise way to represent a tiling of the n-board. For ex-
ample, the list representations of the eight tilings of the 5-board shown appear in Figure
4.2. This produces a natural one-to-one correspondence between the tilings of the 5-board
using 1- and 2-tiles, and the lists (of any length) taken from [2] that have the sum of their
elements equal to 5.

In general, a one-to-one correspondence exists between the tilings of the n-board using
1- and 2-tiles, and the lists taken from [2] that have the sum of their elements equal to n. To
prove it, condition on the number of 2-tiles used in the tiling. This number, call it 7, ranges
from O to |n/2].

Question 149 Why do we need to round down?
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I [
0] T Y [

[
|
[]
[]

O 0 @ O
_
O

1,1,2,1) 2,1,2)
1 [
1,2,1,1) 2,2,1)

Figure 4.2. Tilings as lists taken from [2].

If the tiling contains i of the 2-tiles, then these tiles occupy 2i of the n squares on the board.
The remaining n — 27 squares must be covered by 1-tiles, which puts the total number of
tiles in the tiling at i + (n —2i) = n —i. That means that the tiling can be represented as an
(n — i)-list taken from [2], and where the number of 2s in the list is i. There are ("l_’) such
lists. Summing over the possible values of 7 finishes the proof of the following identity.

ln/2] .
Theorem 4.2.4 For anyn = 0, the identity F,, = Z (n ) l) holds.
i
i=0
It is perhaps more elegant to write the identity as

=0

because ("l_’) = 0fori > |n/2]. For example,

()0 (0 ) ) ()

1+44+3+0+0+--
and indeed F5 = 8.

=38

Breaking a tiling

Let n = 2 and consider any tiling of the n-board. Consider what happens between squares
k and k + 1, where 1 < k < n. Either a single 2-tile covers both of these squares or it
doesn’t. See Figure 4.3 for an illustration.

If a single 2-tile does not cover squares k and k + 1, then we can “break” the tiling at
that point and count such tilings as follows. There are Fj ways to tile the k-board to the
left of the break, and for each way to do so there are F,,_; ways to tile the (n — k)-board
to the right. The product principle gives Fy F,_j total tilings in this case.

If a single 2-tile covers squares k and k + 1, then we may break the tiling before square
k and after square k + 1. There are Fj_; tilings of the left-hand board that remains, and
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A 2-tile does not cover squares k and k+1:

=

1 k=1 k k+1k+2 n

A 2-tile covers squares k and k+1:

L]

1 o k=1 k k+1k+2 n

Figure 4.3. Breaking a tiling near square k.

for each such tiling there are F,_j_; tilings of the right-hand board. Again the product
principle gives Fy_ F,,_x— total tilings in this case.
Add the results of the two cases and you get the following theorem.

Theorem 4.2.5 For any n and k satisfyingn = 2 and 1 < k < n, the identity
Fy = FxFuk + Fr1 Fp—k—1
holds.

Parity and the honeycomb
Consider the paths from 0 to 11 in the 11-honeycomb:

One of the cells labeled 0, 2, 4, 6, 8, and 10 must be the last even-numbered cell visited.
Arrange all the possible paths into disjoint piles according to the last even cell visited.

Say 6 is the last even cell visited. There are F ways to get to 6, but then only one way
to complete the path to 11: it must go 6 — 7 — 9 — 11 because such a path must not visit
any more even cells. Likewise if 8 is the last even cell visited, there are Fg ways to get to
8 but then only one way to complete the pathto 11: § - 9 — 11.

So if j is the last even cell visited (j = 0,2, 4, 6, 8), then there are F; possible paths.
Since our cases are disjoint and exhaustive, the sum principle implies that

Fi1 = Fo+ F2 + Fs + Fe + Fs + Fio.
This essentially gives a proof of the following theorem.

n
Theorem 4.2.6 Foralln = 0, the identity Fanyy = » | Fai holds.
i=0
We should not go on before trying to swap “even” with “odd.” Look instead at the
12-honeycomb:
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By considering cases based on the last odd cell visited, you might think that the analogous
identity is
Fio,=F+ F+ Fs+ F7 + Fo + Fqg.
But this isn’t quite right.
Question 150 Why not? What adjustment must you make and why?

You should now have an idea about how to prove the following theorem.

n
Theorem 4.2.7 Foralln = 1, the identity F>,, = 1 + Z F>i—1 holds.

i=1

Algebraic proofs

Suppose you suspect a certain identity about Fibonacci numbers is true but can’t find a
combinatorial proof? You could try an algebraic proof, say by induction. Two examples
follow.

A Fibonacci identity
Although a combinatorial proof is possible of the following theorem, we give a proof by
strong induction for variety’s sake.

Theorem 4.2.8 Forn = 2, the identity 2F, = F,+1 + Fn,—2 holds.

Proof: Our proof is by strong inductionon n. Whenn = 2,2F, = 2(2) = 4and F3+Fp =
3+1=4.Whenn =3,2F; =2(3) =6and Fy + F; =5+ 1 = 6. The equation is true
both whenn =2 andn = 3.

Now let £k > 3 and assume that the identity is true when n = j for all integers j
satisfying 2 < j < k. In particular, this means that

2F, = Fr+1 + Fr—2
2F,_1 = Fx + Fp_3.

We must show that the equation is true forn = k + 1, namely 2Fy 1 = Fryo + Fr—1.
Starting with 2 Fy 1, use the Fibonacci recurrence to write

2Fk41 = Z(Fk + Fk—l) =2F +2F_;.

Now, apply the inductive hypothesis to each term and then apply the Fibonacci recurrence
to show

2Fk + 2Fk—1 = (Fr41 + Fr—2) + (Fx + Fx—3)
= (Fr41 + Fi) + (Fi—z + Fr_3)
= Fryo + Fr-1.

Therefore the equation is true for all n > 2. |

Question 151 What is the need for checking two base cases, n = 2 and n = 3? Why
wouldn’t a single base case suffice?
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The link between Fibonacci and Lucas numbers
The Fibonacci and Lucas numbers obey the same recurrence, so one might think that a
close relationship exists between the two. The following theorem confirms this.

Theorem 4.2.9 Foralln =2, L, = F,_» + F,,.

Proof: Our proof is by strong induction on n. When n = 2, the equation reads L, =
Fo+ F>.Since L1 =3 and Fy + F, = 1+ 2 = 3 itistrue forn = 2. When n = 3, the
equationreads L3z = F; + F3. This also is true because L3 = 4and F1 + F3 =143 = 4.

Now assume that & is an integer, k = 3, and that the equation is true for » = j where
2 < j < k. In particular, this means that

Ly = Fr_ + Fp
Li—1 = Fr—3 + Fi—1.
We must show that the equation is true forn = k + 1, namely Ly = Fr—1 + Fry1.

Starting with L;4; and then applying the Lucas recurrence, inductive hypothesis, and
Fibonacci recurrence shows that

Ligy1 = Lg + L1
= (Fx—2 + F) + (Fg—3 + Fr—1)
= (Fx—2 + Fr—3) + (Fx + Fr—1)
= Fr_ 1+ Fq1.

Therefore the equation is true for all n = 2. |

Exercise 11 asks for a combinatorial proof.

Formulas

For the Fibonacci numbers

Is it possible to “jump” right to the n-th Fibonacci number without computing all the pre-
vious numbers using the recurrence relation, or without computing a sum of binomial co-
efficients using Theorem 4.2.47 Theorem 3.6.2 on page 138 tells us that the answer is yes.
To apply the theorem, we set o« = 8 = ap = a; = 1.

Question 152 According to that theorem, what is the OGF of { Fy }n=0?

To find a formula for F;,, we must find 1 and r, so that
1—x—x2=(1—=rx)(1 —rx).

Since (1 —rix)(1 —rax) = 1 — (ry + r2)x + rirpx, it must be the case that ry +r, = 1
and rirp = —1. A solution to these two equations in two unknowns is
145 _1-45

d =
5 an ra 5

r

Question 153 What would the values of r1 and r, be if the quadratic were 1 — 2x — 3x?
instead of 1 — x — x2?
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We are in the case of distinct roots (r; 7# r2), so we need to compute A and B as in the
theorem. You should get

1 —
A= + 5 and B = 1;\/5
25 25

That means that

F, = Ar{ + Br}
(1445 1+«/§"+ “1+5) (1=-v3)
“\ 25 2 24/5 2 ‘

A little algebraic adjustment (factor out 1/+/5 and then absorb what’s left into the powers
of r1 and r;) produces the formula of the following theorem.

Theorem 4.2.10 (Fibonacci numbers) The Fibonacci numbers {Fy,},=0, which are de-
finedby Fo = F1 = land F, = F—1+ Fy—3 forn = 2, have OGF equal to l/(l—x—xz).

From this,
1 1
a_ (1A 15\
"5 2 NG 2

foralln = 0.

This formula is beautiful and miraculous, perhaps because it describes an integer sequence
using a sum of powers of irrational numbers.

From a computational point of view, it is not necessary to calculate the second term in
the formula. This is because it is always less than % in absolute value.

F(=)

As such, F;, is always the closest integer to the first term of the formula.

Question 154 Explain why < %,for alln = 0.

Corollary 4.2.11 The n-th Fibonacci number is the closest integer to % (

For the Lucas numbers
To obtain a formula for the Lucas numbers, we take the same approach but use Ly = 2
instead of Fy = 1.

Theorem 4.2.12 (Lucas numbers) The Lucas numbers {Ly},=0, which are defined by
Lo=2Ly=1,and L, = Ly—1 + Ly—3 forn = 2, have OGF equal to (2 — x)/(1 —

X — xz). From this,
1+v35\" [(1=-v3)"
bn=\"3 ™

Question 155 Prove this theorem.

foralln = 0.

Question 156 Determine whether a result similar to Corollary 4.2.11 holds for the Lucas
numbers.
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Summary

This section barely scratched the surface of the many, many known results concerning the
Fibonacci and Lucas numbers. Several combinatorial interpretations of each number family
exist. The benefit of having many different interpretations is that they each inspire different
identities. To complement the combinatorial methods, the algebraic techniques of induction
and generating functions provided other identities as well as closed-form formulas for both
the Fibonacci and Lucas numbers.

Exercises

1. Express the answer to each question in terms of the Fibonacci numbers.

10.

(a) How many subsets of [n] do not contain consecutive integers?
(b) How many n-digit binary numbers do not contain adjacent 0s?

(c) How many ways are there to climb a flight of n stairs where each step takes you
from stair 7 to either stairi + 1 or stair i 4 2.

(Hint: Derive a recurrence in each case.)

Derive and prove an identity similar to that of Theorem 4.2.3 by conditioning on the
number of 2-tiles at the end of the tiling.

Suppose you make a mistake in computing the Fibonacci sequence by hand using the
recurrence. You compute the numbers Fy, Fy, ..., F;;—1 correctly, but your value of
F,, actually equals 1 + F,,. Assuming that this is the only mistake you make, how
far off is each subsequent number that you compute? Specifically, for any & > 0, how
large is the error between your value of Fj,; and the true value of Fy,, 1 ?

Prove: gcd(F;,, F,—1) = 1 for all m = 1. In other words, adjacent Fibonacci numbers
are relatively prime.

. Prove Theorem 4.2.4 by strong induction.

. Prove by strong induction.

(a) 3F, = Fyq42 + F— forn = 2.
b)) 4F, = Fyqio + Fy + F,—p forn = 2.

. Prove by strong induction: for any n = 0, ZZ=0 sz = F, Fut1.
. Prove: forn = 1, Fn2 — Fyp1Fu1 = (D™

. Given nonnegative integers Go and G, the generalized Fibonacci numbers are then

defined by the recurrence G, = G,—; + G,—, for n = 2. State and prove a theorem,
analogous to Theorems 4.2.10 and 4.2.12, for the generalized Fibonacci numbers.

The Lucas numbers count tilings of the circular n-board or n-bracelet with 1- and
2-tiles. A tiling of the 8-bracelet appears below.
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e
6 :: |
5

4

The “clasp” at the top is the line dividing squares 8 and 1. In general, if a single 2-tile
covers both squares n and 1, we consider the tiling to correspond to a closed bracelet.
Otherwise the tiling corresponds to an open bracelet.® The tiling above is closed.

(a) Write out all of the tilings of the 3-, 4-, and 5-bracelets. Which tilings are open
and which are closed?

(b) Let B, equal the number of tilings of the n-bracelet. Prove that 8, = L, for all
n = 0. How are you defining the initial conditions and how do they make sense
combinatorially?

(c) Explain combinatorially why L,, = F, foralln = 0.
11. Give a combinatorial (tiling) proof of Theorem 4.2.9.

12. Conjecture and prove formulas for each of the following sums of Fibonacci numbers.

(a) Z Fsi
=0

(®) Y Fai
=0

-~ Travel Notes
Some authors define the Fibonacci numbers as fo = 0, f1 = l,and f, = fr—1 + fu—2
for n = 2. You should be aware of which convention is in force before reading.

There are many combinatorial problems whose answer involves the Fibonacci numbers
(see Exercise 1 for some), so there are many ways to interpret these numbers. The tiling
interpretation of Fibonacci and Lucas numbers originally appeared in Brigham, Caron,
Chinn & Grimaldi (1996). The book by Benjamin & Quinn (2003) offers an excellent and
extensive presentation of combinatorial proofs for Fibonacci and Lucas identities using the
tiling interpretation. The honeycomb interpretation is due to Danrun Huang and Kyung
H. Sun at St. Cloud State University but has not yet been published.

4.3 Stirling numbers

In this section we determine generating functions for the Stirling and Bell numbers and
then derive a formula for the Bell numbers. Also, we introduce the Stirling numbers of the
first kind and then provide both their algebraic and combinatorial interpretations.

3Some authors use “in phase” to mean “open” and “out of phase” to mean “closed.”
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From our work in Sections 2.3 and 3.1, we already know the following facts about
Stirling numbers of the second kind and Bell numbers.
e The Stirling number of the second kind S(n, k) counts the partitions of an n-set into
k blocks. Equivalently, it counts the distributions of n distinct objects to k identical
recipients such that each recipient receives at least one object. The numbers S (7, k)
satisfy the recurrence

S, k) =Sm—1,k—1)+k-Sn—1,k) forn > 0and k > 0,

where S(0,0) := 1 and S(n,0) = S(0,k) = 0 forn > 0 and k > 0. We derived this
by conditioning on whether element 7 is in a block by itself. (This is Theorem 2.3.1
on page 70.)

e We used inclusion-exclusion to find a formula for S(n, k). Forn = 0 and k = 0,

1 & (ke L
S(n, k) = k—!Z(l_>(—l) (k —i)".

i=0
(This is Theorem 3.1.4 on page 90.)

e The Bell number B(n) counts the total number of partitions of an n-set. As such,
B(n) =Y %_; S(n,k) and B(0) := 1. The numbers B(n) satisfy the recurrence

n—1
Bn) =Y (" J_ 1)B(j) forn > 0.

J=0

(This is Theorem 2.3.3 on page 71.)

Generating functions

Stirling numbers of the second kind

Our first order of business is to determine generating functions for the Stirling and Bell

numbers. For the Stirling numbers, which depend on two parameters n and k, we will fix

k and compute the OGF of the sequence {S (n, k)}
So, fix any k = 0 and define

n=0"

fex) =" S(n k)x"

n=0

to be the OGF we want. The k = 0 case is easy and also provides a basis for the k > 0
case:

fox) =) S(n.0)x"

n=0
= 5(0,0) + S(1,0)x + S(2,0)x% +---
= 5(0,0)
=1.
When k > 0 we start with the recurrence given at the beginning of this section, multiply
by x”, and sum over n = 1 to get

D S k)x" =" Sn—1k—1Dx" 4+ k-Sn—1,k)x". (4.7)

n=1 n=1 n=1



164 4. Famous Number Families

Let’s analyze each term. The left-hand term equals f; (x) because S(0,k) = 0 fork > 0:

D S k)x" = S(1,k)x + SQ2.k)x* + SB. k)x® + -+

n=1
= S0,k) + S, k)x +SQ2,k)x? + SB. k)x> +---
= fr(x).

The middle term equals x f—1(x):
Y Sn—1k—Dx"=xY Sn—1Lk—Dx""" = xfi1(x).
nz=1 n=1
And the last term equals kx fi (x):
D kS —1.k)x" =kx Y Sn—1.k)x"" = kxfi(x).
nz=1 n=1

This shows that equation (4.7) can be rewritten as

Je(x) = xfi—1(x) + kxfr(x) for k > 0.

There is a problem here that we haven’t encountered before: fwo unknown OGFs appear,
namely fi(x) and fr—1(x).
One remedy involves solving for fi(x) and noticing that it provides a recurrence:

X

Je@) = 1~

fer(x)  fork > 0. (4.8)

This tells how to determine, by repeated multiplication, the OGF fi (x) for any k > 0. We
already know that fy(x) = 1. Then

filx) =

x x
1_xfo(x) =1
2
-0 -2
3

1—-x)1—-2x)1—-3x)

L) = 75 hi) =

F) = = o) =

and so forth. We have proved the following theorem.
Theorem 4.3.1 For any k = 0, the OGF of the sequence {S(n, k)} o is 1ifk = 0and

n=
IA)

k k

X X
A—0(—2x)-—(1—kx) [ 1— jx

Jj=1

ifk > 0.

Question 157 Using the generating function, what is a formula for S(n,2)? That is, what
is the coefficient of x™ in x2 /(1 —x)(1 —2x)? Make sure your answer matches the formula
for S(n,2) that we found in Section 2.3.
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Bell numbers
The Bell numbers have a well-known and beautiful EGF. To find it in concise form we’ll

end up solving a simple differential equation.
Define
g) =Yy B(n)—
n=0
as the EGF for the Bell numbers. As usual start with a recurrence, in this case the one that
appears at the beglnnlng of this section. For reasons that will become clear in a moment,
multiply by & =1 (rather than the usual £ ) and then sum over n > 1 to get

—1 ) xn—l
> () => Z( j )B(;) L (4.9)

n=1 n=1 \j=0

A few alarm bells should go off. First, the left-hand side equals the derivative of g(x).
Second, the right-hand side looks like a product of EGFs. In fact, by letting m := n — 1
the right-hand side becomes

gy P ) X" m xm
(7))o B ()
n= Jj=0 m=0 \k=0

The convolution formula for EGFs then implies it is the product of the EGFs for the se-
quences {B(n)}nzo and {1},>0:

(& ()] = (o) (25

Bell numbers all-1s

=g(x)-e*.
In other words, equation (4.9) reduces to g’(x) = e*g(x). This is a simple differential
equation to solve: what function g has its derivative equal to e* times g itself? The general
solution is g(x) = e¢ TC for some constant C. To determine C, notice that g(0) =
B(0) = 1. Therefore 1 = ¢¢°+€ = ¢!*C andso C = —
Theorem 4.3.2 The exponential generating function for the Bell numbers {B(n)}n>0 is
e¢ 1,

A formula for the Bell numbers

As we recalled at the beginning of this section we do know a formula for the Stirling
numbers of the second kind. It is

1 & [k L
S(n.k) = k—!Z(l.)(—n (k —i)",

i=0

which could also be written

1 <& [k .
S(n. k) = k—!z (j)(—l)k—fj". (4.10)

J=
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Question 158 Verify this.
It is natural to ask whether a similar formula exists for the Bell numbers. It does.

We know that B(n) = ) ;o S(n,k). This is OK written as an infinite sum because
S(n, k) = 0 for k > n. Using the formula shown in equation (4.10) above,

k

k=0 k=0 T j=0 J
Writing (];) = = (]f ' ol and canceling the k! terms shows
k
1 k k—j (RO
- _ Jgn | —
) k!Z(j)( DA _ZZ(k_])vjv
k=0 j=0 k=0,/=0

Switching the order of the summation produces
Z Zk: (_1)k_j ﬁ _ Z Z (—1)k_j ﬁ _ Z Z (- 1)k—j
om0 K= DMIigs R= Dbt S\ s k=)

Question 159 Verify that the order of summation was correctly switched.
Now for fixed j = 0, the inner sum is a familiar Maclaurin series:

(—1)k=J (-1 _
Z(k—j)! =2 T

k=j i=0

So now . ‘

IR B e D DL

| — 7)) i’

e Ay k=Dt = =
We have derived a beautiful formula for the n-th Bell number.
Theorem 4.3.3 Foranyn > 0, B(n) = ] r

/>0 Jh

It is perhaps miraculous that the formula of the theorem always produces an integer. For
example, B(S) = 52 and so

Z 1 (05 1° 25 3 4 5 )

O'+F+_+§+_+§+
J>0

1(0 1 32 243 1024 3125 )

o |

P12 e T o
equals 52, exactly. The infinite series provides a reasonable method for computing the Bell
numbers because of its rapid convergence. Here are the first 15 Bell numbers:

o

n 112131415 6 7 8 9 10
Bm) || 1|2 |5]|15| 52203 | 877 | 4140 | 21,147 | 115,975
n 11 12 13 14 15
B(n) || 678,570 | 4,213,597 | 27,644,437 | 190,899,322 | 1,382,958,545

10
Question 160 Use a computer to calculate some partial sums of% Zj;o ’/—, How many
terms do you need to find the value of B(10)?
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Polynomials and change of basis

Stirling numbers and coefficients of polynomials
To further understand the link between the algebraic and the combinatorial, the rest of
this section offers some insight into how the Stirling numbers relate to the coefficients of
certain polynomials.

Let’s begin by finding a hard answer to an easy question. How many functions [n] —>
[k] are there? One answer is k”. To get another answer, condition on the size of the func-
tion’s range. If its range is of size j, where 1 < j < n, then there are (];) ways to select
J elements of [k] to comprise the range of the function. Once accomplished, there are
S(n,j) - j! ways to map all of [n] to these j elements in an onto fashion. This gives a

combinatorial proof of
n
k
k=" (j)S(n,j) .

Jj=1
Question 161 In conditioning on the size j of the range, we stated that 1 < j < n. A
more natural choice might be 1 < j < k, but why is the original choice justified?
k) - j! = (k);, rewrite the just-derived identity as

J

Now do some adjusting. Since (

n
k" =" S, j)k);.
j=1
This polynomial equation in k is true for infinitely many positive integers k. Uniqueness
of polynomials then allows for replacement of k by an indeterminate x to get the following
theorem.

n
Theorem 4.3.4 Foranyn =0, x" =Y S(n, j)(x);.
=0

Proof: The proof for n > 0 appears before the theorem. When n = 0, recall that (x)o :=1.
In that case, the theorem’s formula is also correct: Z?=0 S, j)(x); = S(0,0)(x)o =
1-1=x° ‘ |

The theorem is interesting because although we derived it in a combinatorial fash-
ion, it is an algebraic fact about the polynomials (x);. Specifically, it says that the Stir-
ling numbers of the second kind describe how to write the polynomial x" as a linear
combination of the polynomials (x); for 0 < j < n. For those versed in linear alge-
bra, the numbers S(n, j) are the coordinates of the polynomial x” relative to the basis
{(x)o, )1, ()2, .0y (x)n} for the vector space of polynomials of degree at most n. For
example, the theorem guarantees that

x> =8(3,0)(x)o + SG, ()1 + S(3,2)(x)2 + S3,3)(x)s.

Check it:
S(3,0)(x)o + SB, D(x)1 + S3,2)(x)2 + S(3,3)(x)3
=0+ 1(x)+3x(x—1) + 1(x)(x = 1)(x —2)
=x+3x2—3x + x> —3x% +2x
= x3,

Question 162 Write x* as a linear combination of the polynomials (x)o, (x)1, (x)2, (X)3,
and (x)4. Do the same for 5x* — 10x3.
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Stirling numbers of the first kind

Perhaps it is more interesting to go in the other direction: when you expand, say,
(x)s = x(x — D)(x —=2)(x —3)(x —4) = x° — 10x* + 35x> — 50x2 + 24,

where do the coefficients 1, —10, 35, —50, 24 come from? Do they have a combinatorial
meaning?

Since (x), = x(x — 1)(x —2)---(x —n + 1) is a polynomial of degree n, there are
numbers s(n, k) for 0 < k < n for which

n
X)n = Zs(n,k)xk.
k=0

This is the definition of the Stirling numbers of the first kind.
Question 163 Based on the (x)s example of the previous paragraph, what is s(5, k) for
0<k<5?

A recurrence for computing s(n, k) follows from writing (x), = (x)p—1(x —n+1) or
(X)n = x(x)p—1 — (n — 1)(x),—1. Now use the definition of the numbers s(n, k) to rewrite
this equation as

n n—1 n—1
Z s(n, k)x* = x Zs(n —1,k)x*—(n —1) Z s(n—1,k)x*. (4.11)

k=0 k=0 k=0

(n (*)n—1 (®*)n—1

Finally, just match the coefficients on x¥

ing recurrence.
Theorem 4.3.5 Forn > 0 and k > 0, the Stirling numbers of the first kind satisfy the

on each side of the equation to derive the follow-

identity

snyky=sm—1,k—1)—(n—1)-s(n —1,k). 4.12)
Question 164 Why is s(n — 1,k — 1) the coefficient of x* in the middle term of equation
(4.11)?

Like the Stirling numbers of the second kind, the Stirling numbers of the first kind satisfy
similar boundary conditions: s(0,0) = 1, s(n,0) = 0 forn > 0, and 5(0,k) = 0 for
k > 0.

Question 165 What is the reason for each of the boundary conditions? Explain in terms
of the definition of the Stirling numbers of the first kind. (Remember (x)o := 1.)

The recurrence allows computation of Stirling’s triangle of the first kind:

nl k—10 1 2 3 4 5 6 7
0 1 0 0 0 0 0 00
1 0 1 0 0 0 0 00
2 0o -1 1 0 0 0 00
3 0 2 -3 1 0 0 00 (4.13)
4 0 -6 11 -6 1 0 00
5 0 24 -5 35 -—10 1 00
6 0 —120 274 -225 8 —15 1 0
7 0 720 —1764 1624 —735 175 —21 1

As usual, the entry in row 7 and column k is s(n, k).
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Counting permutations of [r] with k cycles

The Stirling numbers of the second kind have a combinatorial interpretation. Do the Stir-
ling numbers of the first kind have one as well? Yes, sort of.

Cycle notation
Recall that a permutation of [n] is a bijection [n] —> [n]. Equivalently, it is an n-list
taken from [n] such that each element appears exactly once. For example, the permutation
(7,4,3,2,6,1,5) of [7] is a convenient notation for the bijection f : [7] —> [7] that has
f() =17, f(2) =4, f(3) = 3, and so on.

To write this f as a product of disjoint cycles, do the following. Start with element 1
and then repeatedly apply f to it until you reach 1 again:

l = fH)=7T= f(H=5= f(5)=6 = f(6)=1.

Record this piece of the permutation as the cycle (1 7 5 6). In it, the image of any element
appears immediately to the right of that element. At the end it wraps around, so that the
image of 6 is 1.
Next, start with the smallest element not appearing in the above cycle and repeatedly
apply f again:
2 = f2)=4 = f4)=2.

Record this as the cycle (2 4). Now do it again, starting this time with 3. It has f(3) = 3,
so the corresponding cycle is (3). This exhausts all the elements of [7], so

f=0756)24)(@3)

is now written as a product of disjoint cycles.

The above procedure, when made formal, will always result in a correct representation
of f as a product of disjoint cycles. (See Exercise 3.) Such a representation is not unique,
however, as f = (561 7)(3)(2 4) is also a correct representation of f.

To make sure you understand cycle notation, let’s find the “ordinary” (i.e., 7-list) way
to describe the permutation (1 2 4)(3 7)(5)(6). It has

S =2 f3) =1 f5) =5
f@Q) =4 f@=1 f(6)=6

soasa7-list, f = (2,4,7,1,5,6,3).

Question 166 Write the permutation (10,9,8,7,6,5,4,3,2,1) as a product of disjoint
cycles. Write the permutation (1 98 7)(2)(3 6 5 4) as a 9-list.

f(=3

Permutations and Stirling numbers of the first kind
Let ¢(10,4) denote the number of permutations of [10] that contain exactly four
cycles. Such a permutation either has the element 10 in a cycle by itself, such as in
(172)(3986)(45)(10); or else has the element 10 in a cycle with at least one other
element, such as in (1 953)(2)(4)(61089).

There are c(9, 3) permutations of the first type since deleting the cycle containing 10
alone leaves a permutation of [9] containing exactly three cycles. There are 9 - ¢(9, 4)
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permutations of the second type, for we may create such a permutation by first selecting
a permutation of [9] into four cycles and then choosing the location of the element 10 in
any of nine ways: before any of the nine elements already appearing. For example, the
second permutation given in the previous paragraph was created by selecting the following
permutation of [9] into four blocks:

(1953)(2)(4)(689)

and then choosing to put element 10 before element 8. The requirement of only placing
10 before any of the given nine elements is important. If we also allowed placement after
the last element of a cycle, then we would over-count because, for example, the cycle
(1953 10) is the same as the cycle (10195 3).

Definition 4.3.6 For anyn = 0 and k = 0, the expression c(n, k) equals the number of
permutations of [n] having exactly k cycles. We define c(0,0) := 1.

Notice that, like the Stirling numbers of the first kind, c(n,0) = ¢(0, k) = 0 for positive
values of n and k. The discussion prior to the definition provides the idea behind the proof
of the following identity.

Theorem 4.3.7 Forn > 0 and k > 0, the numbers c(n, k) satisfy the identity
cmky=cn—1,k—1)+m—=1)-c(n —1,k).

Question 167 Give a combinatorial proof of the theorem.

The triangle of the numbers ¢ (7, k) should look familiar:

nlk—>|0 1 2 3 4 5 67
0o [T 0 ©0 0 0 0 00
1 o 1 0 0 0 0 00
2 o 1 1 0 0 0 00
3 o 2 3 1 0 0 00
4 (o 6 11 6 1 0 00
5 |0 24 50 35 10 1 00
6 |0 120 274 225 8 15 1 0
7 |0 720 1764 1624 735 175 21 1

Namely, the numbers ¢ (n, k) appear to be the absolute values of the numbers s(7, k). That
¢(n, k) has a combinatorial interpretation while s (1, k) has an algebraic interpretation adds
to the intrigue.

While a comparison of the two tables of values may convince you that c¢(n,k) =
|s(n, k)|, one way to provide a rigorous proof is to use a double induction on 7 and k. In
fact we can prove something more specific: s(n, k) = (—=1)"T*c(n, k).

The base cases occur on the left and top edges of the tables that we constructed for
s(n, k) and c(n, k). That is, for values of n and k where at least one is zero. Since 5(0, 0) =
1 =¢(0,0)and s(n,0) = 0= c(n,0) and s(0,k) =0 = ¢(0,k) foralln > 0 and k > O,
it follows that s(n, k) = (—=1)"**¢(n, k) for these values of 7 and k.

Now let » > 0 and k > 0 be fixed, and assume that the statement is true for all
nonnegative integers m and i for which m < n and i < k but where equality does not hold
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in both cases. Begin by writing the recursion for s(n, k), then use the inductive hypothesis
to replace the lesser terms, and then do a little algebra:

snk)=sm—1Lk—1)—m—1)-s(n—1,k)
= ()" e — L k=) —(m—1)- (=) HRe@m —1,k)
=) e —-1,k—D)+@m—-1)-(=1)"*cmn—1,k)
=(=D)"*ecr—1Lk—1)+@m—1)-c(n—1,k)]
= (—=1)""*c(n, k).
Question 168 Justify the third equality above. What has happened to the powers of —1

and why?
Therefore the statement is true for all nonnegative integers n and k.

Theorem 4.3.8 Foralln = 0 and k = 0, s(n,k) = (=1)""*c(n, k). In particular, the
absolute value of the Stirling number of the first kind s(n, k) equals the number of permu-
tations of [n] with exactly k cycles.

The difference operator

Our last adventure in this section reveals another algebraic bridge to the Stirling numbers.
Let f(n) be a function defined for integers n = 0. Define the difference operator A by

Af(n):=f(n+1)— f(n).
The difference operator can be iterated as follows: A¥ f(n) := A(Ak_l f (n)). For exam-

ple,
A?f(n) = A(Af() = A(f(n +1) — f(n))

=f+2) = fr+ 1) = (fn+1) = f(n))
=fm+2)-2f(n+ 1)+ f(n).
Since A3 f(n) = A(Azf(n)), it follows that
A fm) = A(f(r+2)=2f(n + 1) + f(m))
=fn+3)-2fm+2)+ f(n+1)
—(fh+2)=2f(n+ 1)+ f(n))
=fm+3)=-3fn+2)+3f(n+1)— f(n).

Indeed the pattern becomes obvious for A% f(n):

A f) = fm+4) —4fn+3)+6fn+2)—4f(n+ 1)+ f(n).

Question 169 Verify this formula by calculating A(A3f(n)).
The following theorem, which Exercise 14 asks you to prove by induction, shows how the
binomial coefficients appear in the computation of A™ f(n).

Theorem 4.3.9 If f(n) is a function defined for all integers n = 0, then
“ m
A" f(m) = (=1 (k)f(n +m — k)
k=0

forallm = 1.
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In what we are about to derive, our main concern is when n = 0. In that case the
formula of the theorem says

A" fO) = Y (-1 (’Z) fim—k),
k=0

which can be rewritten (let j :=m — k sothatk =m — j)
m A ‘
AT fO) =Y (D)7 (J.)f(n. (4.14)
=0

This gives a formula for the m-th difference of f at 0 in terms of f(0), f(1),..., f(m).

The question is, can we invert this formula? That is, is it possible to get a formula for
f(n) in terms of the differences AX f(0)? The answer is yes. Exercise 10 asks for a proof
of the following result.

Theorem 4.3.10 If f(n) is a function defined for all integers n = 0, then

fy =Y (k) A £(0).

k=0
The theorem says that if we know the differences of the function at 0, then we can recon-
struct the function itself.

Example: a difference table
Given a function f(n) defined on nonnegative integers n, the difference table for f at
n=0is

f(0) A /@ ) AC
Af(0) Af() Af(Q2) AfG) -
A2 £(0) A2 f(1) A2 f(2) A2f@3) -
A3 £(0) A3 f(1) ANf@) -

A*£(0) A*f(1) AYfQ2) -

The numbers f(0), f(1), f(2),... go in the first row. To get the second row, we know
Af(0) = f(1)— f(0) so put that number directly below the space between f(0) and f(1).
In this way you can compute the rest of the row by taking the entry to the northeast and
subtracting the entry to the northwest. Because of the definition of the difference operator,
subsequent rows are computed in exactly the same way.

As an example, construct the difference table for f(n) = n3.

0 1 8 27 64 125
1 7 19 37 61
6 12 18 24
6 6 6
0 0

This shows that £(0) = 0, Af(0) = 1, A2£(0) = A3 £(0) = 6, and A™ £(0) = 0 for
m > 3. These entries are printed in boldface in the difference table because they are the
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ones appearing in Theorem 4.3.10. That theorem shows (those same entries are in boldface
below)

> (k) Ak £(0)

oo o) ) ) o)
) ()

Since this is true for infinitely many values of the nonnegative integer n, it is true as a
polynomial equation when we replace n by an indeterminate x and use (i) = % As

such,
3 [~x 6 X 6 x\ 6 6
x° = ) + ) + 3] = )1 + Z—!(X)z + §(X)3-

In general, with f(x) = x",

n n k
=3 @Ak fo=3y2 ]j © .
k=0 ’

k=0

AF £(0)

o Or Ak £(0) =

n
But we also know that x" = Z S(n,k)(x)r and so S(n, k) =
k=0

S(n, k) -k
All of this shows that if f(x) = x", then A¥ £(0) has a combinatorial interpretation:
it equals the number of onto functions [n] —> [k].

Summary

For fixed k > 0, the OGF of the numbers S(n, k) is x* /(1 — x)(1 — 2x)--- (1 — kx). The
EGF of the numbers B(n) is ¢ ~! and a beautiful formula for the n-th Bell number is
jn

B(n) = é -

. ‘ .
=0/
Algebraically, the Stirling numbers of the first and second kinds are the coefficients in
certain polynomial expansions:

n

X)) = Zs(n,k)xk and x" = Z S, k)(x)k.

k=0 k=0

Although the Stirling numbers of the first kind alternate in sign, their absolute values have
a combinatorial interpretation: |s(n, k)| equals the number of permutations of [n] with
exactly k cycles. The difference operator provides another link between polynomials and
Stirling numbers of the second kind.
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Exercises

1. Write the polynomial 3x# — x3 + 4x + 10 as a linear combination of the polynomials
(x)0, ()1, (x)2 (x)3, (x)a4.

2. Write 3(x)s — 12(x)3 + 4(x); — 17 as a linear combination of the polynomials

1, x,x2, x3, x4

3. Describe an algorithm that takes as its input a permutation of [n], written as an n-
list, and outputs the permutation written in cycle notation. The cycle notation should
have the following properties: (1) the first cycle should begin with element 1; (2) each
successive cycle should begin with the smallest element not belonging to any of the
previous cycles.

Lc(n,n—1)= (;)
lLe(n,1) =(m—1)
Ls(n,n—1)= —(;)

1Ls(n, 1) = (=)™ = 1)\,

4. (a) Give a combinatorial proof: for n

VoAV

(b) Give a combinatorial proof: for n

(c) Give an algebraic proof: for n

VoWV

(d) Give an algebraic proof: for n

5. Let f be a continuous function. Prove that the general solution to the differential
equation y’ = f(x)yisy = eF+C
constant.

where F is an antiderivative of f and C is a

6. Prove: forany n = 0, (—x), = (—1)"(x)®. (The notation (x)® is “rising factorial”
notation. See Exercise 16 of Section 2.1.)

7. Prove: forany n = 0, (x)™ = Y, c¢(n, k)x*. (See previous exercise.)

8. Write the expansion of (1 + x)" as a linear combination of the polynomials (x)g . That
is, determine the coefficients ay so that (1 + x)" = Y} _, ax (X)k.

9. Let k = 0. In this section we derived the OGF of the sequence {S (n, k)} Show

that the EGF of the same sequence is %(ex — Dk,

n=0"

10. Prove Theorem 4.3.10.

11. Find and prove a formula for the number of partitions of [r] in which consecutive
integers never appear in the same block.

12. Following the example for x3 in this section, construct the difference table for f(n) =
n* and then write x* as a linear combination of the polynomials ()/C) for0<j <4

13. Prove that, like the derivative, the difference operator A satisfies A( fn) + g(n)) =
A f(n) + Ag(n) and for any number c, A(cf(n)) = cAf(n).
14. Prove Theorem 4.3.9 by induction on m.
- Travel Notes
When f(x) = x” the appearance of the equation
n k
AT £(0)
fl =3 —

k=0
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may remind you of the Maclaurin series of an infinitely differentiable function, namely

Both equations describe how to express a function ( f(x) or g(x), respectively) as a linear
combination of other functions (falling factorials (x); or power functions x¥) where the
coefficients of that linear combination involve measurements of change at x = 0 (the
k-th difference or the k-th derivative, respectively). Indeed there is a calculus of finite
differences that is the discrete version of ordinary, continuous calculus.

4.4 Integer partition numbers

In Sections 2.4 and 3.4, we learned some facts about partitions of integers. Recall that
P(n, k) equals the number of partitions of the integer n into k parts, and P(n) equals
the total number of partitions of the integer n. Among other things, the partition numbers
satisfy the identity

k
P(n.k)y=>Y P —k.j).
j=1

(This is Theorem 2.4.2 on page 79.) Simply put, this says that the number of partitions of
n into k parts equals the number of partitions of n — k into at most k parts. It is perhaps
less cumbersome to write it like

P(n,k) = P(n —k, at most k parts). (4.15)
We also learned that the OGF of {P(n)}nzo is

1 1
(1 =x)(1 =x2)(1 —x3)-- :,-11 1—x/’

(This is Theorem 3.4.3 on page 120.) In this section we will prove two more combinatorial
theorems about partition numbers, find the OGF of P (n, k) for fixed k, and investigate the
prospect of formulas for partition numbers.

Ferrers diagrams

A Ferrers diagram is a useful tool not only for visualizing a partition but also for proving
theorems about partitions. The Ferrers diagram for the partition 7+ 5+ 542+ 1 of 20 is

o0 00000
o0 o000
o0 o000
LN J

[ ]

There is one row for each part of the partition and as many dots in each row as the size of

its corresponding part. A Ferrers diagram also lists the parts in non-increasing order, from
top to bottom.
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Operations on Ferrers diagrams
One operation that we can perform on a Ferrers diagram is to delete its first column. This
corresponds to subtracting 1 from each part. In fact, this is exactly what we did when we
gave the bijective proof that P(n,k) = P(n — k, at most k parts) in Theorem 2.4.2 on
page 79.
Question 170 What operation on Ferrers diagrams leads to an immediate bijective proof
of the identity P(n, largest part k) = P(n — k, largest part at most k)?

Another and perhaps more subtle operation is to take the conjugate. To obtain the con-
jugate of a Ferrers diagram, simply swap the role of rows and columns.* For example, the
conjugate of the Ferrers diagram of the partition shown earlier is

This Ferrers diagram corresponds to the partition 5+4+3+3 43+ 1+ 1 0of 20. We can in
this way speak of the conjugate of a partition without referring to Ferrers diagrams. Ferrers
diagrams offer a convenient way to carry out the conjugation. See, though, Exercise 2.
Question 171 What is the conjugate of the partition 19 4+ 1?2
Here are some basic facts about conjugation.

e Fact 1: The conjugate of a partition of n is also a partition of n.

e Fact 2: The conjugate operation, applied twice, returns the original partition.

e Fact 3: If a partition has largest part k, then its conjugate has k parts. Likewise, if a

partition has k parts, then its conjugate has largest part k.

e Fact 4: If a partition has at most k parts, then its conjugate has largest part at most
k. Likewise, if a partition has largest part at most k, then its conjugate has at most k
parts.

e Fact 5: Conjugation is always a one-to-one operation.

Question 172 Why is Fact 5 true? Give a quick proof.

Proofs using Ferrers diagrams

Identities based on Facts 3 and 4

Consider the partitions of 7 into k parts (call this set A) and the partitions of n with largest
part k (call it B). The conjugate operation is a function from A to B by Fact 3. It is a
one-to-one function by Fact 5. It is onto by Facts 2 and 3: given a partition in B, take its
conjugate to get a partition in A4; then the conjugate of this partition is the original partition
from B. We have just given a bijective proof of the following theorem.

Theorem 4.4.1 For any positive integers n and k, P(n,k) = P(n, largest part k).

4Perhaps “transpose” is a better term (like the transpose of a matrix), but the term “conjugate” has stuck.
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Fact 4 above also leads to a similar combinatorial theorem of which we will make good
use when we derive some algebraic results.
Theorem 4.4.2 Foranyn,k =1,

P(n,at most k parts) = P(n, largest part at most k).

Question 173 Provide a proof of this theorem using conjugation.

Self-conjugate partitions
A partition is self-conjugate provided that its conjugate equals itself. Examples of self-
conjugate partitionsare 3+3+3and 7+4+2+2+ 141+ 1 and 1. Our next result says
that the self-conjugate partitions of n are in one-to-one correspondence with the partitions
of n into distinct odd parts.

Ferrers diagrams help us understand why. Take the partition 3 + 3 + 3 of 9:

Now “unpeel” one layer of this Ferrers diagram by removing the dots in its first row and
column, of which there are five. What is left is the self-conjugate partition 2 + 2, from
which we can similarly unpeel the dots (three of them) in its first row and column. Then
only the self-conjugate partition 1 is left, and that is easy to unpeel. In this way we create
the partition 5 4+ 3 4 1 which has distinct odd parts. The following diagram, using different
symbols for each unpeeled layer, shows the correspondence:

LN J o 060 00
® Xk %k —> X x 3k
® X % *

Question 174 Via the unpeeling operation, to what partition does the self-conjugate par-
tition7 +4 4242+ 1414 1 correspond? Does it have distinct odd parts?

This operation always transforms a self-conjugate partition into one with distinct odd parts.
Question 175 Explain why this happens in general.

The reverse operation does indeed transform a partition into distinct odd parts into a
self-conjugate partition. To illustrate the reverse operation, begin with the Ferrers diagram
of a partition into distinct odd parts and locate the center dot in each row. For example, the
centers of the partition 9 4+ 7 4+ 3 4 1 are marked with o in the following:

0006000 OCOS
0060000
@O e

e}

Now, bend each row around its center and nest each resulting L-shape so that a self-
conjugate partition results:

cCe e 0o
®© 006060 0000

® O %k % X
% %k % O 3k k %

—_—> ® X O %

*x O %

® Xk % O
o

® X
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Question 176 In general, why must there always be a center dot in each row of such a
partition? Why is the resulting partition always self-conjugate?

These ideas prove the theorem.

Theorem 4.4.3 Forn = 1, P(n, self-conjugate) = P (n, distinct odd parts).

Generating functions

The OGEF for the partition numbers P(n) is given at the beginning of this section. By
stopping its infinite product at a fixed positive integer k, we get the OGF for the number of
partitions of n with largest part at most k. But, by Theorem 4.4.2, this means we have also
found the OGF for the number of partitions of n with at most k parts. In other words,

k

Z P(n, at most k parts)x” = 1_[

n=0 j=1

1
1—x/'

Now, to get the OGF for P (n, k), we can just use the self-evident identity
P(n,k) = P(n,at most k parts) — P(n, at most k — 1 parts)

and subtract the corresponding OGFs. We have

1 1
(1—x)- (I —xk=D) (1 —xk) (1 —x)---(1 —xk1)
1 1 —xk
T (=X (L= (I —xF) (I =x)-- (1 —xF1)(1 —xF)
1—(1—x%
T (T —x)- (1 —xF (1 — xF)
xk

(=) (1 =1 —xF)’
Theorem 4.4.4 For any k = 1, the OGF of the sequence {P(n, k)}n20 equals

k

X X
A—x)(1—x2)---(1—xk) [ 1—x/

J=1

Compare this with Theorem 4.3.1 on page 164. The similarity is striking!

Formulas for partition numbers

We have reasonable, closed-form formulas for all of the counting functions that we intro-
duced in Chapter 2 except for the integer partition numbers. Are formulas for P(n) and
P(n, k) possible? Yes and no.

A formula for P(n) is possible but completely beyond the scope of this text. Formulas
for P(n, 1), P(n,2), P(n,3), and so forth are possible but the difficulty appears to increase
as the number of parts increases.

We already know that P(n, 1) = 1 and that P(n,2) = L%J

Question 177 Justify the formula for P(n,?2).
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The following theorem, which we devote the rest of this subsection to proving, provides a
formula for P(n, 3). The notation {x} denotes the closest integer to x.

Theorem 4.4.5 Foranyn = 0, P(n, 3) equals the closest integer to % Thatis, P(n,3) =

n2
iz}
Our proof strategy is first to obtain a formula for P (7, at most 3 parts) and then apply
equation (4.15), namely

P(n,3) = P(n — 3, at most 3 parts).

It is an interesting journey.
We begin by using Theorem 4.4.2 to write

P(m, at most 3 parts) = P (m, largest part at most 3).

Therefore the OGF for the partitions of m with at most 3 parts is

m 1
mzzjo P(m, at most 3 parts)x™ = A= =1 —x3) (4.16)

To find the coefficient of x™ in the expression on the right-hand side, we factor the denom-
inator in preparation for finding its partial fraction decomposition (PFD):

1—x2=(1-x)1+x)
1—x3=(1-x)1+x+x?).

The quadratic 1+ x 4+ x? is irreducible over the real numbers—it cannot be factored further.
There are at least two options.

Option one is to go full steam ahead with the normal PFD; Exercise 5 asks you to take
this route. Option two comes out cleaner but at first glance appears to require some luck.
Change the PFD’s form a bit and instead use

1 4 B C D
(1-—x)(1-x2)1-x3) (1—x)3 + (1 —x)2 + 1—x3 + 1—x2’

4.17)

Since the decomposition on the right doesn’t include all terms required of a PFD, we should

expect no guarantee that values A, B, C, D exist that make the equation true. But if they do

then it will be very easy to extract the coefficient of x™, and herein would lie the advantage.
The usual clearing-of-denominators procedure in equation (4.17) produces

1=A0 +x)(1 +x + x3) + B + x)(1 —x?)
+C(1—x)(1 —x%) 4+ D1 —x)(1 —x?),
and the solutionis A = 1/6, B =D =1/4,and C = 1/3.
Question 178 Carry out the algebra that shows that this is the solution.
We have found the decomposition

1 /6 1/4 1/3 1/4
(1-x)(1-x2)1-x3) (1—x)3 + (1 —x)2 + 1—x3 + 1—x2’
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Replacing each term on the right-hand side with its infinite series representation shows that
we seek the coefficient of x™ in

1 3 1 2 1 a1 )
m=0 m=0 m=0 m=0

That coefficient, and therefore a formula for P (m, at most 3 parts), is

é (( ; )) + % ((,121)) + [either 1/3 or 0] + [either 1/4 or 0].

This is only marginally acceptable as a formula because of the sloppiness of the last two
terms. But it turns out that a bit more algebra justifies it. Begin by simplifying the first two

b

Question 179 Verify this.

So now the coefficient of x™ in the OGF is

32 1
% ~3 + [either 1/3 or 0] + [either 1/4 or 0].

By enumerating the four possibilites, we learn that the sum of the terms other than the first
one only takes on one of four possible values:

-1+0+0= -4
Stoti=—b
-1+l+0= 0
SRR

But each of these numbers is, in absolute value, less than % Therefore, we can conclude

: (m+3)2 :
that P(m, at most 3 parts) equals the closest integer to ~—>. That is,

(m+3)2}

P(m, at most 3 parts) = { 7

To get our result, apply this formula withm = n — 3:

((n —3) +3)?

P(n,3) = P(n — 3, at most 3 parts) = g =

I
—_

Sl
R

This completes the proof of Theorem 4.4.5.

An asymptotic approximation for P(n, k)

Essentially the same approach works to discover formulas for P(n,4) and higher, but
the contortions involved grow more complicated at each step. This suggests that an all-
encompassing exact formula for P (n, k) will not be, well, simple.
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Let’s lower our standards a bit and instead search for an approximation to P(n, k) for
fixed k. The type of approximation that we will seek is an important one in mathematics:
an asymptotic approximation. Asymptotic approximations are often just as useful, and in
some instances more useful, than exact formulas.

Given two functions f(n) and g(n), we say that f is asymptotically equivalent to g
provided that

.S

lim =1
The notation f(n) ~ g(n) indicates asymptotic equivalence. This is an equivalence rela-
tion; see Exercise 7(a).

Question 180 Show that f(n) = 4n3 —100n + 12 and g(n) = 19 + 20n — 21n? + 4n3
are asymptotically equivalent.

So, we seek a familiar function (e.g., a polynomial or exponential function) that is
asymptotically equivalent to P (n, k). Our strategy for obtaining this involves first squeez-
ing P(n, k) between the following lower and upper bounds.

L) i < i)

We can prove these bounds combinatorially. Then, we will show that the lower and up-

per bound are each asymptotically equivalent to #]:1)' This then forces P(n, k) to be
asymptotically equivalent to this function as well.

The combinatorial proofs of the upper and lower bounds rely on thinking of a partition
as a solution to a certain system. Another way to think of a partition of n into k parts is as
a k-list (zq, z2, ..., zx) that satisfies

At adeet = (4.13)
Z1=zp ==z = 1.
The second condition forces the parts into non-increasing order. This makes sure that we
don’t consider, say, 4 + 2 + 1 and 2 + 4 + 1, or rather (4,2, 1) and (2, 4, 1), to be different
partitions.

But if we drop that second condition and instead consider the k-lists (zy, z2, ..., Zr)

that satisfy
Z1+z2+--+zZr=n

allz; > 1,

(4.19)

then there are ((nfk)) lists. We discussed this in Section 2.2.

Question 181 How many solutions do equations (4.18) and (4.19) have when n = 8 and
k=4?

A lower bound for P(n, k)

Let’s attempt a count of the solutions to the “bigger” system (4.19) by first starting with

the solutions to the “smaller” system (4.18). Bigger and smaller refer to the fact that every

solution to (4.18) is a solution to (4.19), but not the other way around.
Consider the n = 7 and k = 3 case for a moment. There are ((73 3)) solutions to

the bigger system and P (7, 3) to the smaller. Take any partition of 7 into three parts, say
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44+ 2+ 1or(4,2,1). We may permute this 3-list in 3! ways to create different solutions
to the bigger system (4.19), namely

“4,2,1) 4,1,2) 2,4.1) 2,1,4 (1,4,2) (1,2,4).

But if we started with a partition that did not have distinct parts then we would create fewer
than 3! solutions. If we chose (3, 2, 2) then it would lead to only three different solutions:

(3,3,2) (3,2,3) (2,3,3).

But no matter: 3! - P(7,3) is then an over-estimate of the ((733)) solutions to the bigger
system. This shows that 3!- P(7,3) = ((733)) or

3

Once generalized, this proves our lower bound on P (n, k).
k
Theorem 4.4.6 Foranyn,k =1, P(n, k) = w

Question 182 Use the theorem to find lower bounds on P(n,2) and P(n,3) as a function

of n.
An upper bound for P(n, k)

Now let’s attempt to use the solutions to the smaller system (4.18) in a different way. Again
consider the n = 7 and k = 3 case. Here are the P(7,3) = 4 partitions of 7 into three
parts, written as solutions to the smaller system:

5,1,1) 4.,2,1) (3.3,1) (3.2,2).

Our strategy in getting the lower bound worked because we over-counted the solutions to
the bigger system (4.19). An under-count should lead to an upper bound.

Transform the four solutions above so that they all have distinct parts by adding 2 to
the first part, 1 to the second part, and O to the third:

(7,2,1) (6,3,1) (5,4,1) (5,3,1).

Now each is a partition of 7+ (24 1+ 0) = 10 into three distinct parts. Then permute each
in one of 3! ways as before. This time, we do create P (7, 3) - 3! = 24 distinct solutions to

Z1+22+23 =10
all z; > 1.
But there are more solutions than just the 24 that we constructed, namely those like (4, 4, 2)

which have at least one repeated element. So we have under-estimated the solutions to this
system and found that P(7,3) - 3! < ((103_3)) or

In general, take a partition of n into k parts, say (z1, z2, ..., Zx) and transform it into
the partition
(ziv4+G*=1),z2+ (k—2),....2k-1 + 1,2t + 0) (4.20)

that has distinct parts.
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Question 183 Explain why this partition must have distinct parts, even though the original
one (z1, 22, ..., Zk) may not have.

By doing the transformation shown in (4.20) just above, we have added a total of

1+2+---+(k—2)+(k—1)=@=(];)

to the original partition of #n, so this is now a partition of n + (g) into k distinct parts. If we
now permute the elements of this partition in one of k! ways, we have created P(n, k) - k!
distinct solutions to

k
21+Zz+---+2k=”+(2)

allz; > 1.

But there are potentially more solutions since the ones we created do not include those
with repeated elements. Therefore P(n, k) - k! is a lower bound on the total number of

solutions:
k
ronw=(, )

We now have our upper bound on P (n, k).
k
(Gt (54

k!
Question 184 Use the theorem to find upper bounds on P(n,2) and P(n,3) as a function

of n.
The squeeze

- k
W know that () = (1) and ()
Question 185 Verify these.

Our bound now looks like

Theorem 4.4.7 Foranyn,k =1, P(n, k) <

(n+(2)1—1).

k—

n—1 n+(5)-1
(kk—!l) S P(n,k)S ( kk—!l )

Let’s first show that the lower and upper bounds are asymptotically equivalent. It can be
seen more easily in the context of an example. Since we are holding k fixed, let’s pick a
particular value of k, say k = 4. Now the lower bound as a function of n is

) (5) _ @m-Ds

41 A1 413!

and the upper bound is
+(5)-1
("5 _0F) w5

41 41 413

Now take their ratio:

(n_1)3/(n+5)3 (=13 (n—D@n—2)n-3)

413! 431 453 m+50n+4)n+3)
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As n — oo this approaches 1 because of a favorite calculus trick: both numerator and
denominator are cubic polynomials of the form 13 + [lower order terms] and so the limit
as n —> oo equals the ratio of their leading coefficients, which is 1.

So in this case (k = 4) the upper and lower bounds are asymptotically equivalent,
but to what function? We claim that they are asymptotically equivalent to n3/4!3!. This is
because

@/ﬁ_(n—ng/ﬁ_(n—l)g_(n—l)(n—2>(n—3>
4! 4131 413! 4131 3 n3

which again goes to 1 as n —> o0o. Now, since both the upper and lower bound are asymp-

totically equivalent to % = %, and since P (n, 4) is squeezed between them for all #, it
follows that
n3
P(n,4) ~ —.
D~ 1

That last step requires proof even though it sounds intuitive. See Exercise 7(b).

The computations for general k are much the same. The goal is to show that both the
lower and upper bound are asymptotically equivalent to % The exercises ask you to
fill in the details.

Theorem 4.4.8 Ifk > 0 is fixed, then P(n,k) is asymptotically equivalent to
nk—l
kl(k —1)!
as a function of n.
It is worth remarking that for fixed k, P(n, k) grows as a polynomial function of n.

Question 186 How close is the asymptotic approximationto the exact formulasfor P (n, 1),
Pn,2), and P(n,3)?

Summary

Ferrers diagrams provide an inspiration for bijective proofs of partition identities. In terms
of formulas for P(n, k), we know that

P(n.1) =1 P(n.2) = L%J P(n,3) = {g}

where {-} denotes the closest-integer-to operator. Other formulas for P(n, k) and for P (n)
are possible but require advanced methods. For fixed k, an asymptotic approximation for
P(n,k)is

k—1

Exercises

1. What is the conjugate of the partition (n — k) + k of n, wheren = 2and 1 < k <
ln/2]?

2. Let z1 + z2 + - - - + z; be a partition of n into k parts, where as usual z; =z, = --- =
zx = 1. Show how to compute the conjugate of this partition using only the z;’s and
without referring to Ferrers diagrams.
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3. Suppose that P (), the total number of partitions of the given integer n, is odd. Prove
or disprove: at least one of those partitions is self-conjugate.

4. Find a formula for P(n,2) using the technique we used for P(n, 3). Start by finding
the partial fraction decomposition of the OGF for P (n, at most 2 parts):
1 4 N B N C
A-x)1-=x2) 1-x (1-x)2 1+x

Your final answer will look different than the formula P(n, 2) = L%J that we already
know.

5. This outlines an alternate way to obtain the formula for P(n, 3).

(a) Findry and r, so that 1 + x + x2 = (1 —=rix)(1 —rax).
(b) Find A through F that determines the partial fraction decomposition of the OGF
for P(m, at most 3 parts):
1 A B C
= + +
T-x)1=x?)1—-x3) 1—-x (1-x)2 (1-—x)3
N D E N F
I+x 1—rx 1—=rx

(c) Find the coefficient of x™ and prove P (m, at most 3 parts) = {%}

6. Fix an integer ¢ = 0. Prove: as n —> o0, the value of P(n,n — t) becomes constant.
What is the value of that constant, and at what value of n does this occur?

7. We used the following properties of asymptotic equivalence in this section. Assume
for convenience that all functions are positive-valued.

(a) Prove that the “is asymptotically equivalent to” relation is an equivalence relation.
(This is a nice review of the properties of limits.)

(b) Prove: if f(n) < g(n) < h(n) for all n and if f ~ h, then f ~ g.

8. Give a combinatorial proof: foranyn > 0,nP(n) = Z;?:l P(n—j)o(j). Hereo(j)
is defined to be the sum of the divisors of j.

9. This exercise concerns an upper bound on P (). Recall we define P(0) := 1.
(a) Prove that P(n) < P(n— 1)+ P(n —2) forn = 2.

(b) Use part (a) to prove that P(n) < F, for n = 0, where F,, is the n-th Fibonacci
number.

-~ Travel Notes
The book by Andrews & Eriksson (2004) is an excellent introduction to the current state-
of-the art regarding integer partitions. Among other things it discusses formulas for P (7, 4)
and P(n,5). It also gives many examples of proofs of partition identities using bijections
and Ferrer’s diagrams.

The study of integer partitions is one of the areas where combinatorics intersects most
significantly with number theory. The formula for P(n) that started with the 1918 work
of Hardy & Ramanujan and culminated with the 1937 work of Rademacher is a result in
analytic number theory and complex analysis.






CHAPTER 5

Counting Under Equivalence

You have probably seen ball-and-stick models of the molecular structure of chemical com-
pounds. Each ball represents a different atom and each stick represents a chemical bond.
In the 1930s, the Hungarian mathematician George P6lya considered the problem of enu-
merating the isomers of a chemical compound. He solved it, and the main result of his
efforts was a powerful, all-purpose tool that has since been applied to solve numerous
other counting problems: Pdlya’s enumeration theorem.

Pdlya’s problem involved counting under equivalence. In such a problem, the goal is
to count the equivalence classes of an equivalence relation. The equivalence principle of
Section 1.4 applies when all equivalence classes have the same size. Creating a more gen-
eral principle to handle situations in which not all equivalence classes have the same size
requires some abstract algebra (specifically, group theory) to make the necessary modi-
fications. This results in a formula, known as the Cauchy-Frobenius-Burnside theorem,
which looks a bit like the formula of the equivalence principle. To that result Pélya added
generating functions to arrive at his theorem.

The reader familiar with basic group theory, orbits, and the symmetric, dihedral, and
cyclic groups can skim Sections 5.2 and 5.3 until the statement of the Cauchy-Frobenius-
Burnside theorem in Section 5.3. Section 5.1 is essential, however, as it contains two ex-
amples to which we refer throughout this chapter.

5.1 Two examples

In this short section we present two examples that we use to illustrate most of the concepts
in this chapter. The first example is used by many authors and the reason is a good one: it
exposes enough depth of the more general problems we wish to study while remaining of
manageable size.

Square-coloring

In how many different ways can we construct a square using four indistinguishable sticks
and four styrofoam balls, where each ball is either black or white?

These constructions are known as colorings of the corners of the square. If we regard
the square as a fixed object (suppose it’s mounted on a wall) then any coloring is a function
f 1 [4] — {black, white} from the set of corners (which we can number 1-4) to the

187
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Figure 5.1. The 16 black-white colorings of the labeled corners of a square.
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set of possible colors. There are 2* = 16 possible colorings. Figure 5.1 displays these 16
functions as colorings, labeled f1, f>, ..., fi6-

But if we regard the square as freely movable in space (suppose it’s a toy you can toss
around), then many of those 16 colorings are equivalent. Under this notion of equivalence
there are only six different colorings:

ST

Notice that the labels no longer appear on the corners. The underlying equivalence relation

must account for the fact that rotating or flipping a square does not change its coloring.
Such operations rely on the square itself, not the colorings, and are known as the symme-
tries of the square.

Each of the six colorings listed above is a representative from a different equivalence
class. It is important to notice that not all equivalence classes have the same size. For
example, { f>, f3, fa, f5} is the equivalence class containing f,, while { f1¢, f11} is the
equivalence class containing fig.

Question 187 What are the sizes of the other four equivalence classes?

This problem opens the door to many natural generalizations. Instead of a square, we
might ask the same question of a regular pentagon, hexagon, or n-gon. We might also ask
how many colorings use a specified number of colors of each type. For example, there is
one 2-coloring of the square that uses one white and three black. The theory will allow us
to answer all of these questions.
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This problem also offers a glimpse of Pdlya’s original motivation for developing his
theory. When the colors are really molecules and the sticks are really chemical bonds, then
the answer gives the number of chemical compounds of a certain type. Counting chemical
compounds requires significant knowledge of chemistry, so we do not treat this application
in this book.

Grid-coloring

In how many ways can we color the squares of a 3 x 3 grid such that each square is either
black or white?

If the squares of the grid are numbered or otherwise distinguished, then there are 2°
colorings, corresponding to the possible functions f : [9] —> {black, white}. But if the
grid is allowed to rotate in the plane (suppose it’s drawn on a piece of paper, like a tic-
tac-toe board) then there are fewer colorings. For example, the following colorings are all

equivalent:

Like the problem of coloring the square, each equivalence class does not have the same
size. The above grids form an equivalence class of size four, while the grids

£"iata

form an equivalence class of size two.

Again, we might also be interested in colorings with certain properties. The question,
“How many different grids have five squares black and four squares white?” is the same
question as, “How many different tic-tac-toe boards have five Xs and four Os?”

5.2 Permutation groups

Our first task is to introduce those parts of group theory that are applicable to the counting
methods we wish to develop. We begin with permutations for we use them to describe how
an object like the square can move in space or how the 3 x 3 grid can move in the plane.

In this chapter we typically write permutations in one of two ways. The first
way, known as two-line form, is self explanatory. For example, the permutation f =
(7,4,3,2,6,1,5) of [7] is written in two-line form as

f= 1 23 45 6 7
“\7 4326 15)
To find £ (i), simply look directly below element i.
The other way is to write f as a product of disjoint cycles, and we explained how to do

this in Section 4.3. (See the subsection entitled “Cycle notation” for the idea.) In this case,
f can be written as a product of disjoint cycles as f = (175 6)(2 4)(3).

Question 188 Write the permutation (1 7 3)(2)(4 9 5 6 8) in two-line form.
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Groups

The set of all permutations of [r], together with the operation o of function composition,
forms what is known as the symmetric group on n elements and is denoted (S, o) or
just S,. For our purposes in this chapter, it is the most important example of a group.
Other common examples of groups include the sets Z or R or C each with the operation
of addition, or the set of nonzero real numbers with the operation of multiplication. From
linear algebra, the set of invertible n x n matrices forms a group under the operation of
matrix multiplication. We discuss some of these after giving the definition of group.

Definition 5.2.1 (group) A group is a pair (G, *) where G is a set and * is a binary
operation' on G that satisfies the following four properties.

e Closure: Foreach a,b € G, we havea x b € G.
e Associativity: For each a,b,c € G, we have a x (b x ¢) = (a * b) * c.

o Existence of an identity: There is an element e € G such that for each a € G, we
havea xe =aande xa = a.

o Existence of inverses: For each a € G, there exists x € G such thata * x = e and
X*xa=e.

For example, the set of integers with the operation of addition, namely (Z, +), is a group
for the following reasons. It satisfies the closure property because a + b is an integer
whenever a and b are integers. We know addition to be an associative operation: @ + (b +
¢) = (a + b) + ¢ holds for all integers a, b, and c. The integer 0 serves as an identity
because a + 0 = 0 4+ a = a for any integer a. Finally, for any integer a, the integer —a is
its inverse because a + (—a) = 0 and (—a) + a = 0.

The group (Z, +) satisfies an additional property—the commutative property—not
mentioned in the definition of group. That is, a + b = b + a for all integers a and b.
A group needn’t satisfy commutativity, and indeed some of the groups we use in this text
(most notably the symmetric group) are not commutative. A group whose binary operation
is commutative is a commutative group or an Abelian group.

Question 189 (linear algebra) For the group of invertible 2 x 2 matrices, what is the

identity element? What is the inverse of[ ] ? Is this a commutative group?

-2 2
The following list contains some facts about groups. The cancellation laws are partic-
ularly useful.

o Left- and right-cancellation: Whenever a xb = a ¢, it follows that b = ¢, and this
is the left-cancellation law. Similarly, whenever b x a = ¢ * a, it follows that b = c,
and this is the right-cancellation law.

e Uniqueness of identity: A group has one and only one identity element. This means
that we can speak of the identity, which we denote either as e or .

e Uniqueness of inverses: Any group element has one and only one inverse. Thus the
notation a~! denotes without ambiguity the inverse of the element a.

Exercise 5 asks you to prove these properties.

A binary operation is a function that operates on two objects at a time, like addition, subtraction, etc. For-
mally, a binary operation on G is a function G x G — G.
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The symmetric group
We now prove that the set S, together with function composition deserves the name
“group.” Most of the proof uses results that we proved in Section 1.3 and its Exercises.

Theorem 5.2.2 (symmetric group) For any integer n > 0, (S, o) is a group. That is, the
set of all permutations of [n] is a group under the operation of function composition.

Proof: Let n be a positive integer.

Closure: Theorem 1.3.5 (page 30) says that the composition of two bijections [n] —>
[1] is also a bijection [n] —> [n], so S, is closed under function composition.

Associativity: Theorem 1.3.6 (page 30) says that function composition is associative,
so S, has the associative property.

Existence of an identity: Define e : [n] —> [n] by e(j) = j forall j € [n]. This is
clearly a bijection [n] — [n]soe € S,.Let f € S,. Then foe = fandeo f = f
because f(e(j)) = f(j) and e(f(j)) = f(j) for all j € [n]. Therefore S, has an
identity element, namely the “identity permutation.”

Existence of inverses: Exercise 8 (page 32) shows that the inverse of a bijection 7 :
[n] —> [n] is itself a bijection 7! : [n] — [n]. Moreover ror ™! =eand 7o =e
where e is the identity permutation defined in the last paragraph. Therefore each element
of S, has an inverse in S;,. |

A group G is a finite group provided that G is a finite set. In that case |G| is the order
of G.If G is an infinite set, then the group has infinite order.

Question 190 What is the order of Sy, ?

Symmetries of an object

It is the symmetries of an object (like the square or the 3 x 3 grid of Section 5.1) that we
model using groups. The group elements describe all ways that we can physically reorient
the object without changing its structure.

Symmetries of the square

In what ways can we pick up the square of Section 5.1, move it around, and then put it
back down in the same place? Since we will be coloring the corners of the square, let us
number the corners (as in Figure 5.1) so that we can keep track of how each motion affects
each corner’s location.

There are eight such motions of the square in space: leave it unchanged, rotate the
square clockwise by a multiple of 90°, or flip it in three dimensions about one of its four
axes of symmetry. The identity motion / leaves the square unmoved. Label the rotation
motions as R, Ry, and R3, corresponding to the multiple of 90° that the square rotates—
either 90° or 180° or 270°.

The square has two axes of symmetry that pass through opposing corners (1 and 3, and
2 and 4). Call the motions that flip the square about these axes of symmetry F; and F»,
respectively. The square also has two axes of symmetry that pass through the midpoints of
opposing sides (either sides 1-2 and 3-4, or sides 2-3 and 1-4). Label the first motion Fi »
and the second F 3. Figure 5.2 shows how these motions act on the corners, and Table 5.1
shows each of these motions written as a permutation in Sy.
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Figure 5.2. Symmetries of the square as they act on its corners.

| motion | two-line form | product of disjoint cycles |

/ (i; gj) 1B
R (é i i T) (123 4)
Rs (;i f;) (13)(24)
Rs (i f ; ;‘) (1432)
A (ij g;) 12 4H0)
A (;j fj) 130
A (5103 (1234
Pa (43 01) (193
Table 5.1. Symmetries of the square as permutations in Sy.

For example, the F; > motion that “flips” (or rotates in three dimensions) the square
about the axis passing through the midpoints of sides 1-2 and 3-4 has the net effect of
switching the places of corners 1 and 2, and switching the places of corners 3 and 4. We
can record its action on the corners as the permutation

1 2 3 4
Ra=(y 1 5 3 ) =026
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in S4. Similarly, the R3 motion that rotates the square clockwise in the plane by 270°
moves corner 1 to corner 4’s original location, corner 2 to corner 1’s original location,
corner 3 or corner 2’s original location, and corner 4 to corner 3’s original location. We can
record its action on the corners as the permutation

1 2 3 4
R3_( L 3)_(1432)

in S4.

Symmetries of the 3 x 3 grid

For the 3 x 3 grid of Section 5.1, there are only four motions: do nothing (the identity
1), rotate 90 degrees clockwise (R1), rotate 180 degrees clockwise (R3), and rotate 270
degrees clockwise (R3). Though this problem and the previous one both involve squares,
the grid in this problem is not allowed to move in three dimensions: think of it as drawn on
a piece of paper, which can only be reoriented with two-dimensional motions.

Figure 5.3 shows how these motions act on the numbered squares, and Table 5.2 shows
each of these motions written as a permutation in Sg. Explanations similar to those used
for the square also apply here, using the original numbering of the nine squares as the
reference point. Notice that all four motions leave square 5 fixed.

11213 1]12]3 11213 6 |8 1]L
41516 I\ 41516 41516 R, 91¢S 1|V
71819 71819 71819 - (9 I I
1 2 3 PO N 1 2 3 n|lo]| o
41516 Rl\ o | v | 41516 Rz\ N Bl I
71819 ol | w 71819 "= <+ | =~

Figure 5.3. Symmetries of the 3 x 3 grid as they act on its squares.

motion| two-line form | product of disjoint cycles |
(it ) meewsense
v (T2 T waemeesae

B (s s et s s )] ameneneen
e (2278 ) aremesen

Table 5.2. Symmetries of the 3 x 3 grid as permutations in So.
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Subgroups

The eight symmetries of the square {/, Ry, Rz, R3, F1, F>, F1 2, F> 3} form a proper sub-
set of the 4! = 24 permutations in S4. Most permutations in S4, then, do not correspond
to rearrangements of the corners of the square that we can realize by picking it up, rotating
and/or flipping it, and putting it back down. For example, the permutation (1)(2)(3 4) does
not correspond to action on the corners by one of these motions: we cannot, through a mo-
tion that doesn’t involve the disassembly of the stick-styrofoam ball construction, switch
the locations of corners 3 and 4 and at the same time leave corners 1 and 2 in their original
locations. For this reason, the eight motions we use are sometimes called the rigid motions
of the square.

Likewise, the four symmetries of the 3 x 3 grid {/, R1, R, R3} form a small subset of
the 9! = 362,880 permutations in So.

But the results of group theory still apply to the 8- and 4-subsets given above, even
though they are only small subsets of the known groups S4 and Sg. This is because each is
a subgroup—a group living inside another group.

Definition 5.2.3 (subgroup) Let (G, x) be a group. A subgroup of G is a pair (H, *) such
that H C G and (H, %) is a group. We write H < G to indicate that H is a subgroup of
G.

We use the symbol < to distinguish it from C, because as we will see not every subset of a
group is a subgroup. The context in which the subgroup symbol appears should distinguish
it from ordinary less-than-or-equal-to. It is always true that {e} < G for any group G. This
is the trivial subgroup.

The subgroup test

Practically, the test for whether a particular subset of a finite group is a subgroup is straight-
forward: just check that the subset is closed under the group operation. In the proof of the
following theorem, and elsewhere, the notation a” refers to repeated application of the
group operation. For example, a> = a * a and a® = a * a * a. Also,a' = a and a® = e.

Theorem 5.2.4 Let (G, x) be a finite group, and let H be a nonempty subset of G. Then
H < G ifand only if H is closed under .

Proof: Assume that (G, *) is a finite group and that H is a nonempty subset of G.

(=) Assume that H < G. Then (H, ) is a group, so it is closed under *.

(<) Assume that H is closed under *. We must prove that (H, %) has the three
remaining group properties.

Associativity: Let a,b,c € H. Then a,b,c € G since H C G. Since G is a group
and therefore associative, it follows that a * (b x ¢) = (a * b) * c¢. Therefore H has the
associative property.

Existence of an identity: Suppose |H| = m for some positive integer m. If m = 1
then H = {a} for some a € G. Since H is closed, it follows that a * @ = a. Now, working
this equation in the group G, left-cancellation of a*a = a*e implies that a = e. Therefore
H = {e} and so H is the trivial subgroup of G.

Now assume that m > 1. Leta € H. Since H is closed under *, the m + 1 elements

a,a? a3, ..., amt! 5.1
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all belong to H. But because |H| = m this list must repeat: a’ = a’ for some integers i
and j satisfying1 <i < j <m+1.Rewritea’ = a’ *a’~' and note that 0 < j —i < m.
This means

a'xe=a xal"".

Working in the group G, left-cancellation implies e = a’/~ where e is the identity element
of G. But since ¢/~ € H, we have shown that ¢ € H and hence that H contains an
identity.

Existence of inverses: Let ¢ € H. Definition 5.2.1 requires us to find some b € H
satisfyinga * b = e and b * a = e. Form the same list (5.1) from which we learned that
a’~! = e. This means that if we choose b := a/ 7'~ € H (where a® := ¢) then

axb=axaTl=g/7 =,

and similarly b * a = e. Therefore every element of H contains an inverse that belongs to
H . This completes the proof that H < G. |

In the case of an infinite group, the subgroup test requires more than just checking
closure. See Exercise 11.

The symmetries of a square
Now that we have the subgroup test, a systematic way to check that

{I.R1,R2,R3, F1,F>, F12,F23} < S4

is to use a group table, which shows the result of composing any two permutations that
correspond to the actions of the eight motions on the corners. Table 5.3 gives this group
table. The entry in any row and column is the net motion that results from applying first
the column’s motion followed by the row’s motion.

For example, what is the motion F> 3 o R; that results from first rotating the square
clockwise by 90 degrees and then flipping it about its horizontal axis? Since

F3(Ri(1)) = F>3(2) =3
F3(R1(2) = F23(3) =2
F3(Ri(3) = F3(4) =1
F3(Ri(4) = F23(1) =4,

1 R1 R2 R3 F1 FZ F12 F23

s s

Ji Ji Ry R, R R o Fip 3

s s

Ry Ry R> R3 I Fip, Ry B Fy

s

Ry Ry R; I Ry 3 Fi F3 Fip

R3 R3 I Ry R, F3 Fip B F,
R R F3 F Fip I Ry Rs R
K F, Fpy F k3 R I Ry R3
Fip | Fip Fi B3y B Ry R3 I R>

iy | s F, Fip Fi R3 Ry R> I

Table 5.3. The group table for the symmetries of the square.
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it follows that

1 2 3 4
F2’3°R1=(3 2 1 4)=F2‘

Therefore the entry in F5 3’s row and R;’s column is F». Likewise,

Ri(F23(1)) = Ri(4) =1
Ri(F23(2)) = R1(3) =4
Ri(F>3(3) = Ri(2) =3

Ri(F23(4) = Ri(1) =2,

so Ry o I, 3 = Fj. One thing to notice is that the order in which we apply the motions
matters! This group is not commutative.

It is straightforward but tedious to verify the remaining 62 entries of the group table.
Because the net result of applying any two motions in succession equals one of the eight
original motions, we have a subgroup of S4 by Theorem 5.2.4.

Question 191 Is {I, R, R, R3, F12} a subgroup of S4? Explain why or why not.

The symmetries of the 3 x 3 grid

The group table for the grid problem is smaller and it appears in Table 5.4. Although this
group table just equals the upper left corner of the group table for the symmetries of the
square, remember that these four motions are permutations in Sg and not in Sy4.

Question 192 Is the subgroup shown in Table 5.4 commutative?

o I Ry R, R3
1 I Ry R, R3
Ri | Ry R, R; I
R, | R, R; I R
R; | Rs I R R
Table 5.4. The group table for the symmetries of the 3 x 3 grid.

The dihedral and cyclic groups
The dihedral group

Instead of coloring the corners of a square, consider coloring the corners of a regular pen-
tagon, hexagon, or (in general) regular n-gon, where n = 3. If we allow any rigid, three-
dimensional motion to determine a reorientation of that figure, then what is the size of the
symmetry group?

Label the vertices of a regular n-gon using the set [1] and then orient it so that vertex 1
sits at the top. For n = 5 and n = 6 the labelings are:
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Like the square (a regular 4-gon), we can perform two-dimensional rotations. Including
the identity element / (the 0° rotation) there are five possible rotations for the pentagon
and six for the hexagon. Label these 7, Ry, R, R3, R4 in the case of the pentagon and
I, R1, R2, R3, R4, Rs in the case of the hexagon. The rotation R; is a rotation by 360;/n
degrees.

Question 193 What are the permutations in Ss (for the pentagon) and Se (for the hexagon)
that correspond to these rotation motions?

Now there are the three-dimensional flip motions. The pentagon has five axes of sym-
metry. Each such axis passes through a vertex and the midpoint of the side directly op-
posite that vertex. As such, a vertex uniquely identifies an axis of symmetry. Label the
corresponding flip motions Fy, F5, F3, Fa, Fs as shown below:

(The above diagram shows the “before” positions of the pentagon as well as the axes
of symmetry, unlike Figure 5.2 which shows both the before and after positions for the
square.)

Question 194 What are the permutations in Ss that correspond to these five flip motions?

The hexagon has six axes of symmetry. Three of them pass through pairs of opposing
vertices: 1 and 4, 2 and 5, 3 and 6. Label the corresponding flip motions as Fy, F5, F3. The
other three pass through pairs of opposing sides: 1-2 and 4-5; 2-3 and 5-6; and 3-4 and 6-1.
Label the corresponding flip motions Fi >, F» 3, F3,4 as shown below:

Question 195 What are the permutations in Se that correspond to these six flip motions?

The parity of n, the number of corners, accounts for the difference in the nature of the axes
of symmetry in the pentagon and the hexagon.

As you might expect, the symmetry group of the regular n-gon, where n > 3, has n
rotation motions (including the identity) and » flip motions. As such it has order 2n and
is known as the dihedral group of the regular n-gon, notated D,. It is composed of the n
rotations I, Ry, R, ..., R,—1 and n flip motions as follows. If n is odd, they are

FlaFZa”‘aFn
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where the flip F; is about the axis of symmetry passing through vertex i and the midpoint
of the side directly opposite. If # is even, they are

Fl,FZ,...,F%,Fl,Z,FZ,?,,...,Fﬂ 24

2°2

where the flip F; is about the axis passing through vertex i and the vertex directly opposite,
and the flip F; ;41 is about the axis passing through the midpoint of the side joining vertices
i and i + 1, and the side directly opposite.

The symmetry group of the square that we gave earlier is the dihedral group D4 of
order 8. In general, the action of the symmetries of the regular n-gon on its corners, when
thought of as permutations in S, indeed forms a subgroup of S, of order 2. That is,
D, <8, and |D,| = 2n.

The cyclic group
One way to define the cyclic group of order n, denoted by C,, is as the subgroup of D,
that consists of the identity together with the n — 1 rotation operations on the regular n-gon.
As such, it is essentially the same group as (Z,,, &) where Z,, := {0, 1,...,n — 1} is the
set of residues modulo 7 and & is addition modulo 7.

For example, the group table for Cy4 is shown in Table 5.4. The group table for (Z4, ®)
is

é(0 1 2 3
0,0 1 2 3
1|1 2 3 0
212 3 0 1
313 0 1 2

Except for the names of the group elements, the two groups behave in exactly the same
manner. This illustrates the concept of group isomorphism which, while very important in
group theory, we won’t cover.

Summary

For the purposes of counting, and especially counting when there are symmetries of a
physical object to consider, the most important groups are

e the symmetric group, denoted by S,, which is the set of all permutations of [n], or
equivalently bijections [n] —> [n], under the operation of function composition;

e the dihedral group, denoted by D,, which is the set of symmetries of the regular
n-gon; and

e the cyclic group, denoted by C,, which is the set of rotational symmetries of the
regular n-gon, or equivalently the set of integers modulo » with addition.

The groups D, and C, are each subgroups of S,.

Exercises

1 23 45 6 7 8
; ?
1. How many cycles does the permutation ( 6328 7 15 4 ) have?

2. How may different permutations in S5 have exactly two cycles? Exactly three cycles?
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3. Letr := (135)(2)(4 6) and t := (1 6 54 3 2) be permutations in Ss. Find
(@) 7 land 71,

(b) mrotand t o,
(c) m~'o(rom?),and
(d) 7 2%2and 73

4. Explain why (R, -) is not a group, where R is the set of real numbers and - is multipli-
cation. Then, make a small change to the set R so that it is a group under multiplication
and prove that it is so.

5. Let (G, *) be a group. Prove the left- and right-cancellation laws. Then, use them to
prove that a group’s identity element is unique, and that the inverse of any a € G is
unique.

6. Let (G, *) be a finite group. Prove that every row of its group table is a permutation
of G.

7. Let (G, *) be a finite group of order n, and let a € G. It is true that the list a, a%,a3,...,
a"*1 must contain a repeat. Prove that a is the first repeated element.

8. In addition to numbering the corners of the pentagon, label the sides «, b, ¢, d, e.
Describe how the dihedral group D5 acts on the sides of the pentagon. Write the
result of each motion as a permutation of {a, b, ¢, d, e} and make a table similar to
Table 5.1. Then do the same for the hexagon.

9. Find the symmetry group, as a subgroup of Sg, for the following stick-styrofoam ball
structure free to move in space. (Corners are numbered for convenience.)

10. Repeat the previous exercise, but for a 4 x 4 structure.

11. Let (G, %) be a group (not necessarily finite), and let H be a nonempty subset of G.
Prove: H < G if and only if (1) H is closed under *, and (2) whenever a € H, it

follows that ™! € H.
12. Consider the symmetric group (S5, o) and one of its elements 7 := (1 3 4)(2 5).
(a) Define 70 := e, the identity permutation, and 7! := 7. Compute 72 := 7 o 7,
73 := 7 o7 o 7, and so on until this list starts to repeat.
(b) Let the set H consist of the permutations that you found in part (a). Use a group

table to show that H is a subgroup of Ss.
13. Let (G, *) be a group, and fix any = € G. Prove that the set
(m):={x":neZ

is a subgroup of G. (The set (x) is called the cyclic subgroup of G generated by
7. In the previous exercise you found the cyclic subgroup of S5 generated by the
permutation (1 3 4)(2 5).)
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14. Continuing the previous exercise, prove that the cyclic subgroup () is commutative.

15. This exercise outlines a proof of Lagrange’s theorem which is an important result in
group theory. Let (G, %) be a group.

(a) Let H be a subgroup of G and let a € G. The right coset of H in G containing
a is the set

Ha:={h*a:heH}.

Prove: if a, b € G, then the function f : Ha —> Hb givenby f(h*a) = h*b
is a bijection.

(b) Define a relation = on G by the following: a = b if and only if a * b~! € H.
Prove: = is an equivalence relation on G.

(c) Prove: the equivalence classes of the equivalence relation in part (b) are the right
cosets of H in G.

(d) Combine your results in parts (a)-(c) to prove Lagrange’s theorem: If (G, %) is a
finite group and H is a subgroup of G, then | H| divides |G|.

(e) Explain how Lagrange’s theorem gives an alternative way to answer Question
191 on page 196.

5.3 Orbits and fixed point sets

This section bridges the gap between group theory and counting. We can think of the
symmetry group of the square (i.e., the dihedral group D4) as it acts on certain features
of the square: the corners, the edges, the possible colorings of the corners, the possible
colorings of the edges, etc. In fact, we have already done this for the corners and it is
shown in Figure 5.2 and Table 5.1. We numbered the corners because those are what we
wish to color.

Square-coloring

Recall the square-coloring example of Section 5.1. As it acts on the four numbered corners
of the square, the F; = (1)(2 4)(3) operation leaves corners 1 and 3 fixed but switches
the locations of corners 2 and 4. But as it acts on the 16 colorings of the square’s corners
pictured in Figure 5.1, it does this:

F = (fl f2 3 fa fs fo f1 fs fo fro fur fiz fiz fia fis flG)
! fi o fs fa f3 fo fs 1 fe fio fu1 fiz fis fis fi3 fie )

For example, flipping the colored square labeled f5 about the axis joining corners 1 and 3
results in the colored square f3. This means Fi(f5) = f3. The Ry = (1 2 3 4) operation
acts on the colorings as follows:

R — (fl f2 f3 fa fs fe f71 /38 fo fio fu1 fiz f13 fi4 fi5 flG)
YN A S S Ss o fr S fo fs i fio fis fia fis fia fis )

Notice that each is a bijection on the set of colorings.
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Grid-coloring
In the grid-coloring example of Section 5.1, the action of the symmetry group on the nine
squares comprising the grid is shown in Figure 5.3 and Table 5.2. But it also acts on the
2° = 512 possible colorings of the nine squares. Unlike the square example, explicitly
enumerating all possible colorings is too cumbersome.

But, like the square example, each of the four operations 7, R;, R, and R3 produces
a bijection on the set of colorings.

Group acting on functions

Group theory provides a useful tool—the Cauchy-Frobenius-Burnside theorem—that
solves both the square-coloring and grid-coloring problems with comparable effort, even
though there are more initial black-white colorings of the grid than the square (512 vs. 16).
The key concept is that of a group acting on a set of functions. In our examples, the func-
tions are colorings and for many problems it suffices to have an intuitive notion for what
group action means. Developing the theory, however, requires a precise definition.

Definition 5.3.1 (group acting on functions) Let A and C be finite sets, and let G be a
group of permutations of A. For the set C4 of functions f : A —> C, the action of G on
C4 is defined by

(m(f))(@) = f(m"'(@))  foreachn € G anda € A.

In the square example, A = [4] is the set of labeled corners, C = {black, white} is the set
of colors, and G is the dihedral group D4 as it acts on the set A of corners.

The definition’s purpose is to make precise what, say, R;(f2) means. After all, Ry
describes how the group acts on the corners and not the colorings. Intuitively, saying
R1(f2) = f> makes sense because rotating the coloring f, clockwise by 90° produces the
coloring f3. (Refer back to Figure 5.1.) The definition defines what the function R;(f2)
is. Since Rl_1 = Rj3, the definition says

Ri(£() = £(RTH(D) = f2(R3(1)) = f2(4) = black = f3(1)
Ri(£2) = £2(RT'(2) = £2(R3(2)) = f>(1) = white = f3(2)
Ri(£23) = £2(R'3)) = £2(R:(3)) = f2(2) = black = f3(3)
Ri(£2(4) = £2(RT'(@) = f2(R3(4)) = f2(3) = black = f3(4).

So indeed R;(f>) = f3 because f3 is the coloring that labels corners 1-4 in the order
black-white-black-black.

Question 196 Use the same method to find F»( f11).

Two important concepts
Orbit

As our goal is to count inequivalent colorings, we must make our notion of equivalence
precise. In the square-coloring example, we consider two colorings equivalent provided
that we can “reach” one from the other via group operations.

For example, colorings f7 and fg are equivalent because the 90-degree rotation opera-
tion takes one coloring to the other: R;(f7) = fg. Itis also the case that F;(f7) = fg and
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that R3(fg) = f7, but the point is that there is at least one way to get from f7 to fg or vice
versa.

When a group acts on a set of functions (e.g., colorings) the orbit of a function is the
set of all functions “reachable” by applying the group operations to the original function.

Definition 5.3.2 (orbit) Let A and C be finite sets, and let G be a group of permutations
of A. For any f € C4, the orbit of f under G is the set

orbg (f) == {n(f) : 7w € G}.

For example, to find the orbit of coloring f7, we apply each of the eight group operations
to f7 and gather the results:

I(f)=fi Ri(f)=fs R(fr)=/fo Rs(fr)=fs
Fi(f)=fs FR(f1)=fe FR3(f1)=,f F20f)=f.

This means the orbit of f7, namely orbp, (f7), equals { e, f7, fss fg}. As other examples,
orbp, (f10) = {f10. f11} and orbp, (f1) = { f1}.
Question 197 What is the orbit of f15?

Notice that each orbit contains colorings of the corners of the square that we do indeed
consider equivalent.

Question 198 In general, explain why any function f is in its own orbit.

Fixed point set
Given a group operation, its fixed point set is the set of functions that are left unchanged
by the operation.

Definition 5.3.3 (fixed point set) Let A and C be finite sets, and let G be a group of per-
mutations of A. For any w € G, the fixed point set of 7 in G is the set

fixg(n):={f e C*:n(f) = f}.

In the square example, the only colorings unchanged by the R; motion are the all-black
coloring f7 and the all-white coloring f1¢. Therefore

fixp,(R1) = { /1, fi6}-

The colorings unchanged by the Fi » operations are

fixp,(F1.2) = { /1. fe. fs. f16}-

Question 199 In general, what group element w has fixg (r) = C4, always?

The goal: count the orbits

We now prove that the orbits partition the set of functions acted upon by the group. Once
accomplished, we then re-cast our original goal of counting the inequivalent arrangements
as that of counting the orbits.

Let A and C be finite sets and let G be a group of permutations of 4. Let f € C4. Our
first observation is that every orbit is nonempty. This follows from your work in Question
198, in which you observed that any function is in its own orbit.
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A second observation follows almost immediately. Because f belongs to its own orbit,
this means that every element of C4 is in some orbit. Therefore the union of the orbits
equals C4, the set of functions acted upon by the group.

To complete the proof that the orbits partition C4, we show that the set of orbits con-
tains disjoint sets. We accomplish this by proving that any two orbits that are not disjoint
must be equal.

Theorem 5.3.4 Let A and C be finite sets, and let G be a group of permutations of A.
Then the orbits of C4 partition C4. That is, the set

O :={orbg(f) : f € C4
is a partition of C4.
Proof: Let A and C be finite sets, and let G be a group of permutations of A. We have
already shown that O contains nonempty sets whose union is C 4. We now prove that these
sets are disjoint.

Assume that orbg (1) and orbg (f2) are two orbits that are not disjoint, and let g be
any function belonging to both orbits. By Definition 5.3.2, this means that g = 71 ( f1) and
g = ma(f2) for some 71, m, € G. We prove that orbg (f1) = orbg(f2) by showing that
each is a subset of the other.

Let i € orbg (f1). This means i = 7 (f1) for some # € G. But because m;(f1) =
72( f2), we can write f1 = 711_1 (nz(fz)). Therefore

h=x(f) =7 (r7 (12(f2)) = (o m7 0 m)(f2).
~————
=0
By closure of the group G, the operation o belongs to G. This means that 7 = o (f2)
where o € G. Therefore i € orbg(f2), and hence orbg( f1) C orbg (f2).

The proof that orbg (f2) C orbg (f1) is similar and left to you in the next question.
Therefore O must contain disjoint sets. This completes the proof that the orbits partition
c4. |
Question 200 What are the details that prove orbg (f2) < orbg (f1)?

In the square-coloring example of Section 5.1, we noted that there are only six inequiv-
alent colorings. This means that there are six orbits.

Question 201 Write down the six orbits for the square example.

The Cauchy-Frobenius-Burnside theorem

In the interest of illustrating how to count orbits in an efficient manner, we jump right to
the statement of the theorem that allows us to do so. We prove it in Section 5.5.

Theorem 5.3.5 (Cauchy-Frobenius-Burnside) Let A and C be finite sets, let G be a
group of permutations of A, and let O be the set of orbits of C4. Then

1
0] = — > [fixg ().
|G| reG
Applying the Cauchy-Frobenius-Burnside (CFB) theorem, then, amounts to determining
the size of each fixed point set. Doing so requires knowing the cycle structure of each
group operation. Let’s use it to finish our two examples.
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Finishing the square-coloring example

In Table 5.1 on page 192, we wrote each of the eight group operations as a product of
disjoint cycles. This allows for easy computation of the sizes of the fixed point sets.

Here is the idea. To count the colorings that a certain group operation leaves fixed, it
suffices to count the number of ways to assign a color to each cycle of the operation. This is
because every corner in a given cycle must receive the same color in order for the coloring
to remain fixed under the operation.

For example, the R, operation can be written (1 3)(2 4), meaning that it swaps corners
1 and 3, and it swaps corners 2 and 4. Therefore, corners 1 and 3 must receive the same
color, as must corners 2 and 4. There are two choices of colors (black or white) for each,
S0 |ﬁxD 4 (R2)| = 22, The identity operation / can be written (1)(2)(3)(4). Therefore
any corner can receive any color because any coloring remains fixed under the identity
operation. This means |ﬁxD4 (I)| =24

In general, with two colors available, the number of colorings left fixed by a given
operation equals 2¢™) where ¢ () is the number of disjoint cycles in the permutation 7.
The following table summarizes this information.

motion 7 | product of disjoint cycles | |fixp, ()|

1 1H2)(3)(4) 2

R, (1234) 21

R 13)24) 22

Rs (1432) 2!
3 (14)23) 22
Fis 12)34) 22

F HEHE) 2

F 13)2)4) 2

By the CFB theorem the number of orbits, and therefore inequivalent colorings, equals

ﬁzmm(ﬂ”:é(zuzl+22+21+22+22+23+23)=6.

reG

Of course, this agrees with our initial answer in Section 5.1.

Question 202 Find the answer if we had three colors available instead of two.

Finishing the grid-coloring example
Applying the same ideas to the grid-coloring example of Section 5.1, we arrive at the

following table. The relevant group is Cy, the cyclic group of order 4 as it acts on the nine
squares of the grid.
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motion r | product of disjoint cycles | |fixc, ()|

1 (HR)B)HG)O)N(N(B)(9) 2

R: (1397)(2684)(5) 23
R, (1 9)28)(37)(4 6)(5) 25
R; (1793)(2486)(5) 23

By the CFB theorem, the number of inequivalent colorings equals

%(29 +23 425 4 23) = 140.

Computing the size of a fixed point set

Our technique of computing the sizes of the fixed point sets relies on the following result.
In the language of colorings, it says that a group operation fixes a coloring exactly when
each cycle of the group operation is monochromatic.

Theorem 5.3.6 Let A and C be finite sets, and let G be a group of permutations of A. For
any f € C4Aand v € G, it follows that 7 (f) = f if and only if f is constant on every
cycle of .

The proof, which Exercise 4 asks you to provide, makes use of Definition 5.3.1.

Summary

Let G be a group acting on a set of functions C4. So far, we can think of these functions
as colorings.

e The orbit of f € C4 is a subset of C4. It contains the elements of C4 that are
“reachable” from f via the group operations.

e The fixed point set of 7 € G is a subset of C4. It contains the elements of C4 that
are unchanged by 7.

The Cauchy-Frobenius-Burnside theorem allows calculation of the number of orbits in
terms of the sizes of the fixed point sets. In the case of our examples, it was possible to
calculate the size of each fixed point set by first writing each group element & as a product
of disjoint cycles.

Exercises

1. Consider the square example, but where each corner can be colored black, white or
red. Let f be the coloring that colors corners 1 and 2 black, corner 3 white, and corner
4 red. Write down all of the colorings in the orbit of f.

2. How many ways are there to construct the figure in Exercise 9 of Section 5.2 if each
ball can be one of k colors? Apply the CFB theorem.

3. In how many different ways can we construct a square using four sticks and four
indistinguishable styrofoam balls, where each stick is either black or white? (That is,
we are coloring edges and not corners.)

(a) Label the square’s edges a, b, ¢, d. Find the cycle structure of each element in
the dihedral group as it acts on the edges and then apply the CFB theorem.
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(b) Now change the question to: In how many different ways can we construct a
square using four sticks and four styrofoam balls, where each stick is either black
or white and each ball is either black or white? Answer this using the CFB the-
orem. (Hint: The dihedral group now acts on the set {1,2,3,4,a,b, ¢, d} of cor-
ners and edges.)

4. Prove Theorem 5.3.6.

5. This exercise shows why the CFB theorem is a generalization of the equivalence prin-
ciple. Consider counting the number of different ways we can seat five people around
a circular table. Initially we assume the seats are numbered or otherwise distinguish-
able.

(a) What is the symmetry group that acts on the seatings?

(b) How many seatings are left fixed by the identity?

(c) Explain why zero seatings are left fixed by each of the rotation operations.

(d) Use the CFB theorem to find the number of different seatings when the seats are
indistinguishable.

6. How many different stacks of 8 coins can be made, where the coins all have the same
size but are either gold or silver? The stack can either be left alone or turned upside-
down.

7. Generalize the previous problem to an n-coin stack where k different types of coins
are used. (Hint: The parity of n matters.)

- Travel Notes
The Cauchy-Frobenius-Burnside theorem is often called Burnside’s lemma or occasionally
Burnside’s theorem. All of these names are apparently wrong. According to research done
by Neumann (1979), Cauchy first proved the result for a special case in 1845 and then
Frobenius proved it in its current form in 1887. The link with Burnside did not occur until
the 1960s when some authors using the result found it in Burnside’s 1911 book on group
theory and, in the absence of any reference to its origin, attributed it to Burnside. The use
of the name “Burnside’s lemma” gradually became commonplace.

Rightly or wrongly, many now know the result as Burnside’s lemma so we choose to
include Burnside’s name. Neumann’s paper (“A lemma that is not Burnside’s”) is worth
reading. He suggests calling it the Cauchy-Frobenius lemma.

5.4 Using the CFB theorem

Now that we have answered the two counting questions posed in Section 5.1, we devote this
section to illustrating how to apply the Cauchy-Frobenius-Burnside theorem from scratch
to answer four additional counting questions. We defer the proof of the CFB theorem to
the next section.

Example 1: coloring the faces of a triangular prism

A triangular prism has an equilateral triangle for its base and top, and rectangular sides.
In how many different ways can we color the five faces of this prism if each face can be
painted using one of k colors?
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Front view
T
: Top view
S, 5, S, S, . S,
Y . 4
T S,
B

Figure 5.4. A triangular prism.

A picture of the triangular prism appears in Figure 5.4, with top 7', bottom B, and
sides S1, S2, and S3. First we determine the symmetry group G of the prism. There are
three clockwise rotations about the vertical axis that passes through the centers of the top
and bottom faces: the identity I, the 120° rotation Ry, and the 240° rotation R,. We can
also pass an axis through the center of each side (perpendicular to that side) and rotate the
prism by 180° about that axis; we call these operations Fj, F,, and F3 corresponding to
the axis that passes through the center of side S;, S», and S3, respectively. The relevant
information required to apply the CFB theorem is given in the table below.

motion = | product of disjoint cycles ‘ |fixg ()| ‘

1 (B)(T)(S1)(S2)(S3) k>
Ry (B)(T)(S1 82 83) k3
Ry (B)(T)(S1 83 82) k3
F (B T)(S1)(S2 S3) k3
F> (B T)(S1 83)(S2) k3
F3 (B T)(S1 82)(S3) k3

For example, the F, operation exchanges the bottom and top face; it leaves face 2 fixed
but exchanges faces 1 and 3. Thus F» = (B T)(S1 S3)(S2). We can assign one of k colors
to each of the three cycles, so |ﬁxG (F2)| = k3. The entries for the other five operations
follow similarly.

By the CFB theorem, the number of inequivalent colorings is

15 3 3 3 3 3\ _ 1/ 3
g(k YAtk +k)_6(k + 5K%).
(On a side note, this also shows that k> + 5k3 is divisible by 6 for k > 1.)

Example 2: counting necklaces

How many different six-bead necklaces are possible where each bead can be one of three
colors? How many different seven-bead necklaces are possible where each bead can be one
of three colors?
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motion 7 | product of disjoint cycles ‘ |fixp, ()| ‘

1 (H2)B3)H(5)(6) 3¢
R, (123456) 3!
R, (135)(246) 32
R3 (14)(25)(36) 33
R4 (153)(264) 32
Rs (165432) 3!
F (1)(2 6)(3 5)(4) 3
P (13)(2)(4 6)(5) 3
F3 (15)(24)(3)(6) 3

Fi, (12)(36)(45) 33
Fs3 (14)(23)(56) 33
F34 (16)(25)(3 4) 33

Table 5.5. Cycle structure for the six-bead necklace.

The symmetry group of each necklace is the same as that of the regular 6-gon or 7-gon,
respectively. As such, we work with the dihedral groups D¢ and D7.

For the six-bead necklace arrange the necklace in a circle with the beads equally spaced,
and numbered as follows:

Table 5.5 shows the cycle structure and the number of necklaces fixed by each operation.

By the CFB theorem, the number of different necklaces equals
1
E(3"’+3-34+4-33+2-32+2-31) = 9.

That is, out of the 3¢ = 729 initial necklaces (i.e., those with the beads numbered and the
necklace unmovable) there are only 92 truly distinct possibilities.
For the seven-bead necklace, arrange it as shown:
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motion | product of disjoint cycles | |fixp, ()|
1 (1HR)B)HG)(6)(7) 37
Ry (1234567) 3!
R, (1357246) 31
Rs (1473625) 31
Ry (1526374) 31
Rs (1642753) 3!
Rs (1765432) 3!
Fy (273 6)(45) 34
F> (13)(2)(47)(56) 34
F3 1524H3)67) 34
F4 (17)(26)(35)(4) 34
Fs (12)(37)(46)(5) 34
Fs (14)(23)(57)(6) 34
Fy (16)(253 4)(7) 34

Table 5.6. Cycle structure for the seven-bead necklace.

Table 5.6 lists the relevant information, and the CFB theorem tells us that there are
1
14
different seven-bead necklaces using three colors of beads.
Question 203 What is the answer to each necklace-counting question if k colors are avail-
able instead of three?

(37+7-34+6-31)=198

The n-bead necklace

After working out the six-bead and seven-bead cases, and perhaps the nine-bead case on
your own, you will begin to get some intuition about what is required for the n-bead neck-
lace. It is clear that the number-theoretic properties of n play a central role. See Exercises
15 and 16.

Example 3: a non-geometric example

Consider the following operations on a binary number. The first is the SHIFT operation
which shifts each digit one place to the left, with wrap-around at the end. For example,
SHIFT(00010) = 00100 and SHIFT(01011) = 10110. The other is the FLIP operation
which changes each 0 to a 1 and each 1 to a 0. For example, FLIP(00010) = 11101 and
FLIP(01011) = 10100.

How many different 5-digit binary numbers are there if two such numbers are consid-
ered equivalent if one can be obtained from the other by any combination of SHIFT and
FLIP operations?



210 5. Counting Under Equivalence

For example, the following numbers are all equivalent:

01001 10010 00101 —— 11010 —— 10101.
SHIFT SHIFT FLIP SHIFT

In preparation for constructing the symmetry group, let’s represent a 5-digit binary number
as didadsdsds. We need the identity operation, operations that SHIFT either one, two,
three, or four times, and the flip operation. Here is the relevant information. (We use d; to
indicate that digit d;’s value has “flipped.”)

motion & Result product of disjoint cycles
I didrdzdads (d1)(d2)(d3)(d4)(ds)
S drdzdsdsd; (di1 ds ds d3 d»)
S> dsdsdsdidy (d1 da dy ds d3)
S3 dadsdydads (di ds ds dr dy)
Sy dsdidadsds (di dr d3 dy ds)
F | dldjdiddl 277

But what about the FLIP operation, F'? We cannot compute its cycle structure as we
did for the SHIFT operations because FLIP changes each digit’s value and not its loca-
tion. This means that, unlike all previous examples, we are not dealing with a permu-
tation group. In addition, the symmetry group cannot consist just of the operations in
H := {1,851, 52,53, S4, F} because this set is not closed under composition and thus
is not a group. For example, if we apply S, first and then F, we get

FS>(d1d»rdsdads) = F(Sz(d1d2d3d4d5))
= F(d3dsdsd,d>)
= djd,dld|d}.

(The notation FS, is an abbreviation for F o S,, the composition of F' with S,.) There
is no way to get from dyd>dsdads to djd;did|d} with a single operation in the set H
defined just above. Thus, H is not closed so it is not a group.

We can make it a group by adding four more operations—those of the form FS; for
i = 1,2, 3, 4. One can then check that

G :={1,51,52,583,84, F, FS1, FS>, FS3, FS4}

is indeed a group. It is not necessary to construct the 10 x 10 group table as an intuitive
check should suffice.

Question 204 What group operation is the net result of applying Sz followed by S4? F
followed by S3? F S, followed by S4? Sa followed by F S, ? Is this group commutative?



5.4. Using the CFB theorem 211

Now in order to apply the CFB theorem we need the sizes of the fixed point sets:

motion 7 | |fixg ()| || motion = | |fixg ()|
1 2° F 0
M 21 FS, 0
S> 21 FS; 0
S3 21 FS; 0
Sa 21 FS, 0

The cycle structure that we computed in the previous table helps compute the sizes of the
fixed point sets for the first five operations. None of the remaining five operations leaves
any 5-digit binary number fixed.

Question 205 Explain why.

Finally, using the CFB theorem, there are

1
E(25+21+21+21+21+0+0+0+0+0)=4

different 5-digit binary numbers under this notion of equivalence.

Question 206 Give one representative from each of the four equivalence classes.

Example 4: coloring the 3 x 3 grid in a specific way

How many different black-white colorings of the 3 x 3 grid have exactly five black squares
and four white squares?

In our original grid-coloring question in Section 5.1, the set C 4 was the set of 2° = 512
possible 2-colorings. In this case, the set C4 is the set of all possible 2-colorings that use
five black and four white squares, of which there are (2) Therefore the symmetry group
of the grid stays the same but the set C4 changes. This requires re-computing the size of
each fixed point set.

The identity operation [ leaves all (2) colorings fixed. To determine how many color-
ings that the R; operation leaves fixed, examine its cycle structure:

Ri=(1397)(2684)(5).

Since each coloring contains exactly five black and four white squares, this operation fixes
only two colorings. This is because the squares in the cycle (1 3 9 7) must be all black or all
white. Once those squares are colored, the squares in (2 6 8 4) must receive the opposite
color. This produces four black and four white squares, so the square numbered 5 must
receive black. For the same reason, the R3 operation also fixes only two colorings.

Though the R, = (1 9)(2 8)(3 7)(4 6)(5) operation involves more cycles, the approach
to counting the colorings it fixes remains the same. There are six in total.

Question 207 Provide the details (consider cases) that show that the R, operation fixes
six colorings.
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The following table summarizes the results:

motion = | product of disjoint cycles ‘ |fixc, ()| ‘

I DH@B)HG)O)(T(8)(9) ?)
R (1397)(2684)(5) 2
R> (19)(2 8)(37)(4 6)(5) 6
Rs (1793)(2486)(5) 2

By the CFB theorem, the number of inequivalent colorings equals

1{(9
Z((5)+2+6+2)=34‘ (5.2)

It is worth noting that once we make the type of coloring more specific (here, five black
and four white squares, instead of any number of each type) the size of each fixed point
set might be less straightforward to determine. PSlya’s enumeration theorem, the subject
of Section 5.6, uses generating functions to rectify this difficulty.

Summary

Applying the Cauchy-Frobenius-Burnside theorem amounts to understanding the symme-
try group of the object in question and then analyzing its cycle structure. In many problems,
we can make use of known symmetry groups such as the dihedral group D, or the cyclic
group C,. Other problems might require starting from scratch.

Exercises

1. Answer the triangular prism question but in the case that the base and top of the prism
are a (non-equilateral) isosceles triangle.

2. Consider instead coloring the six corners of the triangular prism in the first exam-
ple. Determine how the symmetry group operates on the corners, and then count the
number of inequivalent colorings such that each corner receives one of k colors.

3. How many different seven-bead necklaces are possible, where each bead can be either
red or blue? How many have exactly three red and four blue beads?

4. In how many different ways can we color the four corners of the regular tetrahedron
if each corner can receive one of k colors? (Hint: The symmetry group of the regular
tetrahedron has size 12, and each face is an equilateral triangle.)

The regular tetrahedron

5. In how many different ways can we color the six faces of a cube if each face can
receive one of three different colors? Of those colorings, how many have at least one
face of each color? (Hint: The symmetry group of the cube has size 24.)
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6.

7.

10.

11.

12.

13.

14.

15.

16.

Repeat the previous exercise but for coloring the eight corners of the cube.

How many different ways are there to construct a design of the following shape using
red, green, and white poker chips? The design is put on a table that can be viewed
from any angle. (Chip locations are numbered for convenience.)

Now repeat the previous question but instead assume the design is a styrofoam-ball
structure that is free to rotate in space.

How many different structures of the following design are possible, where each of the
styrofoam balls can be one of four colors and each of the sticks can be one of three
colors?

How many different black-white colorings of the 3 x 3 grid have exactly three black
squares and six white squares? How many have exactly two black squares and seven
white squares?

Repeat the problem of counting the black-white colorings of the 3 x 3 grid, but do so
for the 4 x 4 and the 5 x 5 grids.

Generalize the previous problem to count the k-colorings of the n x n grid.

Write down the four orbits in Example 3 of this section. That is, show how the set of
5-digit binary numbers is partitioned into equivalence classes.

How many different 6-digit binary numbers are there if two such numbers are consid-
ered equivalent if one can be obtained from the other by any combination of SHIFT
and FLIP operations? (Hint: There is an issue here not present in the example shown
in the text.)

Consider a p-bead necklace, where p is a prime number greater than 2. Prove that the
cycle structure of each planar rotation (other than the zero-degree rotation, or identity)
contains exactly one cycle.

How many different n-bead necklaces are possible, where each bead can be one of k
colors? Make your formula as useful as possible. (Hint: You will need to use number-
theoretic properties of the integer 7.)
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5.5 Proving the CFB theorem

In this short section we prove the Cauchy-Frobenius-Burnside theorem. In addition to or-
bits and fixed point sets, we use the concept of stabilizer.

Definition 5.5.1 (stabilizer) Let A and C be finite sets, and let G be a group of permuta-
tions of A. For any f € C4, the stabilizer of f under G is the set

stabg (f) :={m € G:n(f) = f}.

Thus, the stabilizer of a function is the set of all group operations that leave that function
unchanged.

We break the proof of the CFB theorem into three steps of which the first is the most
technical.

Step 1: linking orbits and stabilizers
To understand the link between orbits and stabilizers, we again use the square-coloring
problem of Section 5.1 to illustrate. Table 5.7 lists the orbit and stabilizer for each of the
16 colorings. (Refer back to Figure 5.1.) For each coloring, the size of its orbit times the
size of its stabilizer equals &, the size of the symmetry group.

Take any coloring, say f>. Its orbit is { f>, f3, fa, f5}. For each coloring in this orbit,
identify a group operation that takes f5 to that coloring. Rewrite the orbit thus:

orbp, (f2) = { 1(f2), Ri(f2), Fa(f2), F23(f2) }.
=/f2 =f3 =fa =fs

Other rewritings may be possible. For instance, we could have rewritten f1 as Rx( f2).

Since the size of the group equals the product of the sizes of f>’s orbit and its stabilizer,
the product principle suggests that we should be able to construct a meaningful one-to-one
correspondence between the eight group elements and the pairs (O, S) where O is from
the orbit of f> and S from the stabilizer of f5.

Take any group element, say R,. To which pair (O, S) should we map R»? A natural
choice for the element O of the orbit is R2( f2), which equals fi. Now, the key idea in
the later proof comes in the choice of the stabilizer element S. We know, from the way we
write the orbit above, that f4 = F,( f2), so that the rotation motion R, has the same action
on the coloring f> as does the flip motion F5. To build an element in the stabilizer, then,
just choose

S:= F;'0R,.

This is guaranteed to be in the stabilizer because the F> and R, operations have the same
effect on f7:

(Fy' o Ra)(f2) = Fy (Ra(f2) = Fy ' (F2(f2) = o

Therefore R, should map to (f4, Fz_l o Rz).

Question 208 Using the group table for the symmetries of the square (Table 5.3, page
195), what group element equals Fz_l oRy?

To tackle the general case, suppose the orbit of the function f has size n, say

orbg (f) = {o1(f), 02(f), -.., on(f)}. (5.3)
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S orbp, (f) stabp, (f) |lorbp, ()] - |stabp, ()]
S {f1} Dy 1-8=38
f2 | Afa S5, fas S5} {1, F1} 4.2=38
f3 | Ao S5, fas f5) {1, F2} 4.2=38
fa | Afa f3. fa f5) {1, F1} 4.2=38
/s {f2, f3. fa. [5} i, P2} 4-2=8
fe {fe. f7. f3. Jo} {1, Fi2} 4.2=28
/7 {fe. f7. /3. Jo} {1, F23} 4-2=38
/3 {fe. f7. f3. Jo} {1, Fi} 4.2=38
fo {fe. f7. f3. Jo} U, P23} 4.2=38
J10 { f10, f11} {I, Ry, F1, F>} 2.4 —8
J11 { f10, f11} {I, Ry, F1, F>} 2.4 —8
Siz | {2, fis, f1a, f15} {1, F1} 4.2=38
fiz | {12, fi3, f1a, fi5} {1, F»} 4.2=38
Sia | {2, fis, f1a, f15} {1, F1} 4.2=38
fis | {12, fi3, f1a, f15} {1, F»} 4.2=38
fie 1f16} Dy 1-8=38
Table 5.7. Orbits and stabilizers in the square example.
Here 01, 02, ..., 0, are distinct elements of G. We map = € G to the pair

(m(f). o7t o)
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where o; is that group element listed in the orbit (5.3) that produces the same action on f

as does 7. The second element of the pair indeed belongs to the stabilizer because

(07" o m)(f) = 07 ' (w(/)) = 07 (0j (/) = .

Therefore this function is well-defined. To complete the proof, we show that it is bijective.

Lemma 5.5.2 Let A and C be finite sets, and let G be a group of permutations of A. Then

forany f €

F : G —> orbg(f) x stabg(f) by

F(m) = (n(f). 0j ' om)

C4, we have

|lorbg (/)] - |stabg ()] = |G].

Proof: Let A and C be finite sets, and let G be a group of permutations of A. Let f € C4
and suppose its orbit has n distinct elements as listed in (5.3) above. Define the function

where o; satisfies 7 (f) = 0;(f),

which we already showed is well-defined. We now show that F is bijective.
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F is one-to-one: Let 7,7 € G and assume that 7 () = F(r). This means that for
some j and k,

(n(f), aj_l on) = (‘L’(f), ak_l O‘L’)
—F(m) —F(x)

where 7(f) = o;(f) and 7(f) = ox(f) for some j and k. But n(f) = t(f) since
the first components of the pairs are equal, so it follows that o; = oy. Since the second

components of the pairs are equal, we use 0; = oy and left-cancellation to show

oilon=0;'or = olom=0;'or = m=r

Therefore F is one-to-one.
F is onto: Let (aj f), ‘C) be in the codomain. We must find some & € G that maps to
this pair. Define 7 := o; o 7. Then, since 7 belongs to the stabilizer,

w(f) = (07 0 t)(f) = 0;(c(f)) = 0; (),
and so the first element of F(;r) equals o; (). The second element is

-1 -1
0 om=0; o(gjot)=r,

so indeed F () = (aj (f), ) and therefore F is onto. |

Question 209 Suppose that |G| is prime. What can you say about the size of any orbit or
stabilizer?

Step 2: a formula for the number of orbits
Next we derive a formula for the number of orbits.

Lemma 5.5.3 Let A and C be finite sets, let G be a group of permutations of A, and let O
be the set of orbits of C4. Then we have

1
01 = 5 Y Jstabg (f)-
fec4

Proof: Let A and C be finite sets, and let G be a group of permutations of A. By Lemma
5.5.2, we know that for any f € C4,

1 1

EG

Sum both sides over all functions f € C4 to get

1 1
L Tomo(r] = 161 2= IMeba (Nl

fecA fecA

The sum on the left equals |O|, the total number of orbits. |
Question 210 Justify the last line of the proof.
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Step 3: adjusting the formula to get the CFB theorem

The following lemma shows how to replace the sum in Lemma 5.5.3 by one whose number
of terms equals the size of the group G and not the size of the colorings (i.e., functions) C4.
This adjustment prevents the workload from increasing as the number of colors increases.

Lemma 5.5.4 Let A and C be finite sets, and let G be a group of permutations of A. Then
we have

Z |stabg(f)| = Z |ﬁxG(71)|.

fecA neG

Combinatorial proof: How many pairs (7, f) € G x C4 are there, where n(f) = f?
Answer 1: Condition on the function f. By Definition 5.5.1, there are |stabG (f )|
elements of G that satisfy 7(f) = f. Summing over all functions in C4 gives a total of
> feca |stabG (f)| possible pairs.
Answer 2: Condition instead on the group element 7. By Definition 5.3.3, there are
|ﬁxG (71)| elements of C4 that satisfy 7(f) = f. Summing over all elements in G gives
atotalof Y .4 |ﬁxG (71)| possible pairs. |

The CFB theorem (Theorem 5.3.5, page 203) now follows immediately by combining
the results of Lemmas 5.5.3 and 5.5.4.

5.6 The cycle index and Pdélya’s theorem

The Cauchy-Frobenius-Burnside theorem provides for easy computation in problems where
we seek the number of inequivalent “colorings” with no further restrictions. But if we add
a restriction, like having exactly five black and four white squares in the grid example,
our set of colorings changes and we may have to re-compute the sizes of the fixed point
sets. POlya’s enumeration theorem uses a generating function to inventory the colorings
according to specific properties. It is flexible enough to answer many counting questions
at once.

We state Polya’s enumeration theorem (Theorem 5.6.2) without proof and instead focus
on its applications. Good references for the reader interested in the proof are the books by
Erickson (1996), Bogart (1990), or Roberts & Tesman (2004).

The cycle index of a group

In preparation for understanding P6lya’s theorem, we first introduce the cycle index of
a group. The cycle index is a multinomial that encodes the cycle structure of the group
elements.

Here is how it works for the square-coloring example of Section 5.1. The flip motion
F1 = (1)(2 4)(3) has two 1-cycles and one 2-cycle, so we use the multinomial term Z%Zz
to represent this. The identity motion / has four 1-cycles, so we use the term zf. The R;
motion has one 4-cycle, so its term is z4. The complete list of terms appears in the table

below.
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motion 7 | product of disjoint cycles | term in cycle index

1 2B 2}

R, (1234 Z4

R, 13)(24) Z%

R; (1432) Z4

3 (14)(23) Z%

Fis (12)(34) Z%

F (HE2HB3) ziz

F (13)@)() 772

The cycle index Z is then defined to be the sum of these terms, divided by the size of the
group:

1
Z(z1,22,23,24) = g(zf +z4 + Z% +z4 + Z% + Z% + zfzz + zfzz)
(5.4)
—l z4 42722 32242
= 2 1 1 2+ 22+ Z4 ).

Question 211 What is the cycle index for the group of symmetries for the grid problem?

In general, suppose that a given group element has c; cycles of length 1, ¢, cycles of
length 2, and so on. In the cycle index, this group element will contribute the multinomial
term

Zi‘lzg2 .. 'anm
where m is the length of the largest cycle appearing. The cycle index averages the above
multinomial terms. Notice its similarity in appearance to the formula of the CFB theorem

(Theorem 5.3.5).

Definition 5.6.1 (cycle index) Let G be a finite group, and suppose that each element is
written as a product of disjoint cycles. If the overall length of the longest such cycle is m,
then we define the cycle index of G as the multinomial

1
Z(ZlaZZ’ ey Zm) = @ Z Zi‘l(ﬂ)zéé(ﬂ) ,..anm(ﬂ)

reG

where c; () denotes the number of j-cycles in m.

Notice that the cycle index depends only on the group—the definition makes no mention
of a group acting on a set.

The cycle index for certain groups

Because the cycle index depends only on the symmetry group and not on the functions or
colorings themselves, it is possible to compute the cycle index for the standard and useful
groups S,, Dy, and C,. See the Exercises.
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The pattern inventory

Next, we tell the cycle index to keep an inventory of the number of inequivalent colorings
with certain properties. In the square-coloring example, each 1-cycle contributes one black
corner or one white corner to the coloring. In the spirit of generating functions, this sug-
gests replacing each occurrence of z; by the symbolic series b + w to indicate the “black
or white” choice.

Likewise, each 2-cycle contributes either two black corners or two white corners to
the coloring. Replace each z; by % + w? to indicate this choice. Overall, making the
replacements

Z1<—b+w

2y «— b? + w?
z3 «— b3 +w?
24 «— b* + w?

in the cycle index Z shown in equation (5.4) creates an inventory of inequivalent colorings
organized by the number of black and white corners used in each:

Z(b +w,b* + w2 b + w b* + w?)

= é((b Fw) 4200 + )2 (0% + w?) + 302 + w?)? +200* + w4))

= b* + b3w + 2b%w? + bw3 + w?.

The “ .- hides algebraic simplification that is perhaps best left to a computer algebra
system like Maple or Mathematica.

The end result is a generating function where the coefficient of b’ w/ equals the number
of inequivalent colorings with i black and j white corners. The number of inequivalent
colorings with two black and two white corners is two, because of the 2b%w? term. The
rest of the terms have coefficient equal to 1, so there is only one inequivalent coloring
with each other combination of black and white corners shown. This generating function
is known as the pattern inventory.

We can do the same for the grid-coloring example of Section 5.1. Table 5.2 on page
193 contains the relevant information for computing the cycle index, which is

Z(z1,22,23,24) = %(z? + 22122 + 2123).
The pattern inventory is then
Zb+ w,b% + w2, b3 + w3, b* + wt)
= %((b +w)? +2(0b 4+ w)b* + whH? + (b + w)(b* + w2)4)

=5 +3b%w + 1007 w? + 22b%w3 + 34b°w*
+ 34b*w> + 2203w + 106%w” + 3bwd + w°.
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In particular, there are 34 inequivalent colorings with five black squares and four white
squares because of the coefficient on h>w*. Of course, this agrees with the answer we
computed at the end of Section 5.4.

Question 212 Explain why the coefficients in the pattern inventory are symmetric. That is,
why is the coefficient of b’ w®~/ always equal to that of b*~/ w/ ?

It is worth seeing, however, the miraculous way the pattern inventory generating func-
tion carries out those computations for us. The first term in parentheses in the pattern
inventory is (b + w)?®, and so the coefficient of b>w* is (g) by the binomial theorem. The
second term is

2(b + w)(B* + whH? =2(b + w)(B® + 2b*w* + w?)
s0 4 is the coefficient of b°w*. The third term is
b+ w)(B* + w* = (b + w)(B® + 4b%w? + 6b*w* + 4b%wS + w?)

s0 6 is the coefficient of »°w*. That means the coefficient we seek is

(09~

Compare this with our previous work in equation (5.2) on page 212.

Pélya’s enumeration theorem

What we call Pélya’s enumeration theorem is not the most general version of his result.
It is possible to modify our version so that “weights” may be assigned to the colors. This
results in additional flexibility. See the example at the close of this section for a preview.

Theorem 5.6.2 (Polya) Let A and C be finite sets, let G be a group of permutations of A,
and suppose that the cycle index of G is Z(z1,22,...,zm). If C = {c1,¢2,...,Ct}, then
the pattern inventory can be obtained from the cycle index by making the substitution

Zk<—clf+clzc+---+cf forallk € [m]

in the cycle index.
The pattern inventory is the generating function in which the coefficient of clll clf e ci’
equals the number of inequivalent colorings in which color c¢; appears 7; times, color ¢,

appears I, times, and so forth.

Example: coloring the faces of a triangular prism
In how many different ways can we color the five faces of the triangular prism (see Example
1 of Section 5.4) such that each face receives either black, white, or red and exactly one
red face appears?

Let’s borrow the table we used in Section 5.4 to find the cycle index.
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motion 7 | product of disjoint cycles | term in cycle index

! (B)(T)(S1)(S2)(S3) z3

R (B)(T)(S1 52 §3) 7225
Ry (B)(T)(S1 S3 52) 2223
F (B T)(S1)(S2 S3) 7122
F (B T)(S1 S3)(S2) 7123
F3 (B T)(S1 S2)(S3) 7123

The cycle index is then
1
Z(z1,22,23) = g(zf + 22%23 + 32125).
To get the pattern inventory, replace each zx by b* + wk + rk:
1
6((b +w+r)’+20b+w+r)?0 +w+r?)

+30+w+r)b* +w?+ rz)z).
Now expand it:
b2+ w’ 4+ r° 4+ 2b*w + 3b3w? + 3b%w3 + 2bw* + 4b3wr + 6b%w3r
+ 6b2wr? + 4bw3r + 6bw?r? + 4bwr3 + 2b*r + 36312
+ 36213 4 2br* + 2w 4+ 3w3r? 4+ 3w?r3 + 2wrt.
We seek the sum of the coefficients on the terms that look like »' w r. Those terms are

4b3wr 4+ 6b2w?r + 4bw3r + 2b%r + 2wr,

and so the answeris4 + 6 +4+2 + 2 = 18.

Question 213 How many colorings are there in which at most one red face appears?

Question 214 The pattern inventory tells us that there are four colorings that have one
black, three white, and one red face. Draw these colorings.

The flexibility of Poélya’s theorem

To close this chapter, we present an example that illustrates how to use the cycle index
to answer specific counting questions. As we mentioned before stating Pdlya’s theorem,
these methods can be made rigorous by assigning a “weight” to each color. We will avoid
formality and let the examples suffice.

Let’s count the different ways to construct the following structure using seven indistin-
guishable sticks and six styrofoam balls of various colors. (The locations of the balls are
numbered in preparation for finding the symmetry group.)
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How many different structures are possible under each of the following conditions?

(a) Each ball is either red, blue, or green.
(b) There are two of each color used.

(c) No reds are used.

(d) At least two greens are used.

(e) At least one blue and one green are used.

Our first job is to determine the symmetry group G of this figure. It has four elements:
identity (I), rotate 180 degrees (R;g0), flip along the horizontal axis of symmetry (Fg ),
and flip along the vertical axis of symmetry (F}). The information for the cycle index is:

motion 7 | product of disjoint cycles | term in cycle index
I (D2)(3)(A)(5)(6) 2}
Riso (16)(25)(34) 3
Fy (14)(25)(3 6) z3
Fy (13)(2)(4 6)(5) 2323

The cycle index is

1
Z(z1,22) = Z(zf +2z3 + zfz%).
If we replace z; by r + b + g and z; by r% 4+ b? 4 g2, we get the pattern inventory:

Zr+b+gr?+b*+g%
1
= Z((r +b+9°+2(7 + 0>+ g+ (r+b+ (> + b+ gz)z).
All of the above questions can be answered by making appropriate substitutions in either
the cycle index or the pattern inventory. Here is how.

(a) Here, we’d normally apply the CFB theorem but notice that the principle that we used
to count the size of each fixed point set (namely, each cycle must be monochromatic)
implies that we can get the answer by letting z; = 3 and z; = 3 in the cycle index:

1
Z(3,3) = Z(36 +2.33 +32-32) = 216.

Equivalently we could let r = 1, 5 = 1, and g = 1 in the pattern inventory.

(b) The answer is the coefficient of 7252 g? in the pattern inventory. Using software such
as Maple, the answer is 27.

(c) We could add the coefficients of all the terms with no r in the pattern inventory. There
is a faster way to do this: evaluate the pattern inventory at r = 0,5 = 1,and g = 1.
The answer is 24.
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(d)

(e)

We can get an inventory of colorings that use any number of greens from 0 to 6 by
evaluating the pattern inventory at r = 1 and b = 1, and leaving g alone. Using
Maple, this results in

24 4+ 52g 4+ T1g% + 44g> + 20g* + 4g° + g°.

Therefore, there are 71 4+ 44 420 + 4 + 1 = 140 structures using at least two greens.
Equivalently, we could subtract the number of structures using at most one green from
the total: 216 — 24 — 52 = 140.

We first count the complement by determining the number of structures having either
no blues or no greens. The answer is 24 + 24 — 1 = 47 because there are 24 with no
blues (same answer as part (c)), 24 with no greens, and 1 with no blues and no greens.
Therefore, the number with at least one blue and at least one green is 216 —47 = 169.

Summary

The cycle index of a permutation group keeps track of the cycle structure of each permuta-
tion. The pattern inventory, which is obtained from the cycle index, is a generating function
that allows for specific counting questions to be answered at a glance. In our examples in-
volving coloring, the pattern inventory organizes all possible colorings by the number of
times each color is used, and is flexible enough to answer very specific counting questions.

Exercises

N

10.

Find the cycle index for the symmetric groups S3 and S4.
Find the cycle index for the cyclic groups C4 and Cs.
Find the cycle index for the cyclic group C,, where p is a prime.

Find the cycle index for the dihedral group D, as it acts on the corners of the regular
n-gon. You’ll need to consider two cases depending on the parity of n.

If H is a subgroup of G, then how is the cycle index of H related to the cycle index
of G?

. How many different seven-bead necklaces are possible, assuming each bead is one of

four different colors and each necklace contains exactly one bead of one color and
exactly two beads of each of the three remaining colors?

. How many different 20-bead necklaces are possible, assuming each bead is one of

three different colors? How many of those necklaces have at least three beads of each
color?

. How many different colorings of the six faces of a cube are possible, assuming that

two faces must be white, two must be black, and two must be red? (Hint: Use your
work in Exercise 5 of Section 5.4.)

. Find the answer to Exercise 7 of Section 5.4 assuming that you only have one red chip

available.

Find the answer to Exercise 8 of Section 5.4 assuming that you only have one red ball
available.
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11. A 4-inch by 1-inch by I-inch block has four squares on each of its rectangular faces
as shown below. Assume that the squares opposite squares 1-4 are labeled 9—12 and
the squares opposite those labeled 5-8 are labeled 13—16.

5 12 7 S8

1(2(3](4

Each numbered square can be colored red, blue, or green.

(a) Find the cycle index, assuming the block is free to move in space.
(b) How many different colorings of the block are there?
(c) How many different colorings have at least one green square?

(d) How many different colorings have exactly five green squares?

12. Let A and C be finite sets, let G be a group of permutations of A, and let O be the
set of orbits of C4. Use the CFB theorem to prove that |O] = Zg(c,c, ..., c) where
Z ¢ is the cycle index of G and ¢ = |C| (i.e., ¢ is the number of “colors”).

-~ Travel Notes
Pdlya’s enumeration theorem is sometimes called the P6lya-Redfield theorem. A number
of authors have noted that the paper of Redfield (1927) contained similar ideas of which
Pdlya was unaware when he did his work. At any rate, no one argues that it was anyone
other than P6lya who demonstrated the wide-ranging utility of the theory that now bears
his name.

The original paper is P6lya (1937) and is written in German. The book Pdlya & Read
(1987) contains an English translation of Pélya’s 1937 paper in German as well as addi-

tional material.



CHAPTER 6

Combinatorics on Graphs

In this chapter we undertake a small survey of combinatorial problems that arise in graph
theory. Combinatorics and graph theory are closely intertwined and so graph theory
abounds with enumeration, existence, construction, and optimization problems. We con-
centrate on two enumeration problems (labeled trees and binary search trees in Section
6.2 and proper colorings in Section 6.3) and a certain existence question (Ramsey the-
ory in Section 6.4). Though we don’t treat them here, much work is being done today on
optimization problems on graphs. This is because graphs serve as excellent models for
computers as well as communications and transportation networks.

6.1 Basic graph theory

In this opening section we cover the basic vocabulary and concepts of graph theory that are
necessary for the combinatorial problems we will encounter in later sections. The reader
familiar with basic graph theory can safely skip most of this section but should read some
of the combinatorial results and also try the Exercises.

Graph vocabulary

A graph can be thought of as a set-theoretic object or as a geometric object and each is
profitable in different situations. A graph at its heart, though, is set-theoretic.
Definition 6.1.1 A graph is a 2-list (V, E) where V is a nonempty, finite set and E is a set
of 2-subsets of V. The set V is the vertex set and the set E is the edge set. The elements of
V are called vertices and the elements of E are called edges.
We usually refer to graphs with capital letters G, H, etc. Writing G = (V, E) means that
G is a graph with vertex set V' and edge set E. The edge set E is allowed to be empty.
Sometimes we write V(G) and E(G) instead of just V' and E to emphasize the name of
the graph G.

For example,

G, = ({1,2,3,4,5, 6}, {{1,2},{1,4}, {2,4},{2,5},{2,6},{4,5},{5,6}})

vertex set V/ edge set £

is a graph. The picture shown at the left in Figure 6.1 gives a visual representation of this
graph. Each of the six vertices is represented by a circle with its label next to it, and each

225
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edge is represented by a line connecting the two vertices in the edge.

ow

Figure 6.1. Two graphs G1 and G».

Question 215 Write the vertex and edge sets of the graph G, shown at the right in Figure
6.1.

A vertex and an edge are incident provided that the vertex belongs to the edge (in the
set-theoretic interpretation) or provided that the vertex “touches” the edge (in the geometric
interpretation). The degree of a vertex is the number of edges that are incident to that
vertex. The notation dg (v) indicates the degree of the vertex v in the graph G. If the graph
G is understood, we might simply write d(v).

Two vertices are adjacent provided that they are both contained in a single edge (set-
theoretic) or provided that there is an edge connecting them (geometric). The notation
u ~ v indicates that vertices u and v are adjacent. For any edge {u, v}, the vertices u and
v are the endpoints of the edge.

Question 216 Is5~6in G1?Is5~6in G,?

If we consider is-adjacent-to (or ~) as a relation of the set of vertices of a graph, we see
that ~ is irreflexive (no vertex is adjacent to itself) and symmetric (if v ~ w then w ~ v).
Thus a graph is from this point of view a certain kind of relation. See the discussion at the
beginning of Section 1.3.

For the graph G; of Figure 6.1, vertex 2 is incident to the edge {2, 6} while it is not
incident to {4, 5}. Similarly 2 ~ 6 while vertices 1 and 5 are not adjacent (1 7 5). That
same graph has

d(1)=2, d2)=4, d3) =0, d@4) =3, d(5) =3, d(6) = 2.

The vertex 3, which has degree 0, is called an isolated vertex.
Question 217 Is it possible to draw a graph with vertex set [5] and having d(1) = d(2) =
d(3) = d(5) = 3 and d(4) = 2? Support your answer in either case.

A graph is k-regular provided d(v) = k for every vertex v. The graph G, in Figure
6.1 is 3-regular while the graph G is not k-regular for any value of k. A graph that is
k-regular for some value of k is called a regular graph.

Graph parameters

For any graph G = (V, E) we define the following:
n(G) = the number of vertices of G
e(G) = the number of edges of G
8(G) = the minimum degree in G

A(G) = the maximum degree in G.
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That is, n(G) = |V(G)| and e(G) = |E(G)|. The letter n is used almost universally to
denote the number of vertices of a graph. The letter m is sometimes used to denote the
number of edges.

In the graphs of Figure 6.1 we have

n(G1) = 6 #(G2) = 10
e(G1) =7 e(Gy) = 15
8(G1) =0 8(G2) =3

AG)) =4  AGy) =3

In general, G is k-regular if and only if §(G) = A(G) = k.

Question 218 Draw an example of a seven-vertex graph with § = 3 and A = 4.

Two counting questions

The handshaking lemma

Our first combinatorial property of graphs concerns what happens when we sum all of
the degrees in the graph. Doing so counts each edge twice: a generic edge {v, w} counts
1 toward the value of d(v) and 1 toward the value of d(w). Therefore, if we add all of
the degrees, then we wind up with twice the number of edges. This proves the following
theorem known as the “handshaking lemma.”

Lemma 6.1.2 (handshaking) IfG = (V, E) is a graph, then Z d() = 2e(G).
veV(G)
The graph G of Figure 6.1 has seven edges, so the sum of the degrees should be 14:
Y d) =d(1) +dQ2) +d3) + d(4) + d(5) + d(6)

veV(Gy)
=24+44+04+3+3+2=14.

Question 219 If G is a 4-regular graph on n vertices, then how many edges does G have?

We next use the handshaking lemma to prove a result about the parity of the degrees in
a graph.

Theorem 6.1.3 If G is a graph, then there are an even number of vertices of odd degree.

Proof: Assume that G = (V, E) is a graph. Split the sum in the handshaking lemma into
those with even degree and those with odd degree:

2G)=| Y. dw)|+| D dw)

v:d(v) even v:d(v) odd

Since both 2e(G) and the first sum are even numbers, the second sum must also be an even
number. Since the latter sum is a sum of odd numbers, there must be an even number of
them. |

Question 220 Is it possible to draw a 3-regular graph on 11 vertices?
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How many graphs?
Any graph on n vertices has at most (;) edges, since there are that many possible 2-subsets
of an n-set. Such a graph could have no edges as well (every vertex is isolated), so for any

graph G,
n
0<e(G) < .
o< 3)

The number of possible graphs on n vertices is then 2(2) because each of the (;) possible

edges can either be “in” or “out” of the graph. For example, there are 20) = 8 possible
graphs having vertex set [3]. These are shown in Figure 6.2.

Figure 6.2. The eight labeled graphs on three vertices.

Special kinds of graphs
Complete graphs, cycles, and paths

For n = 1 the complete graph on n vertices, denoted K,,, has every pair of vertices joined
by an edge. Here are pictures of the complete graphs K, forn = 1,2,3,4,5:

K K K, K, K
The complete graph K, has (}) = @ edges.

For r, s = 1, the complete bipartite graph on r and s vertices, denoted K, ;, is a graph
for which the vertex set can be partitioned into two blocks, one of size r and one of size s,

such that the edge set contains all possible edges joining two vertices from different blocks.
Here are pictures of the complete bipartite graphs K 4, K33, and K> s:

K14 K33 K25 é

We’ll explain more about bipartite graphs later in this section. A complete bipartite graph
of the form K ; is sometimes called a star.
Question 221 How many edges does K, s have?
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For n = 3, the cycle on n vertices, denoted C,,, has n vertices and n edges arranged in
a cycle. Here are pictures of the cycles C,, forn = 3,4, 5:

AN

C, C, C.

For n = 1, the path on n vertices, denoted P, has n vertices and n — 1 edges arranged

in a path. Here are pictures of the paths P, forn = 1,2, 3, 4:

o O O O O O O
P, P, P, P,

The Petersen and Grétsch graphs
The Petersen graph and the Grotsch graph appear in Figure 6.3. Both are 3-regular graphs
and are important because they often serve as counterexamples to or testing grounds for

new theories.

The Petersen graph The Grétsch graph
Figure 6.3. The Petersen and Grtsch graphs.

Subgraphs

Given a graph G = (V, E), we say that a graph H is a subgraph of G, and write H C G,
provided V(H) € V(G) and E(H) C E(G). Here again is the graph G; of Figure 6.1 as
well as two different subgraphs H; and Hj:

2 3 2
° 2
1 4 1 : :
H, 1/\0 .
G, o : H, :
6 5 6 5

If H is a subgraph of G, then it is sometimes customary to say that G contains H. For
example, the subgraph H, of G, is a 3-cycle so we would say that G; contains C3 as a
subgraph or simply that G; contains a C3.

Question 222 Does G containa C4? What is the largest cycle that the graph G, of Figure
6.1 contains?
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We can often tell much about the structure of a graph by studying its subgraphs. In particu-
lar, it is often useful to identify whether a graph contains certain complete graphs or cycles
as subgraphs.

Bipartite graphs

A graph is bipartite provided that its vertex set can be partitioned into two blocks in such a
way that each edge of the graph has one endpoint in each block. The blocks of the partition
are the partite sets.

A graph that is bipartite can be drawn in a way that makes its structure obvious. One
way to do this is to gather all the vertices in one partite set on one side, gather all those in
the other partite set on the other side, and then draw the edges. Visually, every edge should
“bridge the gap” between the partite sets. Another way is to color each vertex either black
or white so that every edge contains one black and one white endpoint. Here is a graph and
two ways to verify that it is bipartite:

1
i 4 5 3 2 i 4 5
2 2
3 6 T3
8 7 8 7
8

If a graph G = (V, E) is bipartite, then it is customary to write G = (V1 U V,, E) to
emphasize the partition of the vertex set into two partite sets. The graph we just showed
has V1 = {1,3,4,6,8}and V>, = {2,5,7}.

Is the graph G of Figure 6.1 bipartite? If it were, then we can assume without loss of
generality that vertex 1 is colored black and vertex 2 white. But then no matter whether
vertex 4 is colored black or white, it will result in an edge with either two black or two
white endpoints. This graph is not bipartite.

The odd cycle (namely C3) present in the graph G ensures that the graph is not bipar-
tite. Perhaps surprisingly, odd cycles are the only way to ruin bipartiteness. The proof of

the following result is included in most graph theory texts.
Theorem 6.1.4 A graph is bipartite if and only if it does not contain any odd cycles.

Question 223 Is the Petersen graph bipartite? Is the Grotsch graph? For what values of
n is K, bipartite? For what values of n is P, bipartite?
Walks, paths, and connectedness

We now mention two ways to traverse a graph. Here again are the graphs G; and G, of
Figure 6.1.

ow
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A walk in a graph is a finite list of vertices such that any two vertices that are adjacent
on the list are adjacent in the graph. An example of a walk in G is (2,5,4,2,6,2,1) or
just 2542621, and an example of a walk in G, is (8, 6,8, 6,8, 6,9,10, 1, 8). In G, the list
(2,5,1,2,6,2) is not a walk because 5 and 1 are adjacent on the list but 5 £ 1 in Gy. In
general if a walk starts at vertex u and ends at vertex v, then itis a u-v walk.

Although we only need to list the vertices in order to specify the walk, a walk should
be thought of as a list that alternates vertex-edge-vertex-edge, and so on. The length
of a walk is the number of edges traversed and so equals one fewer than the length
of the list. The length of the walk (2,5,4,2,6,2,1) is 6 and the length of the walk
8,6,8,6,8,6,9,10,1,8)is 9.

Question 224 Let v be any vertex of K3 3. How many different length-6 walks start and
endatv?

A path in a graph is a walk that does not contain any repeated vertices. None of the
walks of the previous paragraph are paths, but (2, 6,5, 4) and (2, 5) are paths in G;.

Question 225 Find a 4-3 path of length 9 in G.

A graph is connected provided that for every pair of vertices u and v, there exists a u-v
path. Otherwise the graph is disconnected. Informally speaking, connected means that it is
possible to travel from any one vertex to any other vertex along the edges of the graph. The
graph G is disconnected since there is, for example, no 1-3 path. The graph G, however
is connected because there is a path joining every pair of vertices. Even though there are
(120) = 45 such pairs, it is not necessary to check for a path between every one. In Question
225, you found a path containing all 10 vertices and that implies G, is connected.

A graph may look connected but may in fact be disconnected, as graph H shown below
does:

H H,

The graph H is in two “pieces” called components. A connected component or simply
component of a graph is a connected subgraph that can’t be made larger by the addition
of any vertices or edges. The component H; is a complete graph on 4 vertices and the
component H; is a 4-cycle. We write H = H; U H> to indicate that H is disconnected and
that its components are H; and H,. The graph G; shown earlier also has two components
while G, being connected, has one component.

Question 226 Draw the graph K>3 U Ps U K4 U K.

Labeled graphs, unlabeled graphs, and isomorphism

In the graphs shown in this section, sometimes we have labeled the vertices and other times
we have not. For example, the graphs of Figure 6.1 have labeled vertices but the examples
of complete graphs, cycles, and paths that we showed had unlabeled vertices. Vertices
can generally be left unlabeled when we care only about the structure of the adjacency
relationships in a graph. In drawing K5, for example, the pertinent structure is that every
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pair of vertices is adjacent. It doesn’t matter whether we label the vertices with the integers
1-5, the letters a-e, or the names Sue, Ray, Jason, Carrie, and Ellie.

The problem of counting unlabeled graphs is much harder than that of counting labeled
graphs. We found that there were 26) = 8 different labeled graphs on three vertices and
these were pictured in Figure 6.2. However, there are only four different unlabeled graphs
on three vertices:

Each unlabeled graph is a representative from a different equivalence class, where we con-
sider two labeled graphs equivalent provided they “look” the same when their vertex labels
are deleted.

Question 227 How many different unlabeled graphs on four vertices have exactly three
edges?

“Look the same” is a nebulous concept. We instead need the concept of isomorphism.
We motivate it before launching into a general definition. It’s not too hard to see that the
two graphs on the left represent the same unlabeled graph, in this case the cycle C4. But
what about the two on the right?

X %85

One way to make sure they are exactly the same graph is to label the vertices of each
with the same set of labels and then check that their edge sets are equal. Here is one such

labeling:
| . a 2
5
3 c
c 3

Both graphs have the same edge set, namely {1a, 1b, 1c, 2a,2b,2¢,3a, 3b,3c}. (Here we
write la as an abbreviation for {1, a}, etc.) They indeed represent the same unlabeled
graph.

It is not necessary to use the same labels for each vertex set, so long as all adjacency
relations are preserved. The following definition makes this precise.

Definition 6.1.5 Graphs G and H are isomorphic provided that there exists a bijection
¢ : V(G) — V(H) that satisfies the following property: for each u,v € V(G), we have
u ~vinG ifandonly if p(u) ~ ¢(v) in H. The function ¢ is called an isomorphism. If
G and H are isomorphic, we write G =~ H.

If two graphs are isomorphic, then every graph parameter or structural property possessed
by one of the graphs is also possessed by the other. This is most often used (in the contra-
positive) to prove that two graphs are not isomorphic by exhibiting a property possessed
by one graph and not by the other.
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Example: determining whether two graphs are isomorphic
Are the following graphs isomorphic?

G H

We cannot conclude that they are not isomorphic simply by saying the drawings are
“close but don’t quite look the same.” Since the same unlabeled graph can be drawn in
very different-looking ways, we cannot appeal to any characteristic of the drawing. What
is needed is a property that G has and H doesn’t have, or vice versa.

Notice that both graphs have the same number of vertices and edges. Also, they both
have four vertices of degree 2 and four of degree 3. But notice in G that every edge joins a
degree-2 vertex with a degree-3 vertex. This is not the case in H, so G % H.

Question 228 Draw two 2-regular graphs on six vertices that are not isomorphic.

Some combinatorial properties

Vertices of same degree
In any group of n people, there must be two people that have exactly the same number
of acquaintances within the group. If we consider the group of people to be the set of
vertices and if we draw an edge between two vertices whenever the corresponding people
are acquainted, then the statement about people becomes the following existence statement
about graphs.
Theorem 6.1.6 In any graph there must be two vertices of the same degree.
Proof: Assume G = (V, E) is a graph on n vertices. If G has a vertex of degree n — 1, then
this vertex is adjacent to every other vertex in the graph. That means there are no degree-0
vertices so we have 1 < d(v) < n — 1 for all v. Since there are n vertices, the pigeonhole
principle implies that there are two vertices of the same degree.

If G has no vertex of degree n — 1, then we have 0 < d(v) < n — 2 for all v. Again
since there are n vertices, the pigeonhole principle implies that there are two vertices of
the same degree. |

Regular bipartite graphs
Our next counting theorem shows that if a bipartite graph is regular, then this forces the
two vertex sets to have the same size.
Theorem 6.1.7 If G = (Vy U V3, E) is a k-regular bipartite graph, where k > 0, then
Vil = [Val.
Combinatorial proof: Assume that G = (V1 UV, E) is a k-regular bipartite graph, where
k > 0. How many edges does G have?

Answer 1: Since G is bipartite, every edge touches exactly one vertex of V;. Since G
is k-regular, it has k|17 | edges.

Answer 2: Since G is bipartite, every edge touches exactly one vertex of V,. Since G
is k-regular, it has k|13 | edges.
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This proves that k|Vi| = e(G) = k|V|, and we can then conclude that |V;| = |V2|
because k > 0. |

Counting walks
Question 224 addressed the question of counting certain length-6 walks in the complete
bipartite graph K3 3. Label the vertices of this graph as follows:

1 4
2 5
3 6

To count, say, the length-6 walks that start at 1 and end at 3, we need to count lists of the
form (1, vy, va, v3, V4, V5, 3) Where the choices for v{-vs respect the adjacency relation-
ships in the graph. Since K3 3 is 3-regular and bipartite, this is easy: there are three choices
for each of the five vertices, so there are 3° = 243 walks.
Question 229 Consider K3 5 and let v be any vertex in the partite set of size 3. How many
length-10 walks start and end at v? Also, answer the same question but for length-9 walks.
If a graph is not highly structured then it may not be as straightforward to count walks.
Here is a clever way to do so using matrix multiplication. Given a labeled graph G =
(V, E) on n vertices, its adjacency matrix is that n X n matrix A where A;; = 1 when
i ~ j and A;; = 0 otherwise.
Here is the adjacency matrix B of the graph G . The rows and columns of B are labeled
with the vertex set V(G1).

2 3

O
1 23 45 6
1 4  1/01 01 00
G 1o 00000

6 > sl1 1001 0f™F

s1o1 01 01
6\o 100 10

Notice that this matrix is symmetric (B;; = Bj; for all i, j) and has Os on the diagonal.
Now, if we want to know the number of 1-4 walks of length 5, we simply compute B>
and look at the entry in row 1 and column 4. Using MATLAB we find

1 2 3 4 5 6

1 (24 45 0 38 33 27
2145 64 0 58 58 45
Bs 310 0 0 O O O
4138 58 0 44 52 33
5133 58 0 52 44 38
6 \27 45 0 33 38 24

so the answer is 38. Moreover, for any vertices i and j the number of i-j walks of length
5 is readily available because it equals the (i, j)-entry of B>. For example, the number of
6-2 walks of length 5 is 45.
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Question 230 Assume that this walk-counting property is true. Why are the entries in row
3 and column 3 all 0? Also, why is B> symmetric? Explain both of your answers in the
context of counting walks in G.

Why does this work? You will formally establish it by induction in Exercise 13 but here
is the general idea. The result we wish to prove is as follows.
Theorem 6.1.8 Let G be a graph and let A be its adjacency matrix. For all k = 1, the
(i, j)-entry of A* equals the number of i - j walks of length k in G.
Let’s look at the example of G; to illuminate the inductive step. Assume that the matrix
B> correctly counts walks as stated in the theorem. That is, for all i and j,

Bf/- = number of i-j walks of length 5 in G;.

Based on the truth of this, let’s show why B 16, 4 €quals the number of 1-4 walks of length 6.
The key is to write B® = BB* and then use the definition of matrix multiplication and the
inductive hypothesis. The definition of matrix multiplication gives

6
6 _ 5
31,4 = Z Bl,kBk,4

k=1

= Bi1B}, + Bi2B3, + B3B3, + BiaB],
+ Bi5B3 4+ BieBs.

But B1> = B1,4 = 1 while the rest of the By 4 = 0. Therefore
By, = B3, + B;, =58+44 =102.

Despite the cumbersome notation this makes perfect sense: to specify a length-6 walk from
1 to 4, the first edge we traverse must take us either to vertex 2 or vertex 4.

o If we start by traversing {1, 2}, the remainder of the walk is a length-5 walk from 2 to
4. There are B3 , = 58 of these.

o If we start by traversing {1, 4}, the remainder of the walk is a length-5 walk from 4 to
4. There are B} , = 44 of these.

By the sum principle there are 325,4 + Bi4 = 58 4 44 walks. This is the basic idea that is
used to prove the theorem. (See Exercise 13.)

A note on multigraphs

At the beginning of this section we defined a graph as a pair G = (V, E) where V is a finite
set and E is a set of 2-subsets of V. This definition does not allow for two copies of the
same edge to appear in the graph (because E is a set instead of a multiset) nor does it allow
for an edge to join a vertex to itself (because the edges are 2-subsets, not 2-multisets). If
either of these restrictions are relaxed then we get a multigraph. Here is an example:
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This multigraph M = (V, E) has

V=1{1,2,3,4}
E = {1 1} {1, 2, {13}, {1, 3}, {1, 3}, {1.4}.{2, 3}, {3. 4}, {4.4}}.
Notice that each edge is a 2-multiset taken from V and that E itself is a multiset.

The edge {1, 1} is a loop and the edges {1, 3}, {1, 3}, {1, 3} are multiple edges. A loop
contributes 2 to the degree of its incident vertex, so in this multigraph

d)=7, d2)=2, d(3)=5. d@)=4.

Question 231 Does the handshaking lemma still hold for multigraphs? Give a proof or
counterexample.

Summary

In this section we provided a large amount of information and terminology about graphs.
We also proved some basic enumerative and existence results about graphs.

Exercises
1. How many labeled graphs on n vertices have exactly m edges?

2. Let G be the graph whose vertex set is the set of 2-subsets of [5] and where two
vertices are adjacent if and only if their corresponding subsets are disjoint.

(a) Draw G.
(b) Find, with proof, a graph mentioned in this section that is isomorphic to G.

3. Prove: if G is a connected graph with n vertices and n — 1 edges, where n = 2, then
G has at least two vertices of degree 1.

4. There are 20) = 26 = 64 labeled graphs on 4 vertices. How many unlabeled (i.e.,
non-isomorphic) graphs on 4 vertices are there?

5. Determine, with proof, whether the following graph is isomorphic to K3 3.

6. Let G = (V, E) be a graph. The complement of G is that graph G = (V, E€) where
E¥€ is the complement of E relative to the edge set of Kj,(g). In other words, for all
i,j €eV(G)wehave {i, j} € E¢ifandonlyif {i, j} € E.

Prove that if G = G, then either n(G) = 0 (mod 4) or n(G) = 1 (mod 4).

7. Prove that if §(G) = k, then G contains a path of length at least k.

8. Prove that the number of labeled graphs in which every vertex has even degree is
n—1
2( 2 )
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9. For k = 1, the graph Qj is called the k-dimensional cube. Its vertex set is the set
of k-digit binary numbers, and two vertices are adjacent if and only if their binary
numbers differ in exactly one place. Here are O, Q», and Q3:

WP
0, O O

Notice that n(Qy) = 2F.

(a) Find e(Qy).
(b) Prove that Qy is bipartite, forall k > 1.

10. (based on West (2001)) Use graphs to give combinatorial proofs of the following

results.
n k n—=k
= k(n —k .
(b) Suppose ni,nj, ..., ny are positive integers. If Zf;l n; = n, then

When does equality hold?

11. Prove that if G is an n-vertex graph with §(G) = |n/2], then any two vertices are
either adjacent or have a common neighbor.

12. (linear algebra) Find the number of...

(a) 5-5 walks of length 8 in the graph G, of Figure 6.1.
(b) 000-001 paths of length 8 in the cube graph Q3. (See Exercise 9.)

(c) u-v walks of length 8 in the cycle Cs, where u and v are any two adjacent ver-
tices.

13. (linear algebra) Prove Theorem 6.1.8 by induction on k.

14. (linear algebra) Let A be the adjacency matrix of K, ,. Assume that A is written in

the form
0 J
=0 3)

where J is the r x r matrix of all 1s and 0 is the r x r zero matrix. Find, with proof,
a formula for A%.

15. (linear algebra) Let A be the n xn matrix that has Os on the diagonal and 1s everywhere
else. Find a formula for A% by counting walks in a certain graph.
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Travel Notes

By most accounts graph theory had its birth in the 1730s when Leonhard Euler solved the
now-famous “bridges of Konigsberg” problem. The field then mostly lay dormant until the
mid-to-late 1800s when mathematicians such as Arthur Cayley and James Joseph Sylvester
took an interest and produced some key results. In the 20th century the field quickly ex-
ploded into the active research area that it is today thanks to practical applications as well
as the rise of the computer.

The term “graph” was coined by Sylvester who in 1877 was installed as the inaugural
professor of mathematics at the newly-opened Johns Hopkins University. Some authors use
“simple graph” instead of just “graph” to denote a graph without loops or multiple edges.
West (2001) and Chartrand & Zhang (2005) are excellent, comprehensive introductions to
graph theory.

6.2 Counting trees

The most fundamental and important graphs in many applications, first and foremost com-
puter science, are trees. Figure 6.4 shows three examples. A free is a connected, acyclic
graph. A forest is an acyclic graph. Naturally each connected component of a forest is a
tree. In this section we mention a few basic properties of trees and then investigate two enu-
meration questions. The first is simply to count the number of labeled trees on n vertices,
and we give two of the several possible proofs of this. We then take up the enumeration of
binary search trees. These are a fundamental data structure in computer science.

Question 232 Give a quick explanation why trees are bipartite.

Essential properties of trees

Leaves of a tree

A leaf of a tree is a vertex of degree 1. Each of the trees in Figure 6.4 possesses at least
two leaves and this is no accident. Any tree on at least two vertices must have at least two
leaves. The proof uses an important technique: maximality.

Theorem 6.2.1 If T is a tree with at least two vertices, then T has at least two leaves.

Proof: Assume that T is a tree on n vertices, where n > 2. Let P be a path in T of
maximum length. Call the vertices at the ends of the path v; and v,. These must be leaves
of T and here is why.

Suppose, for sake of contradiction, that v; is not a leaf of 7. We already know that
some edge, say {vi, w} is on the path P. Our assumption that v; is not a leaf of 7" means

Figure 6.4. Three examples of trees.
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that there is some other vertex u adjacent to vy. This vertex u cannot be on the path P, for
then P + {vy, u} would be a subgraph of 7' containing a cycle—impossible since 7 is a
tree. But neither can u be off the path P, for then P + {vq, u} would be a longer path in T
than P—impossible since P is already a path of maximum length.

No such vertex u can exist, so therefore v; is a leaf of T. The same argument shows
that v, is a leaf of T', so therefore T has at least two leaves. [ |

Deleting a leaf of a tree

Deleting a leaf from a tree leaves a smaller tree. Many proofs involving trees make good
use of this fact, usually within the context of a proof by mathematical induction.
Theorem 6.2.2 If T is a tree with at least two vertices and if v is a leaf of T, then T — v
is also a tree.

Proof: Assume that T is a tree on at least two vertices and that v is a leaf of 7. Consider
the graph T — v. We must show that 7" — v is connected and acyclic.

Deletion of the vertex v cannot create a cycle, so T —v remains acyclic. Is it connected?
Take any two vertices ¥ and w in 7" — v. These vertices are also in the tree 7', so there is a
path Py, in T that joins u and w. This path cannot pass through the vertex v in 7" because
it is a leaf, and so deletion of v and its incident edge means that the path P,,, remains
intact in 7' — v. Since there is a path between any two vertices of T — v, it follows that
T — v is connected. Therefore T — v is a tree. |

Counting the edges of a tree
A graph on n vertices may have anywhere from O to (g) edges. A tree on n vertices has
no choice over the number of edges it contains. Observe that in Figure 6.4, T} has nine
vertices and eight edges, 7, also has nine vertices and eight edges, and 73 has 20 vertices
and 19 edges.
Theorem 6.2.3 Any tree on n vertices contains exactly n — 1 edges.
Proof by induction on n: Let n = 1. The only tree on one vertex is the graph consisting of
a single vertex and no edges. In thiscase n — 1 = 1 — 1 = 0 so the base case is true.
Assume 7 is an integer, n = 1, and that any tree on n vertices has exactly n — 1 edges.
Let T be a tree on n + 1 vertices. Since n = 1, we know thatn 4+ 1 = 2 so Theorem 6.2.1
guarantees that 7" has a leaf, say v. Now Theorem 6.2.2 guarantees that T — v is a tree on
n vertices, and so the inductive hypothesis tells us that T — v has n — 1 edges. When we
reattach v to T—v to get T', we have added one edge. This means that 7 has (n—1)+1 =n
edges. Since T has n + 1 vertices and (n + 1) — 1 = n edges, this completes the proof. B

Characterizations of a tree
There are many ways to characterize a tree. We omit the proof of the following theorem
and leave some of the details to the Exercises.

Theorem 6.2.4 If T is a graph on n vertices, then the following statements are equivalent.

1. T isatree.
2. T is connected and has n — 1 edges.
3. T is acyclic and has n — 1 edges.

4. T is connected, but the deletion of any edge disconnects the graph.
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Counting labeled trees

In the last section we easily answered the question of enumerating the labeled graphs on
n vertices: there are 2(2). Enumerating the labeled trees on n vertices is a different story.
Cayley (1889) first proved the formula of the following theorem.

Theorem 6.2.5 (Cayley) Forn > 2, there are n" =2 labeled trees on n vertices.

We present two proofs of it. One is a bijective proof and the other uses a recurrence relation
and induction. Neither is Cayley’s original proof.

Question 233 Draw the 16 labeled trees on four vertices.

A bijective proof of Cayley’s formula

Priifer (1918) provided the following proof of Cayley’s formula. His method involves a
bijection between the labeled trees with vertex set [n] and the (n — 2)-lists taken from [n].
As there are n”~2 such lists, this proves Cayley’s formula once the bijection is established.
The (n — 2)-list corresponding to a labeled tree is called the Priifer sequence of the tree.

To construct the Priifer sequence of a labeled tree: Let L = (), the empty list. Find
the leaf with the smallest label. Delete this leaf from the tree and append the label of
its neighbor to the end of L. Repeat this until the tree has only two vertices.

Figure 6.5 shows how to construct the 7-list that is the Priifer sequence of the 9-vertex tree
in the top left corner of the figure. The Priifer sequence of that tree is (2,6, 1,2, 9,1, 6).

Question 234 What is the Priifer sequence of the path of length n where the vertices are
labeled in increasing order from left to right? What is the Priifer sequence of the n-vertex
path shown below?

O>—0—O— -+ ——O—0

Also, what is the tree that has Priifer sequence (3,3, 3,3,3)?

It is clear that the function that maps each n-vertex tree to its Priifer sequence is well
defined, for Priifer sequences are indeed lists of length n — 2 taken from the set of vertex
labels [n]. It is worth writing out the correspondence that this function produces for a small
value of n.

Question 235 Find the Priifer sequence of each of the 16 labeled trees on 4 vertices and
then verify that every possible 2-list taken from [4] is represented.

We next consider the trickier issue of reversing the procedure. That is, given an (n —2)-
list taken from [r] we need to determine the tree to which it corresponds. In the following
procedure, the list U (for “used”) keeps track of vertices as they are considered.

To undo the Priifer sequence: Let L be any (n — 2)-list taken from [n]. Let U = ().
Repeat the following until L is the empty list.

e Let u be the least vertex that appears on neither L nor U.

e Let [ be the first vertex on L. Add the edge {/, u}.

e Delete / from L. Add u to the end of U.

When L is the empty list, add the edge joining the two vertices that don’t appear on
U.
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L=() L=(2,6,1,2)

L=(2,6,1,2,9)

L=(2,6,1,2,9,1)

L=(2,6,1) L=(2,6,1,2,9,1,6)

Figure 6.5. Constructing the Priifer sequence for a nine-vertex tree.

Does this produce a tree? Notice that the procedure produces n — 1 edges because one edge
is added per element of L, of which there are n — 2, and then one more edge is added at
the end. That is a good start.

Consider the example L = (4,4,7,1,3,4). This is a 6-list so the tree has vertex set
[8]. Figure 6.6 shows what this procedure does with L. The right-hand column of the table
keeps track of the order in which the procedure adds the edges.

Question 236 Apply the procedure to L = (2,6,1,2,9, 1, 6) and verify that it produces
the tree of Figure 6.5.

To see that the collection of edges that the procedure adds produces a tree, consider
adding them in the reverse order.
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| List L | List U | Edge added |
4.4,7,1,3,9 | O a=1{4,2}
(4,7,1,3,4) ) b =1{4,5}
(7,1,3,4) (2.5) c=1{7,6}
(1,3,4) (2,5,6) d={1,7
(3,4) (2,5.6,7) e=1{31!
4) (2,5,6,7,1) f=1{4,3)
0 (2,5,6,7,1,3) | g =1{8,4}

Figure 6.6. Undoing the Priifer sequence.

Question 237 Draw the vertices 1-8 and then iteratively add edges g, f,e,d,b,c,a in
that order. Notice that the graph being “grown” always stays connected. Do the same for
the sequence L = (2,6,1,2,9,1,6) of the previous Question.

As we add the edges listed in the table, from bottom to top, notice that a new vertex is
connected at each step. In fact these new vertices are those of the final U in reverse order.
When we add any edge (other than the one at the bottom of the table) of the form {/, u}
where [ was the vertex deleted from the current L, this vertex / must appear at least once
among the edges below {/, u} on the table. This is because once once all occurrences of [
are deleted from L, then / will eventually be a least vertex appearing on neither L nor U.
It might never get put on U, but if not then it will be part of the last edge of the table. This
proves that once all the edges are added, we have a connected graph on n vertices and n — 1
edges. This is a tree by Theorem 6.2.4.

It can be observed that the procedure we gave for undoing the Priifer sequence is the
correct inverse function. That is, let f : 7 —> L be the function that finds the Priifer
sequence of a tree, where 7 is the set of labeled n-vertex trees and L is the set of (n — 2)-
lists taken from [n]. Then the function g : £ — 7 that constructs a tree from an (n—2)-list
indeed satisfies g( (7)) = T for all labeled trees T'. This establishes f as a bijection and
proves Cayley’s theorem.

Side effects

Theorem 6.2.6 If T is atree and L is the Priifer sequence of T, then any vertex v appears
exactly d(v) — 1 times in L.

Proof: Assume that T = (V, E) is atree and L is its Priifer sequence. In computing L we
iteratively “pruned” 7" until only two vertices and the edge between them were left. Call
these vertices i and .

Now let v € V. If v is neither i nor j, then v was deleted at some point in the compu-
tation of L. Prior to its deletion, we had deleted all of its neighbors except for one (since v
must be a leaf in order to be deleted) so v was recorded d(v) — 1 times in L.
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If v is one of i and j, then all of its neighbors were deleted except one (either j or i,
respectively) so again v appears d(v) — 1 times in L. |

Priifer’s idea tells us that the labeled trees with vertex set [n] are in one-to-one corre-
spondence with the (n — 2)-lists taken from [n]. The previous theorem shows further that
the Priifer sequence records each vertex exactly d(v) — 1 times. So, the labeled trees with
vertex set [n] are in one-to-one correspondence with the (n — 2)-lists taken from [r] in
which each i € [n] appears exactly d(i) — 1 times. The multinomial coefficients count the
latter set. (Recall their definition in Section 4.1.)

Corollary 6.2.7 Forn = 2, there are

n—2
di—1,dry—1,...,d,—1

labeled trees with vertex set [n] such that vertex i has degree d;, fori < [n].

Question 238 In the multinomial coefficient, it should be the case that the sum of the
bottom numbers equals the top number. Does it? Give a quick calculation.

Another proof of Cayley’s formula
Here is a recursive proof of Cayley’s formula due to Riordan & Renyi. It illustrates a useful
problem-solving technique: when faced with a difficult problem, solve a more difficult
problem. Their approach is to count forests of a particular type and then specialize to trees
at the end.!

Define T'(n, k) to be the number of labeled forests such that

e the vertex set is [n],
o the forest has k trees, and

e each vertex in [k] is in a different tree.

For example, 7'(4,2) = 8 because here are the labeled forest with vertex set [4] consisting
of two trees where the vertices in [2] = {1, 2} are in different trees:

Notice that T'(n, 1) is just the number of labeled trees on n vertices.
First we derive a recurrence. How many labeled forests are there on vertex set [n], con-
taining k trees, and where each vertex in [k] is in a different tree? One answer is T'(n, k).
For another answer we divide into cases according to the degree of vertex 1. Its neigh-
bors must be chosen from the set {k + 1,k + 2, ..., n} because vertices 2, 3, ..., k are not
in the same tree as vertex 1. If vertex 1 has i neighbors, where 0 < i < n — k, then there

are ("jk) ways to choose them. At this point our forest looks like this:
(D
@) cee B
i vertices

! Actually the “more difficult problem” will only appear so because of the additional structure imposed. Addi-
tional structure often makes a counting problem easier.
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Of course, if vertex 1 has i = 0 neighbors then no edges are present. Now for each way to
choose vertex 1’s neighbors, there are T'(n—1, k—1+1i) ways to complete the labeled forest.
This is because, if we ignore vertex 1 and its incident edges for the moment, the remaining
graph must be a labeled forest on n — 1 vertices in which each of vertices 2, ...,k and
v1, ..., v; are in different trees. There are k — 1 + i such vertices. By summing over all 7,
we have shown

n—k
—k
T(n,k):Z(ni )T(n—l,k—1+i) where 1 <k < n. 6.1)

=0

The boundary conditions are 7'(r,0) = O foralln > 1, and 7(0,0) = 1.

Now that the recurrence is established, the rest of the proof shows that the formula
T(n,k) = kn" %=1 holds for all n and k. We give a careful proof that serves as a good
example of a more complicated induction argument.

Theorem 6.2.8 The number of labeled forests such that the vertex set is [n], the forest has

k trees, and each vertex in [k] is in a different tree is T(n,k) = kn" %=1 In particular,

the number of labeled trees with n vertices is T(n, 1) = n" 2,

Proof: We prove by induction on 7 that the formula 7'(n, k) = kn" %=1 holds for all k
satisfying 1 < k < n. For the base case, let n = 1. We must show that

T(1,k) =k - 1'% for all k satisfying I <k < 1.

The only such k is k = 1. Since 7(1,1) = 1 and 1-1!7171 = [, the base case is true.
Now assume 7 is an integer, n = 1, and that the statement is true for n. That is,

T(n,k) = kn™*~1 holds for all k satisfying 1 < k < n. 6.2)

We must prove that T(n + 1,k) = k(n + 1)*T17%=1 = k(n + 1)*7* for all k satisfying
I<k<n+1.
By the recurrence (6.1) we have

n+1—k
1 —k
T +1k) = Y (”J“l_ )T(n,k—l+i).

=0

We can apply the inductive hypothesis of equation (6.2) to T'(n,k — 1 + i) as long as
1 <k —1+4i < n. This holds for all k satisfying 2 < k < n, so we will have to address
the k = 1 and k = n + 1 cases separately.

The k = n + 1 case is easy. Notice that T(n + 1,n + 1) = 1. Also, whenk =n + 1
in the formula we get

(n+ D+ DDl — G D+ 1) =1,

soT(m+1,k) =k + 1" 7% =k + 1) % whenk = n + 1. The k = 1 case is
left to Question 239 after the proof.
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The hard case is when k satisfies 2 < k < n. Use equation (6.2) to write

n+1—k
1—k
T+ 1k)= Y ("+_ Tk —1+41)
1
i=0
n+1—k
1—k .
> (”+_ (k — 14 iyp=G=1+0-1
i=0 !
n+1—k
1—k .
S (”+_ (k =1+ iy
1
i=0

Split the sum in two:

n+1—k n+1—k
1-— 1-— :
— § (n+ )(k " —k— 1+ § ( n—+ )lnn—k—l )
1

i=0

Sum I Sum II

Let’s work on Sum I first. Factor out kn;l and then use the binomial theorem to obtain

k—1"% (n+1-k 4
S I= n+1—k—l
um " E ; n

i=0

k-1
=—@+ 1"k
n

Now work on Sum II. First factor out n + 1 — k in preparation for using the property

(':') % = (';'__11) After that, re-index the sum and use the binomial theorem:

n+1—k .
n+1-—k i ki
S II= 1—k —n" !
um (n+ ) Z_; ( ; )n+1—kn

n+1—k
(n+l—k)Z( ) —k—i
n+1-k) Z_: (n _‘k>n"_k_j_1

j=o \ /
n4+1—k"X (n—k ek i
()

j=o\ /

1—k
- L(n + 1)k,
n

Now we can finish it:
T(n+1,k) =SumI+ SumII
k—1
— (n + l)n-l-l—k +
n

(n+ 1y
-

1—k
n

(k—l)(n+1)+n+1—k)
=k + 1),
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This completes the proof. |

Question 239 Prove the k = 1 portion of the inductive step. That is, use the inductive
hypothesis to prove T(n + 1,1) = (n + 1)*7L.

Counting binary trees

Next we turn our attention to the enumeration of a different type of tree. Consider the

following tree that stores a word at each vertex.
stores

following

consider that tree

This tree is to be interpreted in a different way than other trees. For one, the way in which
it is drawn on the page makes a difference. The black vertex at the top is the root. Each
of the vertices below it is a child of the root. The vertex labeled “each” is the left child of
the root and the vertex labeled “vertex” is the right child of the root. The vertex labeled
“consider” has a left child but no right child. This is an example of a rooted binary tree or
simply binary tree.

Each vertex in a binary tree has a left subtree and a right subtree. The left subtree of v
is the binary tree rooted at the left child of v and containing only the portion of the original
tree at or below v. The right subtree is defined similarly. A subtree can be empty, as the
right subtree of the vertex labeled “consider” is. A subtree can also consist of a single
vertex, as the left subtree of the vertex labeled “consider” does.

The binary tree shown above is actually being used as a so-called binary search tree. It
stores the 11 words in the sentence before the picture of the tree according to the following
rule: at every vertex v, the word stored at v comes (1) alphabetically after every word in
the left subtree of v, and (2) alphabetically before every word in the right subtree of v.
Binary search trees are fundamental and important data structures in computer science.
They enable efficient storage, sorting, and searching of data.

Our goal is to determine the number of binary trees on n vertices. Let this number be
Bn.Clearly 81 = 1 and > = 2. The binary trees on three vertices are

A

so B3 = 5. It will be convenient to define 8¢ := 1. So far we have

n |0[1]2]3]4
Bn |1 1|25 ]2

Question 240 Determine B4 by writing out all binary trees on four vertices.
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A binary tree is inherently recursive: the left and right subtrees of the root are them-
selves binary trees. So, to determine 8, we derive a recurrence relation and then solve it
using generating functions. Begin by drawing the root at the top. Now we have two deci-
sions to make: In how many ways can we specify each of the left and right subtrees of the
root? For example, to determine 84 we first place the root and then consider the following
four cases depending on how many vertices are in the left subtree of the root:

Notice that if, say, the left subtree has zero vertices then it is empty—there is no left-edge
present from the root. The convention 8y = 1 takes care of this nicely. By counting each
of the four cases and adding their answers we get

Ba = BoB3 + B1B2 + B2B1 + B3Bo
MG + (M) +@)(1) + G)(D)
— 14

so there are 14 binary trees on four vertices.
Question 241 Determine fs using this method.

In general, the recurrence relation is

Bo=1
n—1

Bn = Zﬂiﬂn—l—i forn > 1.
i=0

This is a nonlinear recurrence relation but we have solved it before. In Section 4.1, we
determined the number of ways to triangulate a regular n-gon, where n > 3. This number is

1 2n—4
T, = .
n—2\n-—1

The recurrence and the initial conditions for 7}, and for 8, are the same but we have to
adjust the indices. The correct adjustment is 8, = T, 42, SO we get

3 1 2m+2)—4\ 1f2n\ 1 (2
ﬂ”_(n+2)—2 m+2)—1) n\n+1) n+1\n

and therefore we have the following theorem.

1 (2
Theorem 6.2.9 Forn = 1, he number of binary trees on n vertices is — ( n)
n n

The number # (Zn") is the famous n-th Catalan number. The Catalan numbers pop up in

combinatorial problems about as often as the Fibonacci numbers do.

Question 242 Based on the work in Section 4.1, show that 8, = Ty is indeed the
correct correspondence between the two number sequences {Ty } =3 and {Br } k=1
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Summary

A tree is a connected acyclic graph. After deriving some basic properties of trees, we
considered two difficult problems concerning their enumeration. In the first, we determined
that the number of labeled trees on n vertices is n”*~2. This is known as Cayley’s formula.
In the second, we determined that the number of binary trees on n vertices equals the
n-th Catalan number. The techniques we used ranged from bijective proof to recurrence
relations and induction to generating functions.

Exercises

1. Prove: a forest with n vertices and k components has n — k edges. Explain how this
generalizes Theorem 6.2.3.

2. Improve Theorem 6.2.1 by proving that any tree has at least A leaves, where A is the
maximum degree in the graph.

3. Prove Theorem 6.2.4.

4. Let G be a labeled graph and let e be any edge. A spanning tree of G is a subgraph
of G that is a tree and that contains every vertex of G. Define 7(G) to be the number
of spanning trees of G. Give a combinatorial proof: t(G) = t(G —e) + (G - e).
(Here G - e, read “G contract e,” is the (multi)graph obtained from G by deleting
the edge e and then combining the endpoints of e in to one vertex, bringing along all
incident edges. See also the description of this operation in Section 6.3.)

5. Use the recurrence of the previous exercise to find the number of spanning trees of
the following labeled graphs.

(@ Cs
(b) K4
(¢) K, — e, where e is any edge of K,

6. (linear algebra) The following result is known as the matrix-tree theorem. Let G be
a connected labeled graph with adjacency matrix A. Let M := D — A where D is a
diagonal matrix where the degrees of the vertices of G appear on the diagonal. Then

the number of spanning trees of G equals the cofactor of any element? of M. Use this
to find the number of spanning trees of Cs, K4, K5, and K3 3.

7. Prove that T(n,n — 1) = n—1and T(n,n —2) = (n — 2)n by counting the trees
involved and not using the formula for T'(n, k).

8. Here is another way to prove Cayley’s formula. Let L(n, k) denote the number of
labeled trees with vertex set [r] and where vertex n has degree k.

(a) Use properties of multinomial coefficients (see Section 4.1) and Corollary 6.2.7
of this section to prove that L(n, k) = (Zj) (n —1yr—k-1,

(b) Derive Cayley’s formula by summing L(n, k) over appropriate values of k.

2The cofactor of an element in position (i, j) of M is (—1)! T/ times the determinant of the matrix obtained
by deleting from M the row and column in which the element appears.
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9. Let 1, equal the number of ternary trees on n vertices, for n = 0. A ternary tree is
similar to a binary tree but each vertex can have a left, middle, and right child. Set
Ty .= 1.

(a) Verify that 11 = 1, 1o = 3, and t3 = 12, by drawing the possible trees.
(b) Determine 74 via a recurrence relation. Then derive a recurrence relation for t,.

(¢) Let T'(x) be the OGF of {t},>0. Prove that T'(x) = )C(T(x))3 + 1. Comment
on the prospect of finding a formula for 7, like that of Theorem 6.2.9.

>~ Travel Notes
Arthur Cayley (1821-1895) is perhaps better known for his work in algebra. Many of the
known proofs of Cayley’s formula are discussed in Moon (1967) but still more have been
discovered since then.

Recursion is a central theme in computer science so it is natural that a recursive struc-
ture like a binary tree can be counted using a recurrence relation. The field of data structures
—essentially the study of the storage and manipulation of data in a computer—has gen-
erated numerous combinatorial problems on graphs. Perhaps the best reference for the
mathematics of algorithms and data structures is the book by Cormen, Leiserson & Rivest

(1990).

6.3 Coloring and the chromatic polynomial

We now turn to the problem of coloring the vertices of a graph which, at least initially,
appears to have nothing to do with counting. Given a graph, the goal of the coloring prob-
lem is to determine the fewest number of colors necessary so that each vertex of the graph
can be assigned a color in such a way that adjacent vertices receive different colors. The
coloring problem is therefore an optimization problem.

Figure 6.7 shows two (unlabeled) graphs that have been colored. The colors are a, b, ¢
in the graph G on the left and the colors are @, b, ¢, d, e in the graph H on the right. For G,
it is not possible to use fewer colors for if only two colors were available then we would
be forced to assign the same color to adjacent vertices.

H @

Figure 6.7. Proper colorings of some graphs.

Question 243 Can the graph H on the right be colored with fewer colors? Find the fewest
number required and show how to color it with that many colors.

Applications of coloring

“Coloring” may sound juvenile but it has many applications. Here are two.
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Scheduling

A college must schedule final exams so that no student has two exams scheduled at the
same time. On the left in the figure below is a graph representing a small portion of the
schedule. Each course gets a vertex, and two courses are joined by an edge whenever there
is at least one student enrolled in both courses. (This is an example of what is sometimes
called a “conflict graph.”)

MATH133 MATH120 MATHI133 (@) (h) MATH120

CJ101

ENGL203 CJ101 ENGL203

PH204 MATH236 0‘

MATH236 (b) PH204

On the right is a coloring of the vertices (courses) using three colors «, b, c. No two adja-
cent vertices receive the same color. In the context of the scheduling problem, the colors
correspond to time slots. This means that we can schedule, say, the MATH133, ENGL203,
and MATH236 finals from 8—-10 AM., the MATH120 and PH204 finals from 10:15 AM.—
12:15pM., and the CJ101 final from 1-3 PM., and no student will have two exams scheduled
in the same slot.

Question 244 [s it possible to schedule the exams using only two time slots? Justify.

A small problem like the one above is easy enough but it becomes much more difficult
when hundreds of courses are involved.

Map coloring

Get a map of the lower 48 states and color each state in such a way that no states sharing
a border receive the same color. (States like Arizona and Colorado meet at a corner but do
not share a border.) How many colors do you need? The answer is four. In addition it is
true that four is the maximum number of colors necessary for any map of countries, states,
counties, etc., no matter how convoluted.?

This problem—known as the four-color problem—was posed as a mathematical prob-
lem in the late 1800s. After several incorrect proofs (including one which was believed to
be correct for a 10-year period) it was finally proved in 1976 by Appel & Haken and is
now known as the four-color theorem.

Colorings, proper colorings, and chromatic number

We first explain some of the terminology of coloring. A coloring of a graph is simply an
assignment of colors to the vertices of the graph, one color per vertex. In a coloring there
is no requirement that adjacent vertices receive different colors. A coloring that uses k
different colors is a k-coloring.

A proper coloring is a coloring in which adjacent vertices receive different colors.
Equivalently, a proper coloring is a coloring in which no edge has both endpoints the same
color. A proper k-coloring is a proper coloring that uses k different colors. If a graph has a
proper k-coloring then we say the graph is k-colorable. Please note the distinction between

3 Almost. Any country/state/county must be one contiguous region. Such maps are called “planar maps.”
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k-coloring and k-colorable. The latter involves a proper coloring while the former does not
necessarily.

Both of the colorings shown in Figure 6.7 are proper colorings. The coloring of G is
a proper 3-coloring and the coloring of H is a proper 5-coloring. In other words, these
colorings show that G is 3-colorable and that H is 5-colorable. Our main interest in this
section is in the smallest value of k for which the graph is k-colorable.

Definition 6.3.1 For any graph G the chromatic number of G, denoted by y(G), is the
smallest positive integer k for which G is k-colorable. That is, x(G) is the smallest positive
integer k for which it is possible to color the vertices of G using k colors in such a way
that no edge has both endpoints the same color.

Any proof that y(G) = k must involve two things, namely (1) a proper k-coloring of
G, and (2) a proof that no proper (k — 1)-coloring of G is possible. We already argued
informally that the 5-cycle has chromatic number 3, after discussing graph G of Figure
6.7. Here is a formal proof that y(Cs) = 3. First we observe that the coloring of Figure 6.7
is a proper 3-coloring, so Cs is 3-colorable. Now, assume for sake of contradiction that Cs
were 2-colorable. Then there would exist a proper 2-coloring of Cs. Label the vertices as
shown below.

Y

Without loss of generality, assume v is colored blue. Then v, must be colored red, then v3
colored blue, then v4 colored red, and vs colored blue. So this means the adjacent vertices
v and vs are both colored blue, a contradiction. This proves that no proper 2-coloring of
Cs exists so therefore y(Cs) = 3.
Question 245 Find the chromatic number of the (disconnected) graph consisting of a 5-
cycle and a 4-cycle. In general, if G is disconnected, then what is the relationship between
x(G) and the chromatic numbers of its components?

We next show y(H) = 2, where H is the tree of Figure 6.7, by the same method. Here
is a proper 2-coloring of H:

®
H ®

This shows that H is 2-colorable. Is H 1-colorable? No, because any graph with at least
one edge cannot be properly 1-colored. Therefore y(H) = 2.

Basic properties of chromatic number

Before investigating more complicated examples we now present some properties of y(G).

Proposition 6.3.2 The chromatic number satisfies the following properties. Let G be any
graph.
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1. x(G) = 1 ifand only if G has no edges, so that x(G) = 2 if and only if G has at

least one edge.
2. x(G) =2ifandonly if G has at least one edge and is bipartite.
3. x(Kp) =n.
2 ifniseven
3 ifnisodd.
5. If H is a subgraph of G, then y(G) = y(H).
Most of these properties follow immediately from the definition of chromatic number.
Property 2 is true because we can color the vertices in one side of the bipartition red and
the vertices on the other side blue. Property 3 is true because every pair of vertices are
adjacent in K, so it is not possible to have two vertices with the same color. For Property
4, the case when n is even follows from Property 2. The case when n is odd follows by

generalizing the argument we used to prove that y(Cs) = 3 given earlier. Property 5 is
perhaps the most useful of those listed.

4. Ifn = 3, then y(Cp) =

Question 246 Prove Property 5.

Another example
Find the chromatic number of the graph G shown in Figure 6.8.

Figure 6.8. What is the chromatic number of this graph?

First we notice that K4 is a subgraph of G, so y(G) = 4 by Properties 3 and 5. Is this
graph 4-colorable? Let’s assume a proper 4-coloring exists and try to find it.
e Since vy, V3, V3, V4 form a K4 subgraph, they must receive different colors. Without
loss of generality, assume that they are colored a, b, ¢, d respectively.

e V5 is adjacent to vj, v3, V4, SO V5 must be colored a.

e Neither of vg, v7, vg can be colored a because they are adjacent to v5; which is colored
a. In addition, these three vertices are mutually adjacent, so they must all receive
different colors. This means that among vg, v7, vg each of the three colors b, ¢, d is
used.

e We only have vg left to color, but its neighbors have been colored a, b, ¢, d. There is
no color left for vg.
Therefore G is not 4-colorable.
However, G is 5-colorable because our proof just given shows that if there is a fifth

color available then we can color vy with that color and obtain a proper 5-coloring of G.
Therefore y(G) = 5.
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The chromatic polynomial

The arguments used to find the chromatic number of the graphs we’ve considered so far
have an ad hoc flavor. Can we find a chromatic number by a more systematic procedure?
Yes and no. Yes because there are such procedures that can be programmed into a computer,
and no because even the computer will have a difficult time with somewhat large graphs.

One approach involves solving a problem larger than just finding the chromatic number,
namely counting the proper k-colorings of the graph. Given a graph G, we define

p(G, k) = number of proper k-colorings of G.

This is the chromatic polynomial of G. It is not at all clear a priori that this is indeed a
polynomial; perhaps it should be called a “‘chromatic function.” Anyway, we’ll prove later
that it’s a polynomial.

Since p(G, k) counts the proper k-colorings of G, we see that y(G) is the smallest
value of k for which p(G, k) # 0. This is because if G is not k-colorable, then p(G, k) =
0.

Question 247 Find x(G) for a graph G having p(G,k) = (k — 1) —k + 1.

Example: chromatic polynomial of Ps
Consider Ps, the path on five vertices:

O—O0—""C(C—O0—=0

v, v, v, v, Vs
To properly k-color Ps, we may color v; with any of the k colors. For each way to do so,
there are k — 1 ways to color v,, since v, can receive any color except v;’s. For each way
to color vy and v,, there are k — 1 ways to color v3, since vz can receive any color except
v2’s. Similarly there are k — 1 ways to color each of v4 and vs. By the product principle
there are k(k — 1)* proper k-colorings of Ps. That is,

p(Ps.k) =k(k—1)* or  p(Ps, k) =k>—4k* + 6k> — 4k? + k.

Either way to write the chromatic polynomial (factored form or expanded form) is fine
and each has its advantages. The factored form makes it clear that y(Ps) = 2 because
p(Ps,1) = 0 while p(Ps,2) > 0. The expanded form exhibits certain information about
the graph which we will explain later in this section.

Question 248 7o extend Question 245, find the chromatic polynomial of the (disconnected)
graph P4 U Ps. In general, if G is disconnected, then what is the relationship between
p(G, k) and the chromatic polynomials of its components?

Example: chromatic polynomial of another graph
Find the chromatic polynomial of the graph G shown below:
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First observe that vy, va, v5 must receive different colors since they form a K3 sub-
graph. There are k ways to color vy, then kK — 1 ways to color v, and then k — 2 ways to
color vs. To determine how many ways we can color v3 and v4, we break up the proper
colorings into two cases.

e Case 1: v3 and v5 have the same color. Since v5’s color (and therefore v3’s) is already
specified, we need only specify v4’s color. Its neighbors v3 and vs have the same color,
so there are k — 1 ways to color v4. In this case there are k(k — 1)(k —2)(k — 1) =
k(k — 1)?(k — 2) proper k-colorings of G.

e Case 2: v3 and v5 have different colors. Then there are k —2 ways to specify v3’s color
since it must be different from both v,’s and v5’s color. There are k —2 ways to specify
v4’s color (any color except v3’s or v5’s, for a total of k(k —1)(k —2)(k —2)(k —2) =
k(k — 1)(k — 2)3 proper k-colorings in this case.

By the sum principle the chromatic polynomial of G is
p(G. k) =k(k —1)*(k —2) + k(k — 1)(k —2)3.

Therefore y(G) = 3 because p(G, 1) = 0 and p(G,2) = 0 while p(G, 3) = 18.
Question 249 Give a complete enumeration of the 18 proper 3-colorings of G.

Chromatic polynomial of paths and complete graphs

It is easy to find the chromatic polynomial of the path P, and the complete graph K,
because their structure makes proper k-colorings easy to count. As you might have guessed
based on our derivation of p(Ps, k), the chromatic polynomial of P, is k(k — 1)"~1.

Question 250 Find p(K,, k).

Inclusion-exclusion

Now we explore some ways to find the chromatic polynomial other than the direct counting
methods of the last two examples. First we try inclusion-exclusion. This is perhaps a natural
choice because finding a proper coloring is naturally a “pattern avoidance” problem: we
need to avoid the presence of any edge having both endpoints the same color.

Example: chromatic polynomial via inclusion-exclusion
Consider P4 with both its vertices and edges labeled:

e e, e
Oo—=0 O—=0
v, v, vy v,

To use inclusion-exclusion to count the proper k-colorings of Py, first define the universe
U to be the set of all k-colorings of P4. Here it is paramount to notice that these are not
necessarily proper colorings. Define the properties

&1 := “edge e; has both endpoints the same color”
&2 := “edge e has both endpoints the same color”
e3 := “edge e3 has both endpoints the same color.”

Then p(P4, k) = N=(0) because the latter equals the number of k-colorings in which no
edge has both endpoints the same color—the proper k-colorings of Pj.
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Here are the values of the N> function:

N>(®) = k* Ns(s182) = k?
Nx(e1) = k* Ns(s183) = k?
Nx(g2) = k3 Ns(e263) = k?
Nx(s3) = k* N=(g18263) = k.

For example, N> (@) = k* because each of the four vertices can be colored with any of the
four colors.
Question 251 Justify the other values.
By the inclusion-exclusion formula,
p(Pak) = k* — (K> + &2 +13) + (K> + k2 + k> —k
= k*—3k> 4+ 3k> — k.

This can also be written p(Py, k) = k(k — 1)3.

Example: another chromatic polynomial via inclusion-exclusion
Next consider the graph G shown below.

Define the universe U to be the set of all (not necessarily proper) k-colorings of G. Define
the properties

&; := “edge e; has both endpoints the same color,” fori =1,2,3,4.
Then p(G, k) = N=(9) as before. We compute

N> (9) = k* Nx(e162) = k? N> (e18283) =k

Nx(s1) = k* Nx(s183) = k? Nx(e16264) =k

Nx(s2) = k* Nx(s184) = k? Nx(e16384) =k

Nx(s3) = k* Nx(s283) = k? Ns(e26384) = k2

Nx(s4) = k3 Nx(s264) = k? Nx(g1626384) = k.
Ns(e3e4) = k?

Notice that Nx(g18263) = k because if e1, €3, e3 all have the same color endpoints, then
all four vertices in G must be colored the same color. However, Nx(g26364) = k2 because
if e5, e3, e4 all have the same color endpoints then vertices v, v3, v4 must be colored the
same color. There are k ways to specify this color, and then k ways to specify v;’s color.
Anyway, by the inclusion-exclusion formula the chromatic polynomial of G is

p(G. k) = k* —4k3 + 6k? — 3k —k* + k = k* — 4k> + 5k — 2k.

Question 252 Find p(Cy, k) using this method.
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A recurrence for the chromatic polynomial

The inclusion-exclusion approach requires one property for each edge and therefore the
computation of 2¢(%) values of the N> function. Even though each value of N> is easy to
compute, this is not a viable approach for a 50-vertex graph, even for a computer, since
259 ~ 1.1 quadrillion. Our next approach is recursive.

Contracting an edge
The graph operation we need to derive the recurrence relation is that of edge contraction.
Here is a picture:

The original graph G is on the left and the graph G - e1, read “G contract e;,” is on the
right. To construct G - e1, we delete e;, combine the two endpoints of e; into a single
vertex, and bring along any incident edges. Notice that G - e; is not a simple graph because
of the presence of multiple edges.

Here are two other examples, this time involving unlabeled graphs.
e

H-e
G-e H
Notice that contracting an edge that is part of a set of multiple edges results in a loop.

Question 253 [f e is any edge of Co, then what is Co - €? Answer the same question for
K6 -e.

The recurrence

The recurrence for the chromatic polynomial involves the chromatic polynomial of the
original graph as well as those of the graph obtained by deleting any one edge and the
graph obtained by contracting along that same edge.

Theorem 6.3.3 If G is a graph and e is any edge of G, then
p(G.k) = p(G —e.k)— p(G -e.k).

Proof: Assume G is a graph and e is any edge of G. We instead prove the equivalent
identity
p(G —e.k) = p(G.k) + p(G -e. k).

Let u and v be the endpoints of the edge e in G. How many proper k-colorings does G — e
have?

Answer 1: It has p(G — e, k) proper k-colorings.

Answer 2: Divide the proper k-colorings of G — e into two types: those in which u
and v receive different colors, and those in which u# and v receive the same color.



6.3. Coloring and the chromatic polynomial 257

For any proper k-coloring of G —e in which u and v receive different colors, reinstating
the edge e results in a proper k-coloring of G. Conversely, if we take any proper k-coloring
of G and delete the edge e, the result is a proper k-coloring of G — e in which u and v
receive different colors (since u ~ v in G and therefore u and v received different colors).
Therefore the colorings in this case are in one-to-one correspondence with the proper k-
colorings of G, of which there are p(G, k).

For any proper k-coloring of G — e in which u and v receive the same color, that same
coloring is a proper k-coloring of G - e and conversely. Therefore the colorings in this case
are in one-to-one correspondence with the proper k-colorings of G - e, of which there are
p(G e, k).

Therefore there are p(G, k) + p(G - e, k) proper k-colorings of G — e. |

When using the recurrence to compute the chromatic polynomial, if at any time we

create a graph with the contraction operation that has multiple edges between a pair of ver-
tices, then we may safely delete all but one of those edges (for each such pair of vertices).

Question 254 Explain why.

If we delete multiple edges at each stage then the contraction operation will never produce
a loop. But if do not delete multiple edges and encounter a loop at some point of the
recurrence, then we just set p(G, k) = 0if G is a graph containing a loop. This is because
a vertex with a loop is adjacent to itself and so the graph cannot be properly colored with
any number of colors.

Example: the chromatic polynomial of C,4
To get the chromatic polynomial of C4, we select any edge and compute

p(Cyq, k) = p(Cy—e, k) — p(Cq-e,k).

Notice that C4 — e = P4, the path on four vertices, and C4 - ¢ = C3. We observe that
p(Cs, k) = k(k — 1)(k — 2) and therefore

p(Ca, k) = p(Pa, k) — p(C3,k)
=kk —1)® —k(k —1)(k —2).
Question 255 Find p(Cs, k) and p(Cs, k) using this method.
Example: the chromatic polynomial of C,

The pattern of the last example could be continued to find p(Cy, k) but we now show an
alternate derivation using Theorem 6.3.3 and induction. We wish to establish

p(Cr.k)y=k-=-1D"+(D)"k-1) forn = 3.

Consider the base case n = 3. We know p(Cs, k) = k(k — 1)(k — 2). The right-hand side
of the identity equals
k—=124+D)3k—-1)=k>=3k>2+3k—1—-k+1
= k> —3k> + 2k
=k(k —1)(k —2),

so it is true when n = 3.
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Now assume 7 = 4 and that the identity is true for C,—;. Use Theorem 6.3.3 to write
p(Cy, k) = p(Cy —e, k) — p(Cy - e, k).

Since C, —e = P, and C,, - e = C,_1, we can use the chromatic polynomial of P, and
the inductive hypothesis, respectively, to write

P(Cak) = ke = 1" = (e = 1" + (=" (e = 1)
=kk—1D)"1 =k —-1)""1 4+ (=1)"(k-1)
=k -D"+ D"k -1).

Therefore the identity is true for C,.
Theorem 6.3.4 Forn =3, p(Cyp, k) = (k —1)" + (—=1)"(k —1).

Properties of the chromatic polynomial

The recurrence we just derived, while cumbersome to use on arbitrary graphs, is good for
finding the chromatic polynomial of highly-structured graphs. It is also useful for proving
general properties of the chromatic polynomial using mathematical induction.

Theorem 6.3.5 If G is a graph, then the function p(G, k) satisfies the following proper-

ties.

CPI: p(G,k) is a polynomial of degree n(G) having leading coefficient 1 and constant
coefficient 0.

CP2: The coefficient of k"' in p(G, k) is —e(G).
CP3: The coefficients of p(G, k) are alternately nonnegative and nonpositive.
CP4: Ife(G) = 1, then the sum of the coefficients of p(G, k) equals 0.

Proof: Assume G is a graph. We first prove properties CP1-CP3 by induction on e(G), the
number of edges of G.

The base case is e(G) = 0. A graph with zero edges consists of #(G) isolated vertices.
The chromatic polynomial of such a graph is p(G, k) = k™(@. Properties CP1-CP3 are
true in this case.

Now let G be a graph having e(G) edges, where e(G) = 1, and assume that Properties
CP1-CP3 are true for any graph on e(G) — 1 edges. Let e be any edge of G. By Theorem
6.3.3,

p(G.k) = p(G —e.k)— p(G-e k).

Since G — e and G - e are each graphs with e(G) — 1 edges, we apply the inductive
hypothesis to their chromatic polynomials. Let n := n(G) so that n(G — e¢) = n and that
n(G - e) = n — 1. Write the chromatic polynomials as

n—2
PG —e.k) =k" = (e(G) — )K" + D (=1)" " a;k’!
i=1
where a; = 0 foralli € [n — 2], and

n—3
p(G -e, k) — kn—l _ (e(G) _ l)kn_2 + Z(_l)n—l—jbjkj

J=1
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where b; > 0 forall j € [n — 3]. Then

p(G.k) = p(G —e.k) = p(G -e.k)
=k" —e(G)k" " + (an—2 + e(G) — 1)k" 2

n—3
+) D" (@ + bk

i=1
This is a polynomial, it has degree n = n(G), leading coefficient 1, and constant coefficient
0. The coefficient of k" ! is —e(G). Also, the coefficients are alternately nonnegative and
nonpositive. The coefficient of k" is 1 and the coefficient of k"~ ! is —e(G) < 0. The
coefficient of k"2 is a,_» + e(G) — 1 and this is nonnegative because a,_» > 0 and
e(G) — 1 = 0. The remaining coefficients are of the form (—1)"~*(a; + b;), and noting
that a; + b; > 0 and the presence of the factor of (—1)"~" shows that the remaining
coefficients alternate as well. Therefore p(G, k) satisfies Properties CP1-CP3.

To prove Property CP4, assume that G has at least one edge. Then p(G,1) = 0 be-
cause G is not 1-colorable. Evaluating a polynomial function at 1 gives the sum of the
coefficients. Therefore the sum of the coefficients of p(G, k) is 0. |
Question 256 Can k> — 6k* + 3k — 10k? + k — 3 be the chromatic polynomial of some
graph? Can k* — 4k3 4 3k> — k?

See Exercise 14 for a stronger version of Property CP3.

Summary

The chromatic number y(G) of a graph G equals the minimum number of colors required
to properly color the vertices. A proper coloring of the vertices is an assignment of colors to
vertices so that adjacent vertices receive different colors. Any proof that y(G) = k requires
demonstrating a proper k-coloring of G as well as a proof that no proper (k — 1)-coloring
exists.

Coloringis an optimization problem. We turned it into a counting problem via the chro-
matic polynomial. The chromatic number is difficult to compute in general as our efforts
in this section show. Both the inclusion-exclusion approach and the recurrence relation
approach are intractable for even moderately large graphs unless the graph is highly struc-
tured like K,,, C,,, or Py,.

Exercises

1. Print a map of the lower 48 states from a web site and then color it using four colors.
Also, include a proof of why four colors are necessary to color this map.

2. If T is a tree, then what is x(7)?

3. Prove that x(G) < A(G) + 1, where A(G) is the maximum degree of G.

4. Determine, with proof, (W, ). Here, the graph W, is the “wheel” consisting of a cycle

C, as well as one additional vertex that is adjacent to every vertex on the cycle. (So
W, has n + 1 vertices.)

5. Determine, with proof, the chromatic number of the Petersen graph and of the Grotsch
graph, which are shown in Figure 6.3 on page 229.
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6. Determine, with proof, the chromatic numbers of the graphs below:

G, G,

7. Find x(G) given that p(G, k) = k® — 9k> + 31k* — 51k> + 40k? — 12k. Also, how
many vertices and edges does G have?

8. Define w(G), called the cligue number of G, to be the largest integer r such that G
contains K, as a subgraph.
(a) Find an equation or inequality relating w(G) and x(G).
(b) Give an example of a graph G for which w(G) = 2 and y(G) = 3.
(c) Give an example of a graph G for which w(G) = 2 and x(G) = 4.

9. Determine the chromatic polynomial of each of the following graphs.
(a) the star Ky

(b) Kzn
(C) C3 @] P4 @] KS

10. Find the chromatic polynomial of the graph that consists of Cs plus one additional
vertex that is adjacent to exactly one of the vertices of Cs.

11. Find p(K, — e, k) where e is any edge of K,,.
12. How many roots does p(G, k) have, at least? Come up with a reasonable lower bound.

13. Relate the coefficients of p(K,, k) to a family of numbers studied elsewhere in this
book.

14. The coefficients of the chromatic polynomial of a graph G start 1, —e(G). Prove that
they continue alternating positive/negative until at some point they reach 0 and stay
0. In other words, any chromatic polynomial can be written in the form p(G, k) =
Y (=1)""a;k' where m is an integer satisfying 1 <m < n and a; > 0 for all i
satisfyingm <i < n.

15. In the chromatic polynomial of a graph G, prove that if k™ is the smallest power of k
that has a nonzero coefficient, then G has m components.

16. This exercise concerns a characterization of the chromatic polynomial of a tree.

(a) Prove by induction: if T is a tree on n vertices, then p(T, k) = k(k — 1)"~1.
(b) Prove: if G is a graph and p(G, k) = k(k — 1)"~1, then G is a tree.

(c) How many labeled graphs have chromatic polynomial equal to k(k — 1)3°?
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-~ Travel Notes
Kenneth Appel and Wolfgang Haken’s proof of the four-color theorem used a computer
to check a large number of cases (so-called “reducible configurations”) and therefore was
enumerative in nature. Their 1976 result settled a problem that stood for well over 100
years, but it was met with skepticism by some mathematicians who reacted negatively to
the use of a computer in a proof. The original published paper Appel & Haken (1977) is
139 pages. More recently, Robertson, Sanders, Seymour & Thomas (1996) announced a
new proof of the four-color theorem that uses the same general idea of Appel & Haken but
avoids some of the technicalities they encountered.

Chromatic polynomials were introduced by Birkhoff in 1912 as a possible approach
to proving the four-color theorem. That approach did not pan out, but they were further
explored in Birkhoff & Lewis (1946).

6.4 Ramsey theory

To understand how non-mathematicians sometimes view the work of mathematicians, look
no farther than this letter to Ann Landers that appeared in The Washington Post on June
22, 1993.

DEAR ANN LANDERS: I am sure many members of Congress read your column. I hope they
will see this, because it’s the best way I can think of to get their attention.

I am enclosing an article from the Rochester Democrat & Chronicle so you will know I am
not making this up.

Two professors, one from Rochester, the other from Australia, have worked for three years,
used 110 computers and communicated 10,000 miles by electronic mail, and finally have
learned the answer to a question that has baffled scientists for 63 years. The question is this: If
you are having a party and want to invite at least four people who know each other and five who
don’t, how many people should you invite? The answer is 25. Mathematicians and scientists in
countries worldwide have sent messages of congratulations.

I don’t want to take anything away from this spectacular achievement, but it seems to me
that the time and money spent on this project could have been better used had they put it toward
finding ways to get food to the millions of starving children in war-torn countries around the
world.—B.V.B., Rochester, N.Y.

Unfortunately, the letter-writer stated the question incorrectly in their third paragraph.
The correct version is: If you are having a party and want to guarantee that no matter who
you invite there will either be four people who all know each other or five people who all
don’t know each other, then what is the least number of people you must invite?

But the bigger issue as implied by the letter-writer’s sarcasm is, Should we care? Here
are two reasons to say “yes,” both involving the 17th century mathematician Pierre de
Fermat. First, a particular piece of theory may not prove its worth in applications until long
after its discovery. Exhibit A in support of this is Fermat’s little theorem of 1640, which
Rivest, Shamir, & Adelman famously employed in 1978 to devise a method for secure
digital communication now known as RSA encryption. Fermat could not have anticipated
this application.

Second, the journey of solving a difficult mathematical problem is often more important
than the end result. Exhibit B is Fermat’s last theorem, the truth of which has not yet led
to any earth-shaking applications. But the 350-year journey from first statement by Fermat
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to final proof by Andrew Wiles in 1995 produced so much deep, powerful, and applicable
mathematics that these by-products have eclipsed the theorem itself.

In this section we study the sort of problems to which the Ann Landers letter-writer
referred. This is the field of graph Ramsey theory, a notoriously difficult area of combina-
torics where the questions are easy to explain but the answers are hard to find.

Party problems, edge coloring, and Ramsey problems
The following question about people at a party is known as the

(3, 3) Party problem: What is the fewest number of people you can invite to a party to
guarantee that there are either three mutual acquaintances or three mutual strangers?

“Three mutual acquaintances” means that any two people in that group of three have met,
and “three mutual strangers” means that no two people in that group of three have met.
Now here is a question about coloring the edges of a graph.

(3, 3) Ramsey problem: What is the smallest value of n so that every red-blue col-
oring of the edges of K, contains either an all-red K3 subgraph or an all-blue K3
subgraph?

A “red-blue coloring of the edges” means that every edge is painted either red or blue.
These two problems are equivalent: identify the vertices of K, with the invited guests
and then connect each pair of guests with either a red or blue edge according to whether
they are acquainted or not acquainted, respectively. We shall work with edge coloring from
now on. Also, we’ll use the abbreviations “red-blue coloring of K, and “red K3 with the
understanding that we’re referring to coloring the edges.
The problem spoken of at the beginning of this section is the

(4, 5) Ramsey problem: What is the smallest value of n so that every red-blue color-
ing of K, contains either a red K4 or a blue K5?

As mentioned in the letter, the answer to this problem is 25. This means two things: (1)
every possible red-blue coloring of the edges of K,s will produce either an all-red K4 or
an all-blue K5 or perhaps both; and (2), there is an example of a red-blue coloring of the
edges of K34 that contains neither an all-red K4 nor an all-blue K.

The graph coloring problems are called Ramsey problems because they fit into the
more general framework of a theorem proved by Frank Ramsey in 1930. Loosely speaking
Ramsey’s theorem says that

e in a large structure
(in the (4, 5) Ramsey problem this structure is K»5)

e that is constructed randomly
(each edge of K35 is colored red or blue in any manner),

e there is a non-random substructure
(an all-red K4 or an all-blue K5).

T. S. Motzkin’s famous quote—“Complete disorder is impossible”—is often used to de-
scribe Ramsey theory.
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The easiest Ramsey problem

The (3, 3) Ramsey problem asks for the smallest value of n guaranteeing that every red-
blue coloring of K, contains either ared K3 or a blue K3. The answer is six. This requires
showing two things.

1. Every red-blue coloring of K¢ contains a red K3 or a blue K3.

2. There exists an example of a red-blue coloring of K5 that contains neither a red K3
nor a blue K3.

To prove #1, suppose the vertex set is [6]. The first step of the proof is the most impor-
tant. Of the five edges incident to vertex 1, there must be three of the same color. Without
loss of generality, say that edges 12, 14, and 15 are red:

(D
® @

Now examine the edges among vertices 2, 4, and 5. If any one of them is red, we have
found our red K3. For example, if edge 25 is red then edges 12, 15, and 25 form a red K3.
Otherwise all three of them are blue and therefore edges 24, 25, and 45 form a blue K3.
This exhausts the cases and completes the proof.

To prove #2, we need to exhibit a red-blue coloring of K5 having neither a red K3 nor
a blue K3.

Question 257 Give an example of such a coloring of Ks.

Ramsey arrow notation

Let R(a, b) denote the answer to the

(a, b) Ramsey problem: What is the smallest value of n so that every red-blue col-
oring of K, contains either a red K, or a blue K?
We just showed that R(3, 3) = 6.
Question 258 Explain why R(a,b) = R(b, a), always.
The numbers R(a, b) have been the subject of intense study yet very few of them are
known. Ramsey’s theorem shows only that the numbers R(a, b) are well-defined. It does
not give any insight into how to determine their value. In this section we will find a few of
them. At the end, we give all known values of R(a, b) as well as the best known upper and
lower bounds on some of the other numbers.

We write 6 — (3, 3) to indicate that every red-blue coloring of K¢ has ared K3 or a
blue K3. We also write 5 /4 (3, 3) to indicate that not every red-blue coloring of K5 has a
red K3 or a blue K3. In general, n — (a, b) means that every red-blue coloring of K, has
ared K, or ablue Kj. This is sometimes expressed as, “n has the (a, b) Ramsey property.”

Question 259 Supposen — (a, b). Explain why p — (a, b) for all p > n.

Therefore, R(a, b) is the least positive integer n for which n — (a, b). Therefore,
R(a,b) =nifand onlyifn — (a,b) andn — 1 4 (a, b).
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Case 1: Four red edges incident Case 2: Six blue edges incident
to vertex 1. to vertex 1.

Use 4 — (2,4) here
Use 6 — (3,3) here

Figure 6.9. The two cases in the proof that 10 — (3,4).

Trivial Ramsey problems

The Ramsey numbers R(2, b) are easy to determine. We seek the smallest value of n for
which every red-blue coloring of K, contains either a red K, or a blue Kp. Note that a red
K5 is just a single red edge. Obviously b — (2, b) because any red-blue coloring of Kj
either contains only blue edges or else contains at least one red edge.

Question 260 Show thatb — 1 4 (2, b). That is, give an example of a red-blue coloring
of Kp_1 that contains neither a red K, nor a blue Kp.

Therefore R(2,b) = b forall b = 2.

The next easiest Ramsey problem

Now that we know R(3, 3) = 6, we next tackle R(3, 4). To illustrate both the difficulty of
finding Ramsey numbers as well as the interesting aspects of the journey involved in doing
so, we will first determine an upper bound, then a lower bound, and then finally a better
upper bound.

Proof that 10 — (3,4)

We prove an upper bound R(3, 4) < 10 by proving 10 — (3, 4). To show that any red-blue
coloring of Kj¢ has either a red K3 or a blue K4, we see if we can modify the argument
used to prove 6 — (3, 3). Consider any coloring of Ko and examine the edges incident to
vertex 1. We consider two cases. See Figure 6.9 for an illustration.

Case 1: There are at least four red edges incident to vertex 1. Without loss of gen-
erality, assume red edges join vertex 1 to vertices 2-5. Look at the K4 subgraph induced by
vertices 2-5. Since 4 — (2, 4), this subgraph contains a red K, or a blue K. If it contains
a blue K4, then we have found a blue K4 in our larger K;¢. Else it contains a red K>,
so that those two vertices and vertex 1 form a red K3 in the larger graph Kj¢. Therefore
10 — (3, 4) in this case.

Case 2: There are at most three red edges, and therefore at least six blue edges,
incident to vertex 1. Without loss of generality, assume blue edges join vertex 1 to vertices
2-7. Look at the K¢ subgraph induced by vertices 2-7. Since 6 — (3, 3), this subgraph
contains ared K3 or a blue K3. If it contains a red K3, then we have found a red K3 in our
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larger graph K. Else it contains a blue K3, so that those three vertices and vertex 1 form
a blue K4 in the larger graph K. Therefore 10 — (3, 4) in this case as well.
These two cases are exhaustive, so 10 — (3, 4) and therefore R(3, 4) < 10.

Proof that 8 A (3,4)

To show 8 /4 (3, 4) we must find a red-blue coloring of Kg having neither a red K3 nor a
blue K4. Here is such a graph:

And the winner is...
At this point we know 9 < R(3,4) < 10. So does 9 — (3,4) or does 9 A (3,4)?

Let’s see if we can improve upon the proof that 10 — (3, 4). Consider any red-blue
coloring of Ky. Ignore the blue edges for the moment and consider the 9-vertex graph
involving just the red edges. Since this graph has an odd number of vertices, there exists a
vertex of even degree. Without loss of generality let’s assume that vertex 1 is such a vertex,
so that it has an even number of red edges incident to it. Now go back to the original
red-blue coloring of Ko. Each vertex has degree 8, not 9, so we modify Case 1 as follows.

Case 1: There are at least three red edges incident to vertex 1. But vertex 1 has an
even number of red edges incident to it, so there must be at least four red edges incident to
vertex 1. This case now proceeds as before.

Case 2: There are at most two red edges, and therefore at least six blue edges,
incident to vertex 1. This case is identical to Case 2 of the previous proof.

In each case the conclusion is 9 — (3,4). We have now determined the value of
R(3,4).

Theorem 6.4.1 R(3,4) =09.

Two upper bounds
Why did we show the proof that 10 — (3, 4) when in fact we know that 9 — (3, 4)? Upon
careful inspection, the proof that 10 — (3, 4) actually proves that

R(3,4) < R(2,4) + R(3,3).

The same argument works to give an upper bound on any Ramsey number R(a, b).
Theorem 6.4.2 Ifa,b = 3, then R(a,b) < R(a —1,b) + R(a,b —1).

Proof: Assume a,b = 3. Define n := R(a — 1,b) + R(a,b — 1). We prove the theorem
by showing that n — (a, b).
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Consider any red-blue coloring of K, and look at the edges incident with vertex 1.
There aren — 1 = R(a — 1,b) + R(a,b — 1) — 1 such edges. We consider two cases.

Case 1: There are at least R(¢ — 1, b) red edges incident to vertex 1. Consider the
subgraph induced by the endpoints of any R(a — 1, b) such edges. It contains either a red
K,_1 or ablue K. If it contains a blue K, then the K, contains a blue K. If it contains
ared K,_1, then those a — 1 vertices plus vertex 1 form a red K,. Therefore n — (a, b)
in this case.

Case 2: There are at least R(a,b — 1) blue edges incident to vertex 1. See the
question after the proof.

In either case n — (a, b). Therefore R(a,b) <n = R(a—1,b)+ R(a,b—1). N
Question 261 Why must there be either R(a — 1, b) red edges or R(a,b — 1) blue edges
incident to vertex 1? Also, provide the details of Case 2.

We have not yet proved that the Ramsey numbers R(a, b) for a, b = 2 are well-defined
(i.e., exist and are finite), but we can do so with the aid of Theorem 6.4.2. We prove by
induction on a + b. For the base case, since R(2,b) = R(b,2) = b for all b > 2 these
numbers are well-defined. Now assume a,b > 3 and that R(p, q) is well-defined for
whenever p 4+ ¢ < a + b. This implies that R(a — 1, ) and R(a, b — 1) are well-defined.
The argument used to prove Theorem 6.4.2 shows that R(a,b) < R(a—1,b)+ R(a,b—1).
Therefore R(a, b) has a well-defined upper bound, and so R(a, b), being the least positive
integer n for which n — (a, b), is well-defined.

The bound of the following theorem can also be proved using Theorem 6.4.2 and in-
duction (see Exercise 4).

Theorem 6.4.3 Ifa,b > 2, then R(a,b) < (“ : b | 2).
Question 262 Find upper bounds on R(a,b) for a,b = 3,4, 5, 6 using Theorems 6.4.2
and 6.4.3.

A lower bound

We next turn our attention to a lower bound on R(a, a). Let’s first see how this works in
the case of R(5,5). The general case is no more difficult.

What condition on 7 would allow us to conclude that R(5,5) > n? We would need to
show that there is a red-blue coloring of K, with neither a red K5 nor a blue K5. Let’s try
to count the complement—the colorings of K, having either ared K5 or a blue K5. If S is
any 5-subset of vertices of K, let Ag be the set of red-blue colorings of K,, in which the
subgraph induced by S is all-red or all-blue. The size of this set is

|As| = 2- 2(5)-6)

because there are two ways to color the edges in the subgraph induced by S (all red or all
blue), and then 2(0)-06) ways to color the remaining (;) - (;) edges of K,,.

The number of colorings of K, having a red K5 or a blue K5 is then the size of the
union of the Ag

[# colorings with red K5 or blue K5] = U As|.
S:|S|=5
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An easy upper bound on the union is the sum of the sizes of the sets:
U 4s|< Y 14l
S:|S|=5 S:|S|=5
Use the formula for |Ag| to write

ny_ (5 n ny_ (5
Y asi= Y 2:20) (2>:(5).2.2(2> )

S:|S|=5 S:|S|=5

We have shown that
[# colorings with red K5 or blue Ks5] < (Z) -2 2(3)_@).

Now comes the key observation: If the number on the right is less than the total number of
red-blue colorings of K,, then there will be a coloring containing neither a red Ks nor a
blue Ks. The total number of red-blue colorings of K, is 2(3), and

(';) 220 <o)

(n) < 2@)_1.
5

This inequality is the condition we sought at the outset: If n satisfies (
R(5,5) > n.

Theorem 6.4.4 If n is an integer satisfying
" < 2(;)_1
a

Question 263 Prove the theorem by generalizing the argument for R(5,5) > n.

is true if and only if

g) < 2@)_1, then

then R(a,a) > n.

The lower bound provided by Theorem 6.4.4 is not very tight in most cases.

Question 264 Find a lower bound on R(a, a) fora = 3,4,5, 6 using the theorem.

How hard are the Ramsey problems?

The famous Hungarian mathematician Paul Erdds (1913-1996) once made this analogy
about the relative difficulty of finding R(5,5) and R(6, 6). Suppose an all-powerful and
invincible alien comes to Earth and asks a single question. Answer correctly and the alien
will spare the planet. Answer incorrectly and it will instantly destroy humanity. If the alien
asks for the value of R(5,5), then according to ErdSs our best strategy is to get every
mathematician to drop what they’re doing and work on finding the answer. If instead the
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lal b=>[[3]4] 5 | 6 7 8 9
3 6] 9] 14 18 23 28 36
4 18| 25 | 3541 | 4961 | 56:84 | 73115
5 43:49 | 58:87 | 80;143 | 101;216 | 125:316
6 102;165 | 113;298 | 127:495 | 169;780
7 205;540 | 216;1031 | 233;1713
8 282;1870 | 3173583
9 565:6588

Table 6.1. Best known bounds on Ramsey numbers R(a,b) for3 <a < b < 9.

alien asks for R(6, 6), then Erdés says our best strategy is to try to figure out how to destroy
the alien.

Table 6.1 shows the best known information for the nontrivial Ramsey numbers R(a, b)
satisfying 3 < a < b < 9. Only nine values of R(a, b) are known with certainty; in all
other cases the table shows the best known lower and upper bounds.

Question 265 Compare your upper and lower bounds found in Questions 262 and 264
with those of Table 6.1.

The most recent discovery was R(4,5) = 25, which prompted the letter shown at the

beginning of this section. Here is the timeline of the quest to find R(4, 5).
e 1955: First upper bound R(4,5) < 31.

e 1965: First lower bound and improved upper bound 25 < R(4, 5) < 30.
e 1968: Improved upper bound R(4,5) < 29.
e 1971: Improved upper bound R(4,5) < 28.
e 1991: Improved upper bound R(4,5) < 27.
e 1992: Improved upper bound R(4,5) < 26.
e 1993: Improved upper bound R(4,5) < 25 and proof that R(4,5) = 25.

Given the time and difficulty involved in each step, perhaps determining even R(4,7) is
insurmountable given the current bounds 49 < R(4,7) < 61.

Other Ramsey numbers

One generalization of the Ramsey number R(a, b) involves adding more colors. Define
R(a, b, ¢) to be the least positive integer n such that any red-blue-green coloring of K, has
either ared K, or ablue K or a green K. In this case there is only one nontrivial number
known: R(3,3,3) = 17. In the case of four colors, none of the numbers R(«, b, ¢, d) are
known.

Question 266 Determine R(2, 3, 3). What can you say about R(2,b,c)?

Another generalization of R(a, b) involves looking for monochromatic subgraphs other
than complete graphs. For any graphs G and H, define R(G, H) to be least positive integer
n such that any red-blue coloring of K, either contains ared G or a blue H as a subgraph.
For example, R(C4, K5 — e) is the least positive integer n such that any red-blue coloring
of K,, contains either ared Cy (i.e., a red 4-cycle) or a blue K5 —e (a blue K5 with an edge
deleted). In this new notation, R(a, b) is R(K,, Kp). See the Exercises.
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Summary

The Ramsey number R(a, b) equals the least positive integer n for which every red-blue
coloring of the edges of K, contains either an all-red K, or an all-blue Kj. Ramsey num-
bers are difficult to compute. Only nine nontrivial Ramsey numbers are known: R(3, b)
forb = 3,4,...,9as well as R(4,4) and R(4,5). Work on determining R(4, 5) spanned
almost 40 years and required a great deal of computation in addition to mathematical inge-

nuity.

Exercises

1. True or false?
(a) n — (a,b) if and only if R(a,b) < n.
(b) n 4 (a,b)if and only if R(a, b) = n.
(c) There is a red-blue coloring of K309 with neither a red K¢ nor a blue K.
(d) One way to determine an upper bound on R(a, b) is to exhibit a coloring of a
complete graph that has either a red K, or a blue K.

2. Prove the following version of Theorem 6.4.2 that gives a tighter bound in a special
case: if a,b = 3 and R(a — 1,b) and R(a,b — 1) are both even, then R(a,b) <
R(@—-1,b)+ R(a,b—-1)—-1.

3. Consider any five points in the plane such that no three lie on the same line. Prove that
there exist four points that form the vertices of a convex quadrilateral.

4. Prove Theorem 6.4.3 by induction on a + b. (Alternatively, you could prove using
double induction on a and b.)
5. Find ared-blue coloring of K13 containing neither a red K3 nor a blue K.

6. Determine the following generalized Ramsey numbers.

(a) R(K3 —e, Kp)forallb =3
(b) R(K13.K1.4)

(©) R(C4,Cy)

(d) R(K3,Cy)

7. Give a direct, combinatorial proof of Theorem 6.4.3.

-~ Travel Notes
Graham, Rothschild & Spencer (1980) is an excellent survey of Ramsey theory and also
contains some interesting history. Frank Ramsey expressed his original theorem in the
context of sets, not graphs, and he was interested in a problem in mathematical logic.
Nonetheless his paper Ramsey (1930) has sparked a great deal of research in combinatorics
and graph theory. Ramsey worked in philosophy, mathematical logic, and economics and
made important contributions to each field before his death at the age of only 27.

The two mathematicians mentioned in the letter at the beginning of this section are
Brendan McKay and Stanistaw Radziszowski, and their result appeared in McKay &
Radziszowski (1995). Radziszowski also maintains an article called “Small Ramsey num-
bers,” published in the Electronic Journal of Combinatorics, that contains the best known
bounds on all sorts of Ramsey numbers including those shown in Table 6.1. The latest

update is August 2006.






CHAPTER7

Designs and Codes

In this chapter we visit two application areas of combinatorics that at first appear unre-
lated. One area involves error-correcting codes. An error-correcting code provides a way
to transmit a message so that the original message can be recovered even when some errors
are introduced in transmission. You need only think of today’s technology (cell phones,
DVD players, spacecraft) as well as the ways in which transmission problems occur (com-
munications satellite or cell phone tower problems, bumping the player or scratching the
disc, various kinds of interference) to recognize the importance of this application.

The other area involves combinatorial designs. One of the first needs for designs arose
in constructing statistical experiments, especially in agriculture and medicine. Classical
examples include studies to test the efficacy of fertilizer-seed variety combinations, drugs,
or even automotive tires. In order to make valid conclusions, the experimenter must con-
trol non-experimental effects that can confound the outcome. For example, each possible
fertilizer-seed combination should be tested in a variety of soils and climates so that the
success of a particular combination is not dependent on either of those factors. Combina-
torial designs provide prescribed experimental layouts that accomplish this objective.

Since those initial applications of combinatorial designs, they have proved their worth
in a host of other settings. These include tournament scheduling and, as it turns out, error-
correcting codes.

7.1 Construction methods for designs

We begin our study of combinatorial designs by trying to construct a few specific designs.
After experiencing some of the issues therein, we derive a few properties and then explore
more methods of construction.

The (7,7,3,3,1) design

A recreational softball league commissioner needs to schedule games for a seven-team
round-robin tournament. In such a tournament, each team plays each other team exactly
once. The commissioner wants to send three teams to the field each day. While two teams
play, the third supplies the umpires, and then they rotate so that a total of three games are
played. How might we construct such a schedule?

Each team needs to play a total of six games. On any day a team comes to the field,

271
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they play two games. Therefore, in an ideal schedule, each team would come to the field
on 6/2 = 3 days. Also notice that a total of (Z) = 21 games must be played. In an ideal
schedule, this would take 21/3 = 7 days to accomplish because three games are played
per day.

Let’s try to make such a schedule. Label the teams 1 through 7 and attempt to group
them in “blocks” of three teams that meet the requirements. Let’s send teams 1-3 to the
field on day 1. Team 1 also needs to play teams 4-7, so start by defining the three blocks

By =1{1,2,3} B,=1{1,4,5 B;={1,6,7}.

This ensures team 1 plays each other team once.

Team 2 has already played teams 1 and 3 and still needs to play teams 4-7. We won’t
include the block {2, 4, 5} because teams 4 and 5 already play in B,. (Each pair of teams
must play exactly once.) Thus we choose By = {2, 4, 6}. Team 2 still needs to play teams
5and 7, so let’s try Bs = {2,5,7}. This completes team 2’s required games. Noting that
team 3 still needs to play teams 4-7, we set B¢ = {3,4,7}and B; = {3, 5, 6}.

Question 267 If you instead choose By = {2, 4,7}, what would the rest of the blocks be?

The whole schedule, or design, is:

i 1 2 3 4 5 6 7
B || 1,23 | 145 1,6,7 | 24,6 | 2,5,7 | 34,7 | 3,5,6

Each of the 21 pairs of teams indeed plays exactly once. For example, teams 3 and 6
appear together in B and in no other blocks. Notice also that each team comes to the field
on exactly three days.

This collection of seven blocks is known as a balanced incomplete block design. It
contains the structure that the commissioner desired: each team appears in exactly three
blocks, each block contains exactly three teams, and each pair of teams appears together in
exactly one block. It is known as a (7, 7, 3, 3, 1) design for reasons we’ll explain shortly.

No such “ideal” design exists if instead there are six teams. The tournament would
involve (g) = 15 games and so an ideal schedule would involve 15/3 = 5 days. Starting
with By = {1,2,3}and B, = {1, 4, 5}, there is no way to construct a block B3 = {1, ?, 6}
that avoids team 1 playing a team it has already played. The commissioner should either be
prepared to send teams to the field for the sole purpose of umpiring or else should explore
another way to structure the tournament.

Question 268 Does such a design exist if there are eight teams? Either construct one or
explain why one doesn’t exist.

Balanced incomplete block designs

A combinatorial design or simply a design is a pair (V,B) where V is a finite set of
varieties and B is a multiset consisting of nonempty subsets of V. The subsets in 3 are the
blocks of the design. The design we just constructed has

V =1{1,2,3,4,5,6,7}
B ={{1.2.31 {145} {167}, (2.4.6}. (2,57}, (3.4.7}. (3.5.63,
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In this case there are no repeated blocks, so B is an ordinary set. Although we labeled
the blocks By, ..., By when we constructed this design, we did so for ease of reference.
Blocks in a design are unlabeled.

A (b,v,r, k, A) design has b blocks and v varieties such that each variety appears in
exactly r blocks, each block contains exactly k varieties, and each pair of distinct varieties
appears together in exactly A blocks. Such designs are either complete or incomplete ac-
cording to whether k = v or k < v, respectively. A balanced incomplete block design
(BIBD) is a (b, v, r, k, L) design with k < v. The tournament schedule constructed above
isa(7,7,3,3,1) BIBD.

More generally, any design in which each variety appears in exactly r blocks is r-
regular. Any design in which each block has size k is k-uniform. Any design in which
each pair of distinct varieties appears in exactly A blocks is A-balanced. Therefore, a BIBD
is an incomplete, regular, uniform, balanced design. A design with

V ={1,2,3,4)
B= {{1,2},{1,2}, {3,4},{3,4}}

is nota BIBD because although it is incomplete, 2-regular, and 2-uniform, it is not balanced
because varieties 1 and 2 appear together in two blocks while varieties 1 and 3 don’t appear
together in any blocks. Exercise 8 asks you to prove that any incomplete, uniform, and
balanced design is necessarily regular and hence a BIBD.

Question 269 Construct an example of a design with V. = {1,2, 3} that is regular and
balanced but not uniform.

In a complete design each block consists of the entire set V' of varieties. If such a design
has b blocks, then the remaining parameters are easy to compute.

Question 270 Determine the remaining parameters of a complete (b, v,?,?,?) design.

The interesting work to be done on (b, v, r, k, 1) designs involves those whose parameters
satisfy 1 < k < v, because complete designs (having k = v) and designs with k = 1 are
trivial.

Constructing a (10,6, 5, 3, 2) design

Pharmaceutical researchers wish to test six different pain relievers on chronic migraine
sufferers. They recruit 10 subjects for their study. Ideally they would test all six drugs on
each subject but this is not possible for both medical and practical reasons. Instead, they
administer three different drugs to each subject and insist on testing every possible pair of
drugs on two different subjects. If one drug is truly more effective than another, then that
should be reflected in the independent experiences of two subjects.

The drugs comprise the v = 6 varieties. Each block corresponds to a group of three
drugs that will be administered to a subject, so k = 3 and b = 10. In addition, each pair
of drugs must appear together in A = 2 blocks. The experiment calls for a (10, 6, r, 3,2)
design. It turns out that each variety must appear in exactly five blocks, so r = 5 and we
need to construct a (10, 6, 5, 3, 2) design. (Shortly, we’ll see why r = 5.)

Set V' := [6]. Variety 1 must appear in r = 5 blocks so we place it in B; through Bs.
Varieties 1 and 2 must appear together in A = 2 blocks, so we place variety 2 in B; and
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B5. Variety 2 must also appear in five blocks total, so we place it in Bg through Bg. Any
other variety can go in By, so we choose to place variety 3 there. Our partially completed
design is:

i 1 2 3 4 5 6 7 8 9 10
By || 1,23 | 12,2 | 1,22 | 1,27 | 1,2,7 | 2,27 | 2,27 | 2,27 | 2,27 | 2,2

For our next move, varieties 1 and 3 need to appear together in two blocks. They already
appear together in B; so we can place variety 3 in Bs.

Question 271 Can the design be completed if instead we chose By = B, = {1,2,3}?
Support your answer. (Repeated blocks are allowed in a design, so if it cannot be completed
then it will not be for that reason.)

Varieties 2 and 3 also need to appear in the same block twice, so we place variety 3 in Bs.
Variety 3 has now appeared with varieties 1 and 2 the required number of times. It needs
to appear five times in all, so we must place it in Bg and B1o. We now have:

i 1 2 3 4 5 6 7 8 9 10
B; | 1,23 | 1,2,7 | 1,3,72 | 1,22 | 1,2,7 | 2,3,7 | 2,2,7 | 2,2,7 | 3,2, | 3,.7

Among blocks B; through Bs, we still need to place varieties 4-6 so that each of these
varieties appears with variety 1 exactly two times. One way to do so is:

i 1 2 3 4 5 6 7 8 9 10
B || 1,23 124|135 ] 146 | 1,56 | 23,7 | 2,27 | 22,7 | 3,2,7 | 3,2,2

This completes the considerations involving variety 1. Among Bg through Bg, which are
the remaining blocks that contain variety 2, we still need the following pairs to appear:

pair 1212312425126
# blocks in which pair still needs to appear 0 0 1 2 2

Setting Bg = {2, 3, 4} forces B; = Bg = {2, 5, 6} which then causes varieties 5 and 6 to
appear together three times in the design. We then try Bg = {2, 3, 5} but also find that we
cannot complete the design.

Question 272 Explain why at this point we cannot choose B¢ = {2, 3, 5}.

Setting B¢ = {2, 3, 6} forces B; = {2,4,5}and Bg = {2, 5, 6}. We are almost done:

i 1 2 3 4 5 6 7 8 9 10
B || 1,23 124 | 135|146 | 1,56 | 236 | 245 | 25,6 | 3,27 | 3,22

Variety 3 has not yet appeared in the same block as variety 4, so we must put 4 in each of
the last two blocks to get:

i 1 2 3 4 5 6 7 8 9 10
B || 123 ] 124 | 135|146 | 1,56 | 236 | 245 | 256 | 345 | 34,6

You should verify that this is indeed a (10, 6, 5, 3, 2) design.



7.1. Construction methods for designs 275

The basic necessary conditions

The somewhat ad hoc methods we used to construct the (7, 7, 3, 3, 1) and (10, 6, 5, 3, 2) de-
signs become cumbersome if we wish to construct larger designs. Also, if a design doesn’t
exist, proving so using these construction methods takes great care.

Before we return to design construction methods, we derive two fundamental necessary
conditions for the existence of a (b, v, r, k, A) design.

Theorem 7.1.1 Ifa (b, v, 1, k, A) design exists, then bk = vr and r(k — 1) = A(v — 1).

Combinatorial proof: Consider any (b, v, r, k, 1) design.

To prove bk = vr we ask, How many 2-lists (B, x) are possible, where B is a block
of the design and x is a variety appearing in that block?

Answer 1: Choose a block in b ways. Every block has size k, so there are k ways to
select a variety in that block. By the product principle there are bk such 2-lists.

Answer 2: First choose a variety in v ways. Every variety appears in r blocks, so there
are r ways to select a block containing that variety. There are vr such 2-lists.

To prove r(k — 1) = A(v — 1) we first fix any variety y and then ask, How many 2-lists
(B, x) are possible, where x, y € B and x # y?

Answer 1: Since variety y appears in exactly r blocks, there are » ways to choose the
block B. That block contains k — 1 varieties other than y, so there are k — 1 ways to choose
the variety x. There are r(k — 1) such 2-lists.

Answer 2: There are v — 1 ways to choose a variety x that is different from y. These
two varieties appear together in exactly A blocks, so there are A ways to choose the block
B. There are A(v — 1) such 2-lists. |

Question 273 All of the BIBDs we have encountered so far have r > A. Use the theorem
to prove that this is true in general.

If we apply the theorem to the (10, 6, r, 3, 2) design of the previous example, we can
use the condition bk = vr to write 30 = 6r, which implies » = 5. Generally, the theorem
shows that the values of any three of the parameters in a (b, v, r, k, 1) design determine
the values of the other two. For that reason, a (b, v, r, k, A) design is often simply called a
(v, k, L) design. We will use both notations interchangeably.

In addition to determining missing parameters, we can also use the theorem to prove
that certain designs don’t exist. Some examples follow.

Example: do these designs exist?
What conclusion can you draw from Theorem 7.1.1 about the existence of designs with the
following parameters?

(a (111,111,11,11,1)
= A (111,111, 11, 11, 1) design indeed satisfies bk = vr andr(k —1) = A(v—1).
The theorem doesn’t rule out the existence of such a design, but neither does it help
us construct one.

(b) (4,4,3,3,2)
= A (4,4, 3, 3,2) design also satisfies bk = vr and r(k — 1) = A(v — 1), so again
the theorem does not rule out its existence. In fact, such a design is easy to construct.
Set V' = [4] and let 5 consist of the 3-subsets of V.
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Question 274 Construct a design with (v, k,A) = (5,3, 3) by using a similar con-
struction technique.

©) (v,k,A)=(11,3,2)
= If a (b, 11, r,3,2) design were to exist, then it would satisfy 3b = 11r and
2r = 20. This means r = 10, which implies 3b> = 110. But then b is not an integer,
s0 no such design exists.

(d) asoftball schedule as described at the beginning of this section, but involving v teams

— This reduces to determining the values of v for which a (b, v,r, 3, 1) design
exists. We need 2r = v—1lorr = (v —1)/2. We also need 36 = v(v — 1)/2 or
b = v(v — 1)/6. Therefore, if such a design exists involving v teams, it must be the
case that v is odd and v(v — 1) is divisible by 6. The theorem gives no insight into
whether these conditions are sufficient.

Two basic construction methods

The equations of Theorem 7.1.1 are necessary conditions for the existence of a design. Un-
fortunately they are not sufficient, and part (a) of the last example is a case in point. In 1988,
a group of researchers used a CRAY supercomputer to determine that no (111,111, 11,
11, 1) design exists. See Lam (1991) for their story. On the other hand, the conditions of
the theorem may also be sufficient, as they are with part (d) of the example. A (b, v, 7,3, 1)
design is called a Steiner triple system. The name has stuck despite the fact that Kirk-
man (1847) provided the exact conditions for their existence earlier than Steiner who in
1853, unaware of Kirkman’s work, merely conjectured that the necessary conditions were
sufficient. We consider Steiner triple systems in Section 7.3.

We devote the remainder of this section to three construction methods. In the next two
sections we return to the study of necessary conditions.

Method 1: repeat blocks

Froma (b, v, r, k, A) design, create a new design by writing each block ¢ times. The result is
a(th,v,tr, k,tA) design. For example, we know thata (21, 7, 9, 3, 3) design exists because
we can simply include three copies of each block of the (7, 7, 3, 3, 1) design.

Question 275 Explain how to construct a (170, 6, 85, 3, 34) design.

Method 2: find the complementary design
A natural way to build a new design from an existing one is to take the complement of
each block relative to the set of varieties. This is called the complementary design. If D is
a design, then D¢ denotes its complementary design.

Here is the (7, 7, 3, 3, 1) design and its complementary design:

i 1 2 3 4 5 6 7
B; || 1,23 | 145 1,6,7 | 24,6 | 2,5,7 | 34,7 | 3,5,6

i 1 2 3 4 5 6 7
Bf || 45,6,7 | 2,3,6,7 | 2,345 | 1,3,5,7 | 1,346 | 1,256 | 1,24,7

1

Notice that the complementary design is a BIBD with parameters (7, 7, 4, 4, 2).
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Question 276 Find the complementary design of the (10, 6,5, 3, 2) design given earlier.
Is it a BIBD? What are its parameters?

What is the relationship between the parameters of a design and of its complementary
design? Suppose that Dis a (b, v, r, k, A) BIBD. One can quickly see that D¢ isa (b, v,b—
r,v —k,?) design.

Question 277 Justify these first four parameters. Also, why should we not consider finding
the complementary design of a complete design?

Does each pair of distinct varieties appear together in the same number of blocks of the
complementary design? The answer is yes and proving it requires a quick application of
inclusion-exclusion. First notice that varieties i and j appear together in a block of D¢ if
and only if neither one appears in the corresponding block of D. The number of blocks of
D in which neither i nor j appears is

b—r—r4+A=>b-2r+2

because there are b total blocks, 7 blocks containing i, r blocks containing j, and A blocks
containing both i and j. This proves the first statement in the following theorem. The
theorem’s second sentence follows by observing that (D€)¢ = D.

Theorem 7.1.2 Givena (b, v, r, k, L) BIBD, the complementary designisa (b,v,b—r,v—
k,b—2r+ A) BIBD. Moreover, there exists a (b, v, r, k, A) design if and only if there exists
ab,v,b—r,v—k,b—2r + 1) design.

Constructing cyclic designs

The last construction technique of this section involves modular arithmetic, and our first
illustration of it involves constructing a 3-uniform design on 13 varieties. Instead of using
V = [13],weuse V = {0,1,2,...,12}, the set of residues modulo 13. Begin with the
“base blocks” {1, 3, 9} and {2, 5, 6} and add the residues modulo 13 to the varieties in each
base block in turn.

This is done in Figure 7.1 where the base blocks appear at the top of each column. The
notation {1, 3, 9} @ 5, for example, means to add 5 to each element of {1, 3, 9} and then

By ={1.3,9Y00 ={1,3,9) Bis=1{2,56}®0 ={2,5,6}
B, ={1,3.99®1 ={2,4,10} Bis=1{2,56/®&1 ={3,6,7}
By ={1,3,9}@2 ={3,511} Bis = {2,5,6)®2 = {4,7,8}
By ={1,3.9Y®3 = {4,6,12} Bi7=1{2,56)®3 ={58,9}
Bs ={1,3,9®4 ={570} Bis = {2,5.6}®4 = {6,9,10}
Be ={1.3,9Y®5 ={6.8.1} Bio = {2,5.6}®5 ={7.10,11}
B; ={1.39Y@6 ={7.9,2} By =1{2.5.6}®6 ={8.11,12}
Bs = {1,3,9Y@7 ={8,10,3} By ={2,5.6}®7 ={9,12,0}
Bo = {1,3,9}@8 ={9,11,4} By =1{2.5.6}®8 ={10,0,1}
Bio={1.3,9)®9 ={10,12,5}  By3={2.56}®9 ={11,1,2}
By = {1,3,9@® 10 = {11,0, 6} Bos = {2,5.6} @ 10 = {12,2,3}
B ={1.3,9@® 11 = {12,1,7} Bas = {2,5.6} @ 11 = {0,3, 4}
Bis ={1.3,9® 12 = {0,2,8} By = {2.5.6) @12 = {1,4,5}

Figure 7.1. A cyclic (26, 13,6, 3, 1) design.
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reduce modulo 13:

{1,3,9}@ 5 = {(1 + 5)mod 13, (3 4+ 5)mod 13, (9 + 5) mod 13}
={6,8,1}.

This produces (check!) a (26, 13, 6, 3, 1) design.

Question 278 Let V = {0, 1,2,3,4,5, 6} be the set of residues modulo 7 and consider the
single base block {0, 1, 3}. Construct a cyclic design on seven blocks by finding {0, 1,3} ®i
foreachi € V. What are the parameters of the resulting design?

Characterizing cyclic designs
It turns out that not every choice of base blocks produces a (b, v, r, k, A) design via the
cyclic method. Why do some base blocks work and others don’t?

Question 279 Re-do Question 278 but use the base block {0, 1,2}. Why is the resulting
design not a BIBD?

Fortunately, there is a complete answer to the question of whether a given set of base blocks
generates a BIBD. The key lies in the pairwise differences between elements in the same
base block.

For the (26, 13, 6, 3, 1) design, we used the base blocks {1, 3, 9} and {2, 5, 6}. Look at
all of the pairwise differences modulo 13 between elements of the same block. In the table
below, the top half shows the differences within the block {1, 3, 9} and the bottom half the
differences within {2, 5, 6}:

1-3=-2=11 1-9=-8=5 3—-9=—-6= 7
3—-1= 2= 2 9—1= 8=38 9-3= 6= 6
2—-5=-3=10 2—6=-4=9 5-6=—-1=12
5-2= 3= 3 6—2= 4=4 6—5= 1= 1

(We write —2 = 11, for example, as an abbreviation for —2 = 11 (mod 13).) Notice that
each of the 12 nonzero residues modulo 13 occurs exactly once on this list.
Question 280 For the design of Question 278, compute the pairwise differences within the
block {0, 1, 3}. Does each nonzero residue modulo 7 occur exactly once?

The following theorem gives a complete characterization of cyclic designs in terms of
base blocks.
Theorem 7.1.3 Suppose C is a set of k-subsets of the v-set {0, 1,...,v — 1} of residues
modulo v, where v = k = 2. Then C contains the base blocks of a cyclic (v, k, A) design
if and only if the following procedure produces a list that contains each nonzero residue

modulo v exactly A times:
For each block C = {c1,...,cr} of C, calculate

(¢i —cj)modv

for each ordered pair (c;, c;) of unequal elements of C.

The proof involves applying the properties of modular arithmetic and we leave it to
Exercise 19. We now give one more example, this time with A = 3. Let v = 15and k = 7,
and consider the base block {0, 1,2, 4,5, 8, 10} as a subset of the residues modulo 15. The
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0—1=—1=14 0—2=-2=13 0—d4= —4=11
1-0= 1= 1 2-0= 2= 2 4-0= 4= 4
0-5=-5=10 0—-8=-8= 7 0-10=-10= 5
5-0= 5= 5 8—0= 8= 8 10-0= 10=10
1-2=—1=14 l—4=-3=12 1-5= —4=11
2-1= 1= 1 4—1= 3= 3 5.1= 4= 4
1-8=-7= 8 1-10=-9= 6 2-4= —2=13
8—1= 7= 7 10-1= 9= 9 4-2= 2= 2
2-5=-3=12 2-8=-6= 9 2-10= -8= 7
5-2= 3= 3 8—2= 6= 6 10-2= 8= 8
4—5=—1=14 4—8=—4=11 4-10= —6= 9
5-4= 1= 1 §—4= 4= 4 10—-4= 6= 6
5-8=-3=12 5-10=-5=10 8—10= —2=13
8—5= 3= 3 10-5= 5= 5 10-8= 2= 2

Figure 7.2. Pairwise differences within the block {0, 1,2, 4,5, 8, 10}.

block contains seven varieties, so there are 7-6 = 42 pairwise differences to compute. They
appear in Figure 7.2. Each of the residues 1, 2, ..., 14 appears exactly three times so this
meets the conditions of the theorem. When found, the resulting design is a (15, 15,7, 7, 3)
BIBD.

Question 281 Construct this design.

Not all designs are cyclic, but this method (and generalizations of it) are prolific at
producing designs. See Exercise 17 for some basic necessary conditions for cyclic designs.

Summary

A (b,v,r, k, ) design involves a set of varieties and a multiset of blocks. Each block is a
subset of varieties. The parameters have the following meaning:

Parameter | Meaning
b the number of blocks
v the number of varieties
r each variety appears in exactly r blocks
k each block contains exactly k varieties
A each pair of varieties appears together in exactly A blocks

A balanced incomplete block design (BIBD) has k < v.

Any (b, v, r, k, L) design, if it exists, necessarily satisfies bk = vr and r(k — 1) =
A(v — 1). However, these conditions are not sufficient for existence. We explored methods
that construct designs from scratch (ad hoc methods, the method of cyclic designs) as well
as those that build a design from another design (repeating blocks, the complementary
design).

Exercises

1. Suppose that you know three of the five parameters in a (b, v, r, k, A) design. In each
case below, derive a formula for the remaining parameters.
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10.
11.
12.
13.

14.
15.

16.

17.

7. Designs and Codes

(a) b, v, and r known
(b) v, k, and A known
(¢) r,k,and A known

Describe all possible (b, v, r, 2, 1) designs.
Let n = 3. Explain how to construct an (n,n,n — 1,n — 1,n — 2) design.

Prove that there is only one (7,7, 3,3, 1) design up to relabeling the vertices. (The
order in which the blocks are listed doesn’t matter either.)

Let V = [n] and let B consist of all of the k-subsets of V, where 1 < k < n.
Determine whether this is a BIBD. If it is, give its parameters.

(graph theory) Explain how K, the complete graph on n vertices, can be thought of
as a design. Give its parameters. Also, explain why a non-complete graph is not a
design.

A’ v
Explain combinatorially why in any (b, v, r, k, A) design, we have b = %

2

Let D be an incomplete design that is k-uniform and A-balanced. Prove that D is
regular. (Hint: Revisit the proof of Theorem 7.1.1.)

Find a base for a cyclic (10, 5, 4,2, 1) design.

Construct a cyclic (11, 11,5, 5, 2) design.

Construct a cyclic (18, 9, 8, 4, 3) design. (Hint: Use two base blocks.)
Construct a (14, 8,7, 3, 3) design.

Suppose D is a cyclic design modulo v, with the set C containing the base blocks.
Find a set of base blocks for the complementary design D¢ and prove that you are
correct.

Prove that r < % inany (b, v, r, k, A) design.

You enter a lottery by picking a subset of three numbers from [14]. You win a prize if
you match at least two of the numbers on the winning ticket.

(a) Show that it is possible to guarantee a win by buying 14 tickets. (Hint: Use the
(7,7,3,3,1) design.)

(b) Would an analogous strategy work if instead you had to pick three numbers from
[21]? Explain.

(This is called the “Transylvania lottery”” and appears to be of unknown origin.)

Show that the set C = {{0, 1,3}, {2,6,7}, {4,8,11}, 15, 10, 12}} contains the base

blocks of a cyclic design modulo 13. Construct the design and give its parameters.

(a) Explain why a (10, 6, 5, 3, 2) design cannot be cyclic.

(b) Prove that in a cyclic design, there exists an integer ¢ for which b = cv, ck(k —
1) = A(v — 1), and r = ck. What is the significance of ¢ in terms of the design?

(c) Cana (305,61, 20,4, 1) design be cyclic?
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18. Here is an illustration of how to construct a cyclic design using modulo 2 arithmetic.
Let V be the set of 4-digit binary numbers. Using the base block

B, = {0001, 0010, 0100, 1000, 0011, 1100},

construct the design by finding the blocks B; @ v for each v € V. What are the
parameters of this design?

19. Prove Theorem 7.1.3.

»
-~ Travel Notes
With designs, as sometimes happens with other concepts in mathematics, the recreational
problem came before the practical application. In 1847, Kirkman published a solution to

the question now known as

Kirkman’s schoolgirls problem. If once every day for a week 15 schoolgirls are to
walk in five rows of three girls each, is it possible for each girl to be in a row with
each other girl exactly once?

This problem calls for a (15, 3, 1) design that has an additional property: resolvability. In
a resolvable design, the blocks can be arranged into groups so that each group partitions
the set of varieties. It was the eminent statistician Fisher who in the 1930s-1940s showed
how designs could be of use in statistical experiments. Much of his terminology (varieties,
blocks) stays with us today. Bose, an Indian mathematician, developed many construction
methods for designs in a 1939 paper, among them the method of cyclic designs.

7.2 The incidence matrix and symmetric designs

Any (b, v, r, k, L) design must satisfy bk = vr and r(k — 1) = A(v — 1). In addition, any
BIBD has k < v and therefore A < r. We devote this section to the study of symmetric
designs which are designs with an equal number of varieties and blocks. We begin by
studying the incidence matrix which is an important tool in design theory.

The incidence matrix of a design

Another way to represent a design is with its incidence matrix. The incidence matrix of a
design (V, B) is that v x b matrix A whose (i, j)-entry is

1 if variety i is in block B;
ajj = . ’ (7.1)
0 otherwise.

Implicit in this definition is a pre-chosen ordering of both the varieties and the blocks. For
example, the incidence matrix for the (7,7, 3, 3, 1) design with the following labeling

i 1 2 3 4 5 6 7
B; || 1,23 | 145 1,6,7 | 24,6 | 2,5,7 | 34,7 | 3,5,6
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is the 7 x 7 matrix

Bl Bz B3 B4 Bs BG B7
1 0 0 0 O

b

o

Il
~N N B WD~
cCoO == oo =
- — o oo o
—_—o — o o
S = = o o

—_— O O = o= O

1
0
1
0
1
0

S O OO = ==

The rows and columns are labeled with the chosen ordering of varieties and blocks. Any
other ordering will do because the only requirement is that equation (7.1) hold.

As another example, the incidence matrix of the (10, 5, 6, 3, 3) design consisting of the
3-subsets of [5], namely

i 1 2 3 4 5 6 7 8 9 10
B || 1,23 